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Inverse Game Theory: An Incenter-Based Approach

Abstract

Estimating player utilities from observed equilib-
ria is crucial for many applications. Existing ap-
proaches to tackle this problem are either limited
to specific games or do not scale well with the
number of players. Our work addresses these is-
sues by proposing a novel utility estimation method
for general multi-player non-cooperative games.
Our main idea consists in reformulating the in-
verse game problem as an inverse variational in-
equality problem and in selecting among all utility
parameters consistent with the data, the so-called
incenter. We show that the choice of the incen-
ter can produce parameters that are most robust to
the observed equilibrium behaviors. However, its
computation is challenging, as the number of con-
straints in the corresponding optimization problem
increases with the number of players and the be-
havior space size. To tackle this challenge, we pro-
pose a loss function-based algorithm, making our
method scalable to games with many players or a
continuous action space. Furthermore, we show
that our method can be extended to incorporate
prior knowledge of player utilities, and that it can
handle inconsistent data, i.e., data where players do
not play exact equilibria. Numerical experiments
on three game applications demonstrate that our
methods outperform the state of the art.

1 Introduction

Game theory analyzes the strategic behaviors of players us-
ing equilibrium concepts, while inverse game theory fo-
cuses on the inverse problem: given the observed equi-
librium behaviors of players, what are the possible player
utilities leading to these behaviors? Inverse game the-
ory has garnered increasing attention [Waugh er al., 2011;
Kuleshov and Schrijvers, 2015; Ling et al., 2019; Noti, 2021;
Wu et al., 2022], because understanding player utilities can
lead to better-designed mechanisms and economic policies.
When estimating player utilities, the existing approaches
have two main limitations: (i) most methods are tailored
to specific games, such as matrix games [Noti, 2021; Yu et
al., 2022] and attacker-defender security games [Blum et al.,
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Figure 1: Our approach to utility estimation from equilibria.

2014]; (ii) many existing methods do not scale well with
the number of players, often focusing on two-player games
[Bertsimas et al., 2015; Tsai et al., 2016; Ling et al., 2018;
Ling et al., 2019; Wu et al., 2022].

In this work, we study general multi-player non-
cooperative games, and propose utility estimation methods
applicable to a broad range of games and practical applica-
tions. Figure 1 illustrates our main ideas. The player util-
ity functions are parameterized, and we aim to estimate the
vector 19 of these utility parameters under which the observed
player behaviors constitute a Nash equilibrium. Our idea is to
reformulate this as an inverse variational inequality problem:
given the observed player behaviors, what vector 4 ensures
that these behaviors satisfy the variational inequalities?

The crucial challenge is that even with many observations
of player behaviors, there may be multiple parameter vectors
¥ solving the inverse variational inequality problem. This
raises a fundamental question: how should we select a single
Y from the set of 9 consistent with the observed equilibria?
Existing approaches, such as [Bertsimas ef al., 2015], do not
address this question but simply single out a ¥ without fol-
lowing a guiding principle. To the contrary, we attempt to
solve this problem using a more principled approach.

Our key idea is to select the incenter among all consistent
9. This concept introduced in inverse optimization [Besbes
et al., 2023; Scroccaro et al., 2023] describes a point that lies
within a given set and is located furthest away from its bound-
ary. We select the incenter for the following three reasons.

First, due to its geometric properties, selecting the incenter
as the estimated 1 reduces the error in estimating the true pa-
rameter vector Y,y.. Consider a toy example where the set
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of consistent 1 forms an equilateral triangle. When the true
parameter vector ¥y is uniformly distributed within this tri-
angle, the incenter minimizes the expected distance to P e,
compared to other points in the triangle. This property gen-
eralizes to some other regular shapes, such as squares. When
the set of consistent 1 forms an irregular shape, our experi-
ments demonstrate that the incenter consistently outperforms
the 9 estimated by other approaches.

Second, we can efficiently compute the incenter of the set
of all consistent ¥ using convex optimization. When the ac-
tion space is continuous, the optimization problem of finding
the exact incenter is challenging to solve, since it may involve
infinitely many constraints. We convert it to an unconstrained
loss minimization problem by defining a novel loss function.
Then, we propose a first-order algorithm to minimize the loss,
and thus estimate the parameter vector 9.

Third, our loss function-based approach of approximating
the incenter has the advantage of handling settings where
players do not play exact equilibria. When players are
bounded-rational, it is possible that no 1 satisfies all varia-
tional inequalities. In this case, our loss function can still
guide the search for ¥ towards the vector that minimizes the
degree of violating the constraints defined based on varia-
tional inequalities.

We further explore a class of games where the player utility
functions exhibit a specific structural property (e.g., mono-
tonicity of gradients). We extend our parameter estimation
method to incorporate this property by leveraging techniques
from semidefinite programming.

We summarize our contributions as follows.

* We propose a novel framework for solving inverse equi-
librium problems, through integrating techniques from
variational inequalities and inverse optimization. We
further extend our framework to account for specific
structural property of player utility functions.

Our framework can be broadly applied to many multi-
player non-cooperative games and traffic routing games
in the transportation field. It imposes no restrictions on
the number of players in these game scenarios.

We conduct extensive numerical experiments on three
game applications: Bertrand-Nash price competition
[Narahari et al., 2009], aggregative games [Jensen,
20181, and network traffic games [Patriksson, 2015].
Evaluation using different metrics demonstrates that our
methods outperform the state of the art.

2 Related Work

Inverse Game Theory [Kuleshov and Schrijvers, 2015]
is one of the pioneering studies in this field, and investi-
gated the tractability of estimating player utilities in succinct
games. Most subsequent studies addressed the inverse game
problem within specific games, such as normal-form games
[Ling et al., 2018; Noti, 2021; Yu et al., 2022], two-player
zero-sum games [Ling et al., 2019], and attacker-defender
security games [Blum et al., 2014; Haghtalab et al., 2016;
Wu et al., 2022]. [Ling et al., 2018] proposed an end-to-end
parameter estimation framework that applies to two-player
normal and extensive form games. Different from these stud-

ies, our methods are applicable to a broad range of non-
cooperative games and applications, and do not impose re-
strictions on the number of players.

Our work is related to [Bertsimas et al., 20151, which uti-
lized inverse optimization to estimate utility parameters in
Bertrand competition. That approach can handle only a small
number of players and behavior observations (e.g., it requires
dealing with over 120, 000 constraints when there are 4 play-
ers and 500 observations). As will be shown in experiments,
our incenter-based method is more accurate and scalable.

Inverse Optimization The goal of inverse optimization
[Heuberger, 2004; Chan er al., 2023] is to identify the pa-
rameters of an optimization model that render observed de-
cisions approximately or exactly optimal. To estimate the
parameters, the literature in this field has proposed various
loss functions, such as Predictability Loss [Aswani et al.,
2018], Suboptimality Loss [Mohajerin Esfahani et al., 2018;
Besbes et al., 20231, Augmented Suboptimality Loss [Scroc-
caro et al., 2023], and Variational Inequality Loss [Bertsimas
et al., 2015]. Our work is inspired by [Scroccaro et al., 2023].
The main difference is that we focus on game scenarios with
multiple decision makers, rather than optimization problems
involving a single decision maker. We seek parameters that
make the observed data equilibria, rather than the optimal so-
lutions to an optimization problem.

3 Problem Formulation

We represent a multi-player non-cooperative game using a tu-
ple G := {Z,{X},.7,{Ui},cz}- Here, T := {1,...,p} de-
notes the set of players. Each player ¢ € Z chooses an action
x; from its feasible action set X; < R™¢, where m; € Z* de-
notes the dimension of the action. Let « := (x1,...,xp) €
X be the action profile, where X' = Hiel’ X is the global ac-
tion set. We consider the setting where the game is played
in different contexts, representing exogenous (but observ-
able) conditions, e.g., variations in GDP and seasonality in
Bertrand-Nash games. Given a contextual feature s € S, we
assume each player ¢ seeks to maximize its own utility func-
tion U; (@;,¢_;,8) : X x & — R. The utility depends on its
own action x; € A&, other players’ actions x_; € X_;, and
the contextual feature s. Here, X'_; :=[ | jeT\(i} ;.

A Nash equilibrium z* := (mi“,...,m;) € X of the
game is defined as a point at which no player can unilater-
ally increase its utility [Nash, 19501, i.e., U; (ac;", z* s) >
U; (wi,a:”jl-, s) NV, € X;,ieT.

We make the following standard assumptions: (i) The fea-
sible set X; is a nonempty, closed, and convex subset of R™:
for all ¢ € Z; (ii) Utility function U; is continuously differ-
entiable and pseudo-concave with respect to x; for all 7 € Z;
(iii) The contextual feature s is publicly known to all players.
Under these assumptions, a Nash equilibrium x* € X exists
in the game G [Nash, 1950].

Given a contextual feature §/ of game G, there exists a
Nash equilibrium 7. Let D = {(&7,87)}]_, denote the ob-
servable dataset of all equilibrium-context pairs. Ou{ target is
to estimate the utility functions of all players from D.!
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We consider the case where U; (x;, € _;, s; 0;) can be pa-
rameterized by 8; € O; for each . In practice, the form of
U; (z;,T_;, s;0;) is often known, but 8; € ©; needs to be
estimated from data. Let 9 = (61;---;6,) denote the pa-
rameter vector, i.e., the vertical concatenation of all 8;. Our
data-driven inverse game problem is as follows.

Problem 1. Given dataset D = {(&7,8%) ?Ll,

rameters 9 that reproduce equilibrium 37 in context 37, Vj.

estimate pa-

4 Incenter-Based Solution

4.1 Problem Reformulation

We begin by exploiting the fact that, under the assumption
considered, * € X is a Nash equilibrium if and only if it
solves the variational inequality [Harker and Pang, 1990]:

P
Z (=Va,Ui (x*,8) (x;—a¥) > 0,VoeX. (1)
i=1

Hence, Problem 1 can be equivalently reformulated as
seeking a 19 that satisfies the following inequalities for all
j € [N] (j indexes the context-equilibrium pairs):

p
(Vo Ui (#,8:6,)) (m] -~ scj) <0,¥zl e X7. (2)
=1

In the following, we consider a general setting where the
player action set X'/ can also change with the contextual fea-
ture §7. Following the existing literature, e.g., [Bertsimas et
al., 2015; Peters et al., 2023; Maddux et al., 2023], our work
focuses on games where U; (z, s; 6;) can be expressed as a
linear combination of parameters 6; and functions ; (x, s),
ie., U;(xz,8;0;) = {0;,p;(x,s)). As will be shown in
Section 5.1, many classic games fall into this category, in-
cluding Bertrand-Nash price competition, aggregative games,
and traffic games. For ease of presentation, let &; € R and
V@i (x,s) = ¢; (x,s). Then, we can rewrite (2) as

Zp: <0iT¢i (:izj7§j)) <wz _ :Ei) < O,ij e X7, 3)

i=1

While there may exist (infinitely) many ¥ satisfying (3),
motivated by [Scroccaro et al., 2023], we propose to seek
the incenter of all ¥ satisfying (3). As will be explained in
Section 4.2, this solution is most robust to perturbations of
the observable dataset D.

We first formally define the incenter in Section 4.2. We
then introduce a novel loss function approach to estimate it
and thus learn 9 in Sections 4.3 and 4.4. In Section 4.5, we
extend our solution to incorporate prior knowledge about 9.

4.2 Incenter Parameter Vector

We define the set of parameter vectors consistent with the
observed dataset D as follows.
only to itself, and depends on the prices of all firms and the economic

condition. By observing the equilibrium prices under different eco-
nomic conditions, we estimate the utility functions of all firms.

Definition 1 (Consistent Parameter Vectors). Given feasible
action sets {X7}0_,, the dataset D = {(&7,87)}]L,, and
functions {¢p; (x, s)},.7. the set of consistent parameter vec-
tors is defined as

Ci= {19 (@) @l — @7y < 0,V € X9 Ve [N]}. )

. o T
Here, = (61" ¢y (#9,87) .-+ .6, ¢, (#7,87) ) €RP.
In other words, C is the set of ¢ satisfying (3). We focus on
searching for the incenter of C, which is defined as follows.

Definition 2 (Incenter of C). Given a nonempty set C, its
incenter V" is defined as

9" € arg max ‘min a (19,’[9) . 5)
veC  Yeint(C)

Here, int (C) is the region excluding the interior of C, and
a (19, 19) is the angle between ¥ and 9, i.e.,

a(9.9) = <|ﬁ|z||«9||z>

Geometrically, an incenter 9™ of C can be viewed as a vec-
tor furthest away from the boundary of C, as measured by the
angle. Since each facet of C is determined by a (:&j, éj) pair
in dataset 13, incenter 9™ can be informally interpreted as
the parameter vector that is most robust to perturbations of
data D (i.e., perturbations of the facets of C). For a formal
description of this property, see the Supplementary Material.

For simplicity, we define a column vector ¢/ :=
(¢)1 (:i:j, éj) iy (:&j, .§3)) In the following theorem,
we formulate the problem of finding an incenter 9.

Theorem 1 (Incenter Computation). When C is defined as
(4) and its interior is nonempty, finding 9" that satisfies (5)
is equivalent to solving the following problem:

win (9]
st (B, 2! — 27y + H(]ﬁj Ovee (1, ® (z/ — 27)) H2 <0,
V' € X7 ¥j e [N]. (6)

In (6), © is the element-wise multiplication, vec (-) means
stacking all elements into a column vector, and ® denotes the
Kronecker product. 1, is an n-dimensional all-one vector,
where n is the dimension of ¢; (&7, 7). Proofs are provided
in the Supplementary Material.

Remark: The formulation in (6) converts the problem of
finding ¥'" that satisfies (5) to a convex optimization problem.
Each &7 € X7 introduces a constraint to (6). In many games,
the cardinality of &; is very large or infinite. In this case, it is
intractable to enumerate all elements of X7 for all j € [N] to
check if 19 meets the inequality constraints.

4.3 Loss Function Design

We propose a loss function-based method to tackle the case
where |X;| is large or infinite. Interestingly, we notice that
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this approach also applies when there may be no 9 consis-
tent with D, i.e., C/ {0} = (. This scenario is common, and
arises if players are bounded-rational and may only choose
actions close to the optimum, leading to an e-Nash equilib-
rium. Towards obtaining a loss function, we first relax the
constraints of (6) by introducing slack variables 5, ..., n:

1 N
0 LS 5,410
C Pl A

s.t. (B, 2’ —37) + Hgbj O vec (1, ® (/' — 27)) H2< B;,
Vxl e X9, Vje [N]. @)
Then, we define the following loss function.

Definition 3 (Loss Function). Given a context-action pair
(ij, éj), the loss Ly (:%3 , éj) of a parameter vector 9 is de-
fined as
max {<<I>f9,a:j — &0y + Hd)j Ovec (1, ® (/ — 27)) H } )
xieXd 2
Using the loss function, we reformulate problem (7) to the
following regularized empirical loss minimization problem:
1 X o
mgnﬁ Zjlég (w3733) +aR (9). 8)
j=
Here, we replace ||[9||2 in the objective with a general regular-
ization function R (-) and use « > 0 as a hyperparameter.
Remark 1: In (8), we use the loss function to capture
the hard inequality constraints in (7). Since (8) is an un-
constrained optimization, we can solve it using a first-order
algorithm in Section 4.4 even when || is infinite.

Remark 2: If no 14 is consistent with 13 problem (6) has
no feasible solution satisfying all the hard constraints. In this
case, our loss function can still guide the search towards a
vector that minimizes the degree of constraint violation.

4.4 Estimation Algorithm

In this section, we introduce a first-order algorithm for solv-
ing (8). We apply the mirror descent method [Beck and
Teboulle, 2003], which enables the learning of 1 in both Eu-
clidean and non-Euclidean geometries. Specifically, at each
iteration ¢, the mirror descent update is give by

V1 = arggnin {n(gs (9¢),9) + B, (9,9¢)}. (9

Here, 7; > 0 is the step-size, g; (1;) is the subgradient of the
complete loss function in (8), and function B, is the Bregman
divergence w.r.t. w : ® — R [Bubeck and others, 2015], i.e.,

B, (9,9) = w (9) —w (9;) — (Ve (9;),9 — Dy

In particular, when w (9) = 1||[9]3, (9) reduces to 9,11 =

¥y — nege (94), i.e., the subgradient descent update.

To implement the mirror descent method, we first de-
rive subgradient g; (¢;) for the loss function in (8). Let
h(xd, &7,87) = ﬁ|¢j O vee (1, ® (zf — 7)) H2 Us-
ing Danskin’s Theorem [Bertsekas, 2016], we compute
0l (&7, 87) (the subdifferential of £y (&7, 87) w.r.t. ¥) as

conv {7 © vee (1, ® (a7 —a9)) [27 € 27 (9}, (10)

Algorithm 1 Mirror Descent for Problem (8)

1: function MIRROR DESCENT(D, w, R, {¢:}, a, {n:} , Do)
2 fort€{0,... 7T — 1} do > Iteration of Estimation
3 forje {1,...N} do & Loop over D
4 Compute &7 according to (11);
S: Compute 00y, (icj , 8 ) according to (10);
6: end for
7 Compute subgradient g () according to (12);
8: Apply mirror descent updates according to (9);
9: end for
10: return {9:},_,.
11: end function

Here, conv {-} represents the convex hull of the given set, and
set X7 (9) = {@7}, where
.'ij:argmax{<‘1>f9,a:—:i:j>+h(:1c7§:j7§j)}. (11)

xzeEXI

Based on (10), the subgradient g; (¢, ) is derived as
1Y . o
g+ () =NZ @’ Ovec (1n® (5:% —:i]))—l—aVR(ﬁt) . (12)
j=1

Algorithm 1 presents the pseudocode of the mirror descent
algorithm for solving (8). In line 4 of Algorithm 1, we com-
pute & for each data point (ﬁ:j , 87 ) by solving a maximiza-
tion problem. In line 5, we use the obtained &7 to compute
the subdifferential of £y, (€7, 87) based on (10). In lines 7
to 8, we utilize the entire dataset to compute the subgradient
g+ (94) of the objective function in (8), and then update cur-
rent parameters to obtain ;.1 by solving (9). Due to space
limitations, we provide a detailed convergence analysis of Al-
gorithm 1 in our Supplementary Material.

4.5 Incorporation of Priors

In this subsection, we extend our estimation method to in-
corporate a specific type of prior knowledge about 9. We
define F; (x; 0;) :== —0U; (x, s;0,)/0x; and let F (x;0) :=
(F1(x;6;);...;F, (2;0;)). In many games [LeBlanc et al.,
1975; Jensen, 2018], F (x; 0) is known to be monotone, i.e.,
to satisfy

(z— w’)T (F (x;0) — F (x';0)) = 0,Va,x’ € X. (13)

Such monotonicity property is closely related to the equilib-
rium solution in (1). For instance, if F' (z; ) is strictly mono-
tone, there exists at most one Nash equilibrium [Harker and
Pang, 1990]. Moreover, the projection gradient methods for
solving (1) exhibit global convergence under this condition
[Fukushima, 1992; Korpelevich, 1976; Xiu and Zhang, 2003;
Bnouhachem et al., 2015].

We then aim at estimating 9 while ensuring that F' (x; 0)
remains monotone. Towards this goal, we build upon the
fact that F' (x; ) is monotone if and only if its Jacobian ma-
trix is positive-semidefinite [Facchinei and Pang, 2003], i.e.,
d'"VF (xz)d > 0,Yx € X,d € RP. Based on this observa-
tion, we incorporate this condition in (8) by using semidefinite
program [Vandenberghe and Boyd, 1996].
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The specific form of F (x;0) can vary across differ-
ent game applications, making a unified formulation of
the semidefinite program challenging. Hence, we take the
Bertrand-Nash competition as an example to introduce our
solution. It is a classic game widely studied in literature
[Berry, 1994; Berry et al., 1995; Bertsimas et al., 2015]. We
include the formulations of Cournot and traffic games in Sup-
plementary Material.

For ease of presentation, we consider a two-firm Bertrand
competition (i.e., p = 2). The analysis of more than two firms
is provided in Supplementary Material. Each firm i € {1,2}
chooses price x; to maximize revenue [Bertsimas et al., 2015;
Maddux et al., 2023]:

Ui (x,50;) = 2;(0; 121 + 0 220 + 035 +0,4), (14)

where the terms in the parentheses correspond to the demand
of firm i. In this case, ¥ = (6;;60,) € R®.

In addition to the monotonicity property, there are some
other common assumptions on ¥ in this competition, e.g.,
U; is concave w.r.t. x;, and 621,012 can be normalized to
1 without loss of generality [Maddux et al., 2023]. Next, we
reformulate (8) to consider all these priors and assumptions.

011 021/2 g._ [tz O
012/2 O T b O]
For a two-firm Bertrand competition, formulation (8) can be
extended to the following problem:

Lemmal. Let 3 := —

1 Y A _
in — Y {5+ (27,8)+aR (3,3
min N;::(wS) oR (2.3)
(15)
s.t. Tr

Here, A equals [(1) (1)], and the vector e; has a one in the

i-th position and zeros elsewhere. Tr (-) is the trace operator.
Constraint Tr ((eie;—r) 3) > 0,Vi = 1,2 implies 011,025 <
0, ensuring the concavity of each U;. Tr (AJ) = —1 indi-
cates 031 = 615 = 1. 3,3 > 0 means that both J and 3 are
positive semidefinite. Loss function {5 5 (:Ej, 87 ) is

max {~Tr (¥13) + Tr (¥13) + b (/,27,8°) |, (16)

xzieXi
. . . 3o .d
J J J - J vy vy
vy Uy —fv5] i — l U3 2
b s ° - s

J v] v
1)2 + Ur Vg % Ué

and v’ := ¢’ O vec (1, ® (x7 — &7)) € R®.

To solve the convex problem (15), we apply the primal-
dual interior-point method [Boyd and Vandenberghe, 2004].
The primal barrier method augments the primal objective
with a barrier function to handle inequality constraints, pe-
nalizing solutions near the boundary of the feasible set. The
primal-dual interior-point method extends this concept to
both the primal and dual problems, solving them simultane-
ously. It is often more efficient than the barrier method.

To use the primal-dual interior-point method, we derive the
perturbed KKT conditions based on the logarithmic barrier
[Nesterov and Nemirovskii, 1994] as follows.

where W1 ;= [

Algorithm 2 Primal-Dual Interior-Point for Problem (15)
1: function PD-IP(D, a, ¢, 30,30, 20, 20, X0, ,0),

b () EE) S 0n((eel)).
’ 0 4p 4 ’

3: k — O

4: while k >e do

5 Compute Ol (z]), U] (z) by D, 2% and 3*:

6: Compute <AJ’“,Aﬂ’“,AE’“,Aé’“,AX“,Au’“)

7: Backtracking line search for step-sizes 17’;, nk;

3: Compute <:k+1 e+l ghtl Skl yk+l Vk+1).

9: Compute kﬂ ;

10: k—Fk+ 1

11: end while B
12: return (3"',3"',5’“,5’“,)3“,1/’“).
13: end function

Proposition 1. Let (3%, 3*) and (2%, Z*, \* 1*) be the op-
timal primal and dual solutions, respectively, and p be the
barrier parameter. Then, the optimality conditions for the
logarithmic barrier centering problem are

2%, 3% >0; EF,E%>0; \F=0, Tr ((ese

1 2
I, 2%1*=

1) 3*)>0,Vi;
MI; AT ((ese)) J*)—%:O,W;

Tr(AJ*)+1=0; aJ*-Z*+

2/\* ei —=*

where I is the identity matrix, and T is defined as
arg Max,;¢ v, {fTr (WI3*)+Tr (ﬁ/%j*) +h(xd, &, §J)}

We use Newton’s method [Alizadeh et al., 1998] to solve
the equations in Proposition 1. Due to space limit, we leave
all details to our Supplementary Material.

Algorithm 2 shows the primal-dual interior-point method
for solving (15). In line 5, we use current parameters 2% and
3" to compute &j, for each data point (&7, 7), and then ob-

tain UJ(x k) and W/ (& k) In line 6, we compute the Newton

updates (A, AJ, AZ, AZ, AX, Av). In lines 7, we utilize
the backtracking line search to compute current step sizes n,’;

and 1% for the primal and dual variables, respectively. In lines
8 to 9, we update the current primal and dual variables, and
compute barrier parameter 1T in the next iteration.

5 Numerical Experiments

5.1 Games Applications

Demand Estimation in Bertrand Competition The two-
firm Bertrand competition was described in Section 4.5.
The demand function estimation problem is: Given data
{(21,23,8)}).,, we seek 1o estimate 9 = (01;0;) € R®

such that each (zl, z%) is a Nash equilibrium for context 3.
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Profit Estimation in Aggregative Games In aggregative
games [Jensen, 2018], each player 7’s utility U; depends on
its own action x; and the aggregation of all players’ actions,
ie., U; (z) = U; (z;, X1 _, x)). We take the Cournot com-
petition as an example. Each firm ¢ decides the quantity z; of
a homogeneous product to supply, aiming to maximize:

P
U; (x,s;a,b,d,¢;) =1 (b +ds—a 2 xk) —cizi. (17)

k=1

The terms in the parentheses represent the inverse demand
function, and c¢; is the unit cost of production. Following
[Risanger et al., 2020], we include s as a demand shock that
adjusts the demand intercept b. The problem is as follows:
Given {(i‘j,éj)}f:l, we seek ¥ = (a,b,d,c1,...,¢p) €
RP*3 such that each &7 constitutes a Nash equilibrium.

Cost Estimation in Traffic Game We represent a road net-
work by a tuple (V, A, W, t(-)), where V and A denote the
sets of nodes and links, respectively. W is the set of all
Origin-Destination (OD) pairs. £ (-) denotes the cost func-
tions, and its a-th element ¢, (-) is the travel latency cost func-
tion for link @ € A. A common choice for ¢, (-) is the U.S.
Bureau of Public Roads (BPR) [Sheffi, 1985] function:

Y
to (v4) = 0° + 01 (“) . (18)

Ca
Here, z, is the overall traffic on link a, C,, is the capacity of
link a, «y is the congestion sensitivity parameter, and 62,6}
are cost parameters. In these settings it is standard to assume
C, and v are common knowledge, while only 6%, ! need
to be estimated. The cost estimation problem is: Given link
flow data {&’ = (32;a € A)}é—V:l, we seek to estimate cost
parameters {6, = (09,0}),a € A}, such that each %7 is a

Wardrop equilibrium [Sheffi, 1985; Patriksson, 2015].

5.2 Experimental Settings

Experimental Data We describe the dataset as follows.

 Bertrand Competition: Following [Maddux et al., 2023],
we generate ¥ by randomly sampling its elements from
Gaussian distributions: 617 ~ AN(—1.2, 0.52), 010 ~
N(0.5,0.1%), 621 ~ N(0.3,0.1%), f22 ~ N(—1,0.52),
and 0,3, 0,4 ~ N'(1,0.5%) fori = 1,2. We take s to be i.i.d.
samples from N (5,1.52). Given each 7, we solve for the

equilibrium prices (&7, :%%) using first-order methods. To

evaluate different estimation methods, we generate 50 ran-
dom 9. For each ¥}, we create a training dataset D;,,;, and

a test dataset ﬁtest, both with a size of 500.

* Cournot Competition: We consider p = 3 players, and
generate ¥ by randomly sampling its elements as follows:
a,d ~ U(5,10), b ~ N(50,5%), ¢; ~ U(10,20). Given
each context 3 ~ N (6,22), we solve for the Nash equilib-
rium #7 using first-order methods. We randomly generate
50 different 9 for evaluation. Each 9 has a corresponding
ﬁtmin and ﬁtest, both with 500 samples.

» Traffic Game: We consider the Sioux Falls network
[LeBlanc et al., 19751, which contains 24 nodes and 76
links. Every two nodes in the network constitute OD pairs.
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Figure 2: Convergence of I-MD on the Bertrand Dataset.
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Figure 3: Convergence of I-SDP on the Bertrand Dataset.

We set 1 according to this real network. To generate multi-
ple equilibrium data, following [Bertsimas er al., 2015], we
randomly perturb the OD demands 1000 times, with each
perturbation drawn from /(0, 0.1). Using Frank-Wolfe al-
gorithm and true ¥}, we then compute z, for each perturbed

OD demand. ﬁtrain and ﬁtest both contain 500 samples.

Comparison Methods We compare the performance of the

following five estimation methods:

¢ I-MD (Incenter with Mirror Descent): We estimate 9 using
Algorithm 1.

* I-SDP (Incenter with SemiDefinite Programming): We use
Algorithm 2, which incorporates the monotonicity of F'
(versions of the algorithm tailored for the Cournot compe-
tition and traffic game are in Supplementary Material).

* Bertsimas (Data-Driven Estimation in Equilibrium Using
Inverse Optimization [Bertsimas et al., 2015]): It estimates
¥ from observed equilibria based on inverse optimization
without using the concept of incenter.

¢ Feasibility: It chooses a parameter vector from the set C
of consistent parameter vectors. To check the feasibility of
the parameter vectors w.r.t. (3), it discretizes each 7.

* Random: It randomly chooses a parameter vector.

All implementation details, datasets, and codes are in Supple-

mentary Material, and will be publicly available.

5.3 Experimental Results

We evaluate the estimation errors of the methods using two
metrics: (i) The ¢5-distance between the estimated param-
eter vector ¥.s; and the true parameter vector Vi ye, i.€.,
[Ptrue — Festif2. To ensure consistent comparisons, all pa-
rameter vectors are normalized before evaluation; (ii) The /5-
distance between the equilibrium @ .s; computed using sy
and the equilibrium x¢,,. computed using the true parameter
vector Yirye, 1.€.,

Ltrue — westi”2~
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Figure 4: Comparison Results on Bertrand Testing Data.
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Figure 5: Convergence Results on the Cournot Dataset.

Bertrand Competition In Figure 2, we depict the conver-
gence of our I-MD method on the Bertrand data. Figure 2a
illustrates the average error between ¥est; and ¥y e over 50
experiments (each with a different 1¥,,.). The shaded area
represents the standard deviation of these errors. Figure 2b
shows the average error between the true equilibrium @,y
and the equilibrium x.s; computed using Pest; on the testing
data. The convergence of our I-SDP method is depicted in
Figure 3. Our I-SDP converges to lower errors in both met-
rics compared to I-MD. This is attributed to the incorporation
of the monotonicity property of F'. It can also be observed
that I-SDP converges much faster, thanks to the efficiency of
the primal-dual interior-point method.

Figure 4 presents the comparative results of different esti-
mation methods on the testing data, evaluated using two met-
rics. We use boxplots to illustrate the distribution of two error
metrics across 50 trials for each method. Each box includes
all error points, with the central line representing the median
and the “+” sign denoting the mean error. Our I-SDP method
achieves the lowest median and mean errors with minimal
variability across both metrics. Specifically, for the met-
ric || Qesti — Ptruel2, I-SDP achieves the lowest mean error
(around 0.663), whereas the comparison methods exhibit rel-
atively large errors (with the best among them being 0.979).
Similarly, for ||€est;i — Ztruel2, I-SDP again performs best,
with a mean error around 2.690. Notably, our I-MD method
outperforms all comparison methods across two metrics.

Cournot Competition In Figure 5, we present the conver-
gence performance of our two methods, measured by the dif-
ference between ¥qst; and Yi,qe. Due to space limit, we in-
clude the convergence results about |Z¢rye — Testif|2 in Sup-
plementary Material. Comparing Figure 5a and Figure 5b, we
can see that our I-SDP method converges to a lower error at
a much faster rate compared to I-MD.

Figure 6 presents the boxplots concerning two error met-
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Figure 6: Comparison Results on Cournot Testing Data.
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Figure 7: Comparison Results on Traffic Testing Data.

rics across different estimation methods on the testing data.
It can be observed that our I-SDP and I-MD methods out-
perform all the other methods across both metrics. Specifi-
cally, our I-SDP achieves the lowest errors, with a mean er-
ror of 0.562 for |Pesti — Dtruell2 and a mean error of 1.245
for |@esti — Tiruc|2- In contrast, the lowest errors among the
comparison methods are 1.089 and 3.203 for the two metrics.

Traffic Game Due to space limit, we leave the convergence
performance of our two methods about |Pest; — P4ruel|2 in our
Supplementary Material. Figure 7 presents a boxplot compar-
ison of our two methods against Random on the testing data.
Bertsimas and Feasibility are excluded, because (i) Bertsi-
mas becomes intractable, as in the traffic game it requires
solving an optimization problem with infinite constraints; (ii)
Feasibility is impractical due to the vast size of the global
action space (e.g., discretizing each flow region with only 2
values leads to a size of 27%). It is evident that both our I-SDP
and I-MD significantly outperform the Random method.

6 Conclusion

In this paper, we introduced a novel framework for estimat-
ing player utilities from their equilibrium behaviors. Our es-
timation framework is applicable to a broad range of multi-
player non-cooperative games and practical applications. We
also extended it to account for a specific structural property in
player utility functions. Experimental results on three game
applications demonstrate the superiority of our methods over
baselines. The main focus of our work is on efficiently com-
puting the incenter and evaluating its effectiveness. Future
directions will include analyzing the sample complexity of
our utility estimation method and integrating utility estima-
tion with the prediction of equilibrium behaviors.
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Inverse Game Theory: An Incenter-Based Approach
(Supplementary Material)

1 Proof of Theorem 1

Proof. Since the angle in the objective is scale-invariant, we

first assume that |9]2 = |[9]2 = 1 for ease of the derivation.
We later demonstrate that this constraint can be removed in
the convex formulation. Under this assumption, we have

- 1 -
®,9) =~ |9 3| +1. (1)

The problem (5) in Section 4.2 can be rewritten as

argmax min a (19 19) — argmax min_arccos(d,9)
[9]2=1 deint(C) |9]2=1 deint(C)
[9]2=1 [9]2=1

= argmax min arccos (—|19 19|2+1)
|9]2=1 ®deint(C)
I92=1

= argmax min Hﬁ 5
[®]2=1 Jeint(C)
[9]|2=1

J2-

@)
The above equation follows from the facts that the range of
the function arccos is [0, 7], and — cos(+y) is monotone in-
creasing for v € [0, 7].
In order to minimize the distance to any 1, the optimal
will always be in the boundary of C. Hence, the inner mini-
mization problem in equation (2) becomes

min Hfﬁ 19H2 = min ~ min H'ﬁ — 19”5
] 3 J $ N\ —
'l‘i,ngm(Cl) je?l/‘\‘/f] <<I>1§,qzﬂ_mJ>,0
2 [9]2=1

3)
Next, we first derive a solution to the following minimization
problems which is related to the inside curly bracket in (3).
min |0~ 9
? o “
st. (@f. ) —&7) =0.
The Lagrangian function of Problem (4) is

L(9,0) = |9 =95 +v (@0 ~a)). )

Correspondingly, we have the Lagrange dual function as

g(v) = i%fL (19,1)) = i%f Hﬁfﬁ'”; +v (<<I>f§,a;j - a?;J>) .

) (©6)
To derive g (v), we first derive aLg:;’v) = ( as follows.
oL (9,0 ) NP @i — @i
oL(d) (9 d) o B0 )
o 09
-2 (19 — 19) +v- q.’)j ® vec (1n ® (wj — :&3)) =0.
(7N

Here, ® denotes Hadamard product. Then, we obtain
W ® (27 —37)), (8)

where 1,, € R, ® is Kronecker product, and vec means the
vectorization of a matrix. Plugging (8) into (6) gives g (v) as

~ v
19=19—§¢>J®vec(1

; . 2 o 4

|20/ @vee (1u@ (@2~ a)) L + v ()07~ 27).
(O
where &, = [ (0: — 301 (&9,) (@] ~#1)) o (&7.8)|”_c
i=1

RP. Then, we derive the dual problem max, g (v) of (4) as

%(bj@vec (1n ® (a:j — ai'ﬂ)) Hj+v <<<i>z9, x — ﬁc3>) .
(10)

max |
v

Fg(v)

Based on (10) we further compute as follows.

dg (v j e |
&v HQSJ Ovee (1, ® (¢ —a7)) H2 an
(@) — 2y o (@2) ).
where ®7 = [—% i (#7, éj)T (wi - 5&5) b: (&7, gj)]j:1,

which belongs to RP. _
To further derive (11), we rewrite ‘1’39 in (11) as

[017(;51- (a7,87) — 9@- (@7,87)" (m] - a:j) b; (szﬂ‘,gﬂ‘)]i
[0 (,‘Z)l(a:’ 7)] —— [d)l(wj 57) (a: —w)@(wg sj)]

= &), + v
(12)
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32

33
34

35

29(v) _

Plugging (12) into (11), we can derive =5~ = 0 as

qusj ®vee (1, ® (mj—s&j))H2+ (@), +v®7 al — &)

FINC S ) gHW @ vec (1, ® (27 — 27)) H
2
(@), a7 — @)+ 20(®T ) — 3Ty = 0.
Then, we can derive v as the following equation.
_ — AU, 2T — 37
|7 @ vee (1, ® (a7 — @) 2 + 4@, 29 — &)

~ (13)
Plugging (13) into (8), we get the form of ¥ as follows.
P {W@vec (L6 )

e
|7 © vec (1, @ (w7 — &) Hz + DI i — &)
B <_<‘I’f9»93j - fﬁj>) (¢’ O vec (1, ® (x7 — 27)))

H(;Sj O vec (1

W ® (@1 — &9)) 3+ KDI @i — @)
_ (14)
To simplify (14), we rewrite ®7 € RP in the following way.

d/ = [;(]51 (ij,éj)T (:cj — & )(bl (27, SJ)]
-sle @) 0@ ] 0@ -

P

i=1

Then, we can derive 4<<i>j , @) — 27 as follows.

KD ) — &)

. (15)
Plugging (15) into (14), we get 19 denoted by w(9, =?):

w(d,z’) = |9 9|3

arg min
(@%@l —83)=0

3 (B, x) — &) (¢7 ©vec (1
|7 © vec (

n® (27 —a7)))
; . 2 .
1, ® (xi — &) H2

(16)
Then, we can obtain a solution to the minimization problem
inside the curly brackets in (3) as follows.

N 9. 2
argmin |9 — 9|3 = M
(B 2l —2Ty=0 HW(’B, xJ ) HQ (17)
o ~
[9]2=1

It can be easy to further prove (17) by contradiction.

Combining (2) and (17), we have the equation:

- w(9, x?)
min_ [0 — 9|2 = min,Hﬂ v H
Beint(C) alex (9, 29)]2
[9]2=1

Since we can eas11y derive that (9,w(¥,x’)) > 0, ie,

a(¥,w®@,x?)) < Z,and w(d,xf) L (9 w(ﬁ,mﬂ))
then derive the following equation.
) w(9, x) w9, x)
0 7” 9,
argmrjmn H (0.2 argmma (9. 20 H2
= argmina(19,w(19,a:3))—argm1nsln( ( w(9,x’) ))
@
= arg min HQ? w(9, :BJ)HQ.
J
i (18)
Combining (17) and (18), we further derive that
w(, x7)
argmrjnin Hﬁ (o, Z P H arg mln Hﬁ w(Y, :BJ)HQ

<<I>Zg7w7—w3>(¢3 @ vec (

n® (2 —27)))

=arg min - ——
i |¢7 ©vee (1, ® (@7 — #7)) |3 )
’<‘I’297 wj - :i:]>
= arg mln — .
quJ Ovee (1, ® (27 — &7)) H2
Therefore, we can further express (2) as follows.
argmax min a (19, 19)
[9]2=1 deint(C)
[92=1
(19)

‘<<1>j i —:;;J‘>(
® (a7 —a7)) |,

= argmax min
[9]2=1 mJeXJ ||¢J Ovec (1,
je

Next, by applying an epigraph reformulation for (19), we ob-
tain the following equivalent optimization problem:

argmax r

[9]2=1
@ ) — &7
s.t. 7= min ‘< >‘ j ’ 20)
mJTXJ H(jﬂ @VQC (1 ® (:Bj - wj)) HQ
Jj€

Val e X7, Vje [N].
We rewrite the constraints in (20) as the following form.
‘(@J ) — m]>‘
”‘W Ovec (1, ”2
— ‘<<I>19,wj — :i]>‘ + er)j@vec(ln@(a:j—an)) H2 <0

. Vol e X9 ¥je [N

= <‘I>{97 xl — &7+ 7‘||¢j ® vec (1n ® (wj - :ﬁj)) Hz <0.

Based on the above form of the constraints, we can derive the
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equivalent optimization form for (19) as follows.

argmax T
9,7

s.t. <lI>Z9, o) —&7) + 7’ O vee (1, ® (@7~ 27)) Hz <0
V:B] € XJ7V.7 € [N]7
|92 = 1.
(2D

Next, we remove the constraint |92 = 1 in (21) and re-
formulate it as a convex optimization problem.

We first illustrate the assumption of a nonempty interior of
C indicates that the optimal 7 in problem (21) is positive. To
clarify this point, under the assumption, there exists some 1}
such that (®%, 27 — x7)>0, ,Vai € X7,Vj € [N]. Hence,
the following expression

s J 4 j
MNgjexi ,je[N]<(I)19a & —x’)

- —— >0
maXgicxi je(n] |7 © vec (1, @ (wI — &7)) H2

T =

is a feasible solution to (21), confirming that the optimal r >
0. Given |||z = 1, problem (21) can be further reformulated
as the following minimization problem.

in |
min |92/

(@p, 2! —&') +r]¢) O vec (1, ® (2 ~27)) |, <0
Val € X7 Vj e [N],
[9]2 = 1.

Letd = 1/r, we can rewrite the above problem as

min 9]
9

s.t. <<I>Z§,wj—:ij> +r|¢) ©vee (1, ® (' —27)) [, <0
Val e X7 Vje [N],
B2 = 1/r.

Since r only appears in the constraint in above problem. Let

r = 1/]9]|, for any 9, it will not affect the optimal value of
. So we can simply drop the constraint |9, = 1/r. O

2 Robustness of Incenter to Perturbations

We provide additional details supporting the robustness in-
terpretation of the incenter in Section 4.2. We formalize this
robustness notion as follows. First, recall the definition of the
set of consistent parameter vectors

C:= {19 (@, @) — 27 <0,Vxl € X9, V) € [N]}
Here, we can rewrite (®7,, &/ — 27) as follows.
(), 2 — &%) = (6] p: (27, .SJ)]Z 1 )
= (8,¢’ Ovec (1, ® (2/ —27))),
Thus, the set C can be rewritten as the following form.

C:= {19 {9, ¢’ © vec (1n® (wj f;i:j))> < O,ij,Vj}.

Next, we define vectors A (&7, 87, @7) by normalizing the
vectors ¢/ O vec (1, ® (7 — &7)) within the set C:

) ] . d)J‘@vec(ln@(wjfij)) . ; S
A (37,87, 27) = { TPoveaLow 2 L& 72
0, Otherwise.

We notice that this normalization does not 'change the set C,
so we can further rewrite C using A (&7, 87, @7) as

C:={9:(,A(&7,8, @) <0,Va’ € X7 Vje [N]}.

It can be observed that the vectors A (&7, 87, 27) are deter-

mined by the dataset D = { (&7, 47) }2.,. Hence, the vector
¥ € C which is most robust to perturbations in the data (i.e.,
perturbation of A (:&3 , 87, )) can be found by solving

. 2
arg max min Y
“,‘9“2=1 'YERH? v H HQ
gec  (2F,8%)ef(27,87 )},

xlex?
st. (9,A (27,8, 27) +~)=0.
(22)
In problem (22), the outer maximization player optimizes
¥ € C to require the largest perturbation -y for it to lie on the
perturbed facet of C. The inner minimization player seeks the
most vulnerable facet of C, which requires the smallest per-
turbation vector -y to satisfy (¢, A (a?j , 87, a:j) +4>=0.1t
can be easily illustrated that Problem (22) is equivalent to the
incenter 9™ reformulation in Theorem 1.

3 Convergence of Algorithm 1

We can derive the convergence rate of the mirror descent
algorithm for solving problem (8) as follows. We assume
that Bregman divergence function B, (9, v) < R for some
R > 0, and E||g: (9) ||2 < G for all 9,v. Let f (9) be the
objective of problem (8). With learning rate 7, = %for some

constant ¢ > 0, the learning algorithm guarantees that

[ ( Z”tﬂ min f (9 )é\/lf(]:—i—cG).(Z?a)

Proof. Let 9* € argming.g f (9). By the definition of the
subgradient, we have that

E[f (9:) — f(9")] <E[g (D),

Next, we apply the standard inequality for analyzing the mir-
ror descent algorithm:

—9%)] 24)

<L,

Tt

+ 5“9(1%) Hi

(g(9:), 9 = 9%) < (9%, 91) = Buy (9%, 9111))

(25)

68
69

70
!

72

73
74
75

76
77
78
79
80
81
82

83

84
85
86
87
88

89

920
91

92
93



94 Then, we can further derive the expectation form of (25) as

T
E l2<9 (9¢),9¢ — 19*>1

T T
1 1
<E [Z — (B (9%,9:) By (0%, 901)) + 5 Y mil o3
=1 t=1
R d ( 1 1 ) G v
<—+R — |t 2n
m t; e M1 2 t; t
R G R
=+Znt<<+ca)f (26)
o2 5 ¢

95 Finally, we use Jensen’s inequality to further derive that

z lf (} > m) -~ w*)] < ;€ [ (f (90)- f w*))]

T
< %E lZ@ (1), 0 — 19*>]
t=1
1 /R
< ﬁ (C + CG) . 27)
96 U

v 4 Proof of Lemma 1

98 Proof. In the two-firm Bertrand-Nash competition with a lin-
99 ear demand function, the corresponding Jacobian matrix

2011 012 ]

Flz) = —
VE (@) [921 2029

100 is symmetric due to the constraint that 651 = 615 = 1.

. 011 921/2] = [913 923]
101 Let variables 3 = — ,d = ,
[912/2 B2 014 B2
102 then problem (8) in Section 4.3 can be reformulated as
N ~
min  — 5 (27,8) +aR (:l, J)
23 Ngj )
1 (28)
st Ty Jimi= -5, ¥i=12,
2>0, ﬂz&

103 Here, 3;; = 0 for ¢ = 1,2 imply that 61; and 025 are non-
104 positive, ensuring the concavity of each utility function U;.
105 The equality constraints 3; _; = f% for ¢ = 1,2 indicate
106 that 697 = 015 = 1, ensuring symmetry in the cross-effects
107 between the firms. The conditions 3 > 0 and 3 > 0 ensure
108 that both J and 3 are positive semidefinite matrices.

100 The loss function ¢4 5 (&7, 57) defined in Definition 3 is

110 max{—Tr(\PJ:l)+Tr(\I’J:)+H¢J@V€C(1 @(wj_wJ)) Hz}’

xieX

111 where the vector v’ qu O vec (1, ® (x7 — &7)), the
Ty 9 iy
112 matrices U7 = Ulj UQ and U/ = U? U‘} .
201 vl vy U3

Since the constraints J; > 0 for all 7 = 1,2 can be
rewritten as Tr ((e;e] ) 3) > 0, for i = 1,2. Constraints
J;_; = —3 forall i = 1,2 are equivalent to Tr (AJ) = —
we can rewrite (28) as follows.

min —Zﬂjj :cj s])—&-aR(:l :l)

33
st. Tr((ee/)3)>0,¥i=1,2, Tr(AJ)=—
J>0, J>0.
(29)
In (29), matrix A = [(1) (1) is an anti-diagonal matrix. The

vector e; has a one in the i-th position and zeros in all other
positions. The loss function /5 5 (itj éj) is expressed as:

1102 1 (23 v, 0 a/-57) | .

xieXI
J - vl +vd
W %f%]@@{%_ 21
» Wy .

J ’UJ Jr’UJ
4 Y7 J
2 Ug

where W/ =
vj + 03 Vs

O

5 Proof of Proposition 1

Proof. First, we rewrite the Lagrangian of the primal problem
(14) in Lemma 1 of Section 4.5 as follows:

c (Jj,,\, VEE) %

M=

(a3 (a/,8") +aR (3,3) -

Ty (EJ) .
. (30)
Here, A, v, =, and = represent the dual variables. The terms

Tr (23) and Tr (éfl) enforce the constraints 3 > 0 and

(AD)+1)-Tr(ZJ)

ZQ:)\iTr ((eie;r) :l) +v (Tr

J >0, respectively. The regularization term is defined by
the Frobenius norm, i.e., R (:l, fl) = % (HDHzF + HjHi)

For ease of presentation, we denote h (x/,&7,87) :=
|¢7 ® vec (1, ® (&7 — &7)) |, and the maximizer &/ =

2°

arg max;c v, {fTr (¥23) + Tr (\i/gj) +h(x?,29,87) ¢

Let the symmetric matrices T = %Zj\le VI (27) and

T=1 Z;vzl @I (27). We can then rewrite the Lagrangian
L

(:l, i, AU E, é) as given in equation (30), as follows

2
= %HjHi —(r+ Z Ai (eie;r) +E2-vA D)

[I]x

N
+%Hi”iﬂ+<ff )+ Jbg h(z,87,87) +v.

€2y
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Based on (31), we derive the first order conditions as
(32)

Next, we derive the Lagrange dual problem for the primal
problem (14) in Lemma 1 of Section 4.5. We begin by writing
the corresponding Lagrange dual function as follows.
G (A,u,a,é) —inf L (:,j,x, V,E,é> :
33

[1
~—

By substituting (32) into (31), we can derive G ()\, v, =, =

as follows. First, we express %H:l”i and %Hfl”i as:
e 2 a _ 2
Sl = 5™ (@) - HT+2)\ cie] ) +E—vA|
g2 _ (379 = L4z
gl lr =3 (: :) - QaH T+3],
Based on the above equations of % H:lHj, and %‘ - f, we can
further derive the corresponding dual problem as
max G (A,V,E,é)
2,E,A\v
st AN =0,¥i=1,2, (33)
E>0,2 >0,

where G ()\, v, = é) is the following equation:

0(x022) =gt el 2

1 T ~ 12
——|—-T+E
QQH F

1 N
+N;h(a’:j,£j,§j)+y

To employ the primal-dual interior-point algorithm, we
need to derive the corresponding perturbed KKT conditions.
The basic idea is to utilize a logarithmic barrier function to
penalize the constraints in both the primal and dual problems.
Specifically, using the logarithmic barrier, we first approxi-
mate the primal problem (14) in Lemma 1 as follows.

I;uanDHF (T, :l>+ ”:l”F—I—<T J>+ Eh &, & sJ)
_] 1

- i <log det(3) + log det(J) + Z log (Tr ((ese;) J)))
i=1
st. Tr(Ad) = —
(34)
Here, p represents the logarithmic barrier parameter. By em-
ploying the penalized barrier function, the inequality con-
straints of the original problem are seamlessly integrated into

the objective function, as shown in (34).

LetG =g ()\, v, 2, é) as defined in (33). By applying the
logarithmic barrier, (33) can also be approximated as

(35)
Next, we derive the perturbed KKT conditions based on
(34) and (35). We start by expressing the Lagrangian

L, (J, u) V) for the primal barrier problem (34) as follows.

[1]:

1 2
e (Z log A; +log (det (Z)) +log (det (
=1

2,2,V

w(337) = S13 -0, D+ S35 + <D

>:>>)

1
— (log det(3) + log det(2) + 2 log (Tr
o

N
v(Tr(AJ) +1) N g h(z?, 27, 87)
Setting “(8:_1[ v) =0, Ly (aj ) = 0, we can obtain
ad—"T— l Zn] +vAT =
p )3)
aJ+7T-— l ( =0.
7

(36)
LetG, <)\, v, =2, é) represent the objective function in prob-

g,L(A v,E.E)

lem (35). By setting = 0, we then have

2
1 (T + Z Ai(eie]) +2— uA) + ia*l =0. (37)

a i=1

Since the primal and dual variables that satisfy the KKT con-
ditions are optimal solutions, they must satisfy all the equa-
tions in (32), (36) and (37). Accordingly, we can further de-
rive the following three equations.

ey _ 1
W ((ere]) )

Vi=1,2.
(38)
Hence, we derive the equations in Proposition 1, which stem
from (32) and (38). Specifically, Tr ((e;e; ) 3*) > 0 for all
i=1,2 Tr(A3J*) = —1, and 2% 3% >0 represent primal
feasibility. Additionally, A} > 0,Vi = 1,2, and Z*,2* > 0
ensure dual feasibility. The equations in (32) and (38) corre-
spond to stationarity and complementarity, respectively.

6 Newton Updates in Algorithm 2

In the primal-dual interior-point method, a sequence of it-
erates is generated that approximates the central path, ulti-
mately converging to the optimal primal and dual solutions.
In this context, the basic iterative step is derived using New-
ton’s method. Ideally, each Newton step updates the points,
progressively refining the solution until the optimal points for
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both the primal and dual problems are found. The detailed
Newton updates are presented as follows.

For problem (14) in Lemma 1, points (:l, i 2,5, A, 1/) on
the central path satisfy the nonlinear equations in Proposition
1. To find such points, the essence of the Newton step lies in
linearizing these nonlinear equations along the central path.
We begin by listing these equations as follows.

Tr(A3d)+1=0.
NTr ((eiel ) ) — % =0,Vi=1,2.
=a-lr-o
7]
g Q)
7]

To solve these equations, we seek to find a zero of the vector-
valued function F’ (:l, fl, 2,8, 1/), which is defined as

Tr (AJ) +
A Tr ((elelT)
)\QTI‘ ((6262)

However, solving this problem directly is challenging, so we
employ Newton’s method to first linearize it and then solve
it approximately. Specifically, we aim to find its Jacobian

J(332E0),
system for update direction (A:l, Afl, A=, Aé, AN, Au):

and then iteratively solve the following

AJ

Ad

—

J (:l,i,a,é,x, y) Z|=-F (:,j,z,é,x, y) .

—

AX
Av

By finding the Jacobian, we derive the following system:
(A, AT

Mlere] ,AD) + Tr ((ere] ) J) A

Aoleses , AD) + Tr ((ezeg ) J) AXo

EAJ+ AE3D =—F.
EAJ+ AZ2
aAD - A=~ (ele1 ) AN — (6282 ) Al +AAV
aAd — A=
(39)

Next, we solve the equation in (39) to derive the Newton up-
(AJ, A3, AE, AE, AN, Au). These

directions are subsequently utilized to iteratively refine the
primal and dual variables during each step of Algorithm 2.

date directions, i.e.,

7 Multi-Player Bertrand-Nash Competition

We first explain the constraint 15 = 57 = 1 in Lemma 1 for
the two-firm Bertrand-Nash competition. This constraint ac-
counts for the flexibility of the utility parameters. To be more
specific, let 8 be the unknown parameters for all ¢ = 1, 2.
In this two-firm competition, it is common for 67, to differ
from 09,. However, as shown in the proof of Lemma 1, the
matrix VF' needs to be symmetric to formulate the semidefi-
nite programming problem. To ensure symmetry, we normal-
ize each parameter vector 87 by dividing it by 67 _;, where
07 _; = 07,if i = 1, and@ _i = 05, if i = 2. This nor-
malization operator does not Change the corresponding equi-
librium solutions. Consequently, the new parameters satisfy
012 = 031 = 1. Therefore, the parameters 6; in Section 4.5
can be interpreted as those derived from the original parame-
ters 67, where 67 5 # 03 ;.

Next, we provide the proofs for the semidefinite program-
ming formulation in three-firm Bertrand-Nash competitions.
We first present their parameter structures. Specifically, the
linear demand function U; for ¢ = 1,2, 3 is defined as

Ui(z,s;07) = 0701 + 0510 + 05523 + 0545 + 075
Here, 9" < 0, and 0;?7 _; = 0, where, for instance, if ¢ = 1,
then the vector 67 _; = (65 5,65 5).

Let each parameter vector 87 = (09,,0%,0%,0%,0%) €
R®. We can derive its Jacobian matrix VF () as

201 01y 0%y
VF (x) =—| 03, 203, 033
031 05 205

(40)

To ensure the symmetry of V.F' (x), we construct each 6; by
multiplying each row by a non-negative number a;, as, as:

aq * 29(1)1 ap * 9‘1)2 ap * 9(1)3
ag #69;  ag*209, ag 69,
ag %09, agz*69, asx209,

If we require this matrix to be symmetric, we need to impose
three constraints, one for each off-diagonal element. This re-
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sults in the following system of three equations:

ap # 07y = ag % 03;;
ap # 073 = az*03; (41)
az %095 = ag * 03,.

In (41), there are three equations with three unknowns, i.e.,
a1, az, and as. This system typically has a solution, except
in degenerate cases such as when 87 = 0. Once the values
of a1, as, and as are determined, we can construct 6; for
all © = 1,2,3, for example, 12 = a; * 675. The resulting
Jacobian V F' (x) will be symmetric. Then, we can formulate
the estimation of all 8; as a similar SDP as in Lemma 1.

In a four-firm Bertrand competition, the Jacobian VF' ()
will be a 4 x 4 matrix. Enforcing symmetry requires six con-
straints, but only four coefficients, i.e., a1, as, as, and ay4, are
available. This issue also arises with more than four play-
ers. In such cases, an additional constraint must be imposed,
requiring the matrix of parameters to be symmetric from the
outset. This will restrict the search to symmetric matrices.

8 Our Methods for Cournot Competition

In the Cournot competition, each parameter vector 8; can be
represented in the form (a, b,d, c;) € R*. Given that some
elements are shared across each 8;, we redefine the parameter
vector 1 and the corresponding loss function as follows.

Let ¥ = (a,b,d,c1,c2,...,¢,) € RPT3 be the parameter
vector to be estimated. In the definition of consistent param-
eter vectors C in Section 4.2, we can further express vectors

@, € RP and ¢; (27, 87) € RP+3 as follows.
Bl = (071 (27,57),0T o (27, 87),

¢i (49,8) = (= (Zpal+41),1,87,0,...,

According to the proof of Theorem 1, we derive that com-
puting the incenter of the set C is equivalent to solving the
following convex optimization problem:

mln [

-2+ [ S 0@ (-2 <0

Va! € X7 Vj e [N]. 42)
The main difference from Theorem 1 is the inequality con-
straint, which stems from a different deﬁnition of 9. Corre-
spondingly, we define loss function £y (&7, 57) of ¥ in this
competition, similar to the one in Definition 3, as

np { w0 —a+ | Sonton o) (-4 |

Based on this loss function, we then leverage Algorithm 1 in
Section 4.4 to estimate ¥ for the Cournot competition.

Next, we present the prior incorporation of monotonicity of
F using the semidefinite programming framework. Specifi-

0T g, (#7,57)) " ;

.
—1,...,0) .

J (:aAlaA27 Ea Fla FQ)

cally, in this Cournot game, Jacobian VF' (x)

—2a —a ... -—a
—a —2a —a
VF (z)=— )
—a —a —2a
is a symmetric matrix.
2¢ a ... a cc O ... O
a 2a ... a 0 ¢ ... O
Let J = , A = )
a a ... 2a 0 0 ... o
b 0 . .
and Ap = o dl estimating ¥ can be reformulated as

3,A1,A2

1 X o
in B 5 A1 A
min N;éll\l’/b (.’11 , S ) +O/R(:, 1, 2) 43)

s.t. J>0,A1 >0,A5 > 0.

Here, loss function £3 A, A, (&7, 87) is defined as the form:

xieX
+ T (Whhs) + | 2 ¢i (2,8') (a1 — ) |, }.
i=1
where diagonal matrices \Ilg = diag (v{, o ,v{) e RPXP,
] — diag (v,...,v),5) € RP¥P, 0] — diag (v, v}) e
R?, and the vector v/ = Y0 | ¢; (27, 87) (wf - :if)
To solve the problem (43), we leverage the primal-dual

interior-point approach as in Section 4.5. We begin by de-
riving the perturbed KKT conditions in this game as follows.

l3,A, A, (.ﬂlr:j sj) = max {%Tr (\If%:l) + Tr (W{Al)

J* =% > 0; aj+2 Nj;\IJ%(a’:J)—Ezo
1 N .

A¥ A% > 0; aA1+Nj;\Iﬂl (z’) -T; = 0.
1S

¥ T% > 0; ozAg—&—Nj;\Ifé(:E])—Fg:O.

THA* — oz 1r_ 0;THAL* — oo
I I I

Here, 3%, A¥, and AZ are the optimal solutions to the primal

problem (43). =*, 'Y, and I'} are the optimal solutions to the

corresponding dual problem. And y is the barrier parameter.
To solve the above equations, we apply Newton’s method

by finding Jacobian J (3, A1, A2, Z,T'1,T'5), and repeatedly

solving the system for (A3, AA;, AAs, AE ATy, AT'):

AJ
AA,
AA,

A=
AT,
AT,

—F(3,A,A2,E,T,T,).
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Algorithm 1 Primal-Dual Interior-Point for Problem (43)
1: function PD-IP(D, a, e, 30, A9, A9, =0, 19, T'9).

). 1 Tr(2°2°)+Tr(A9TY) . Tr(AJTY) |

. no 3p 6 ’
3: k < 0.
4: while k >edo
5: Compute U (2]), Ui (=], ) and U3 (27]);
6: Compute (AJ*, AA’;, AAE, AZ® AT, ATY);
7: Backtracking line search for step-sizes n}’;, nk;
8: Compute (21 AFFHH AL SR DI DAY
9: Compute ﬁ
10: k<—k+1;

11: end while
12: return (2%, A}, A5 =% T
13: end function

,T5).

Here, F' is the vector-valued function composed of the six
equations derived in the perturbed KKT condition. By finding
the Jacobian J, we rewrite the above equation as follows.

EAd+ AZ3 E3d-
T'1AA + AT A A -+
T2AAs + AT5A, Pohy — 41

aAd— A= ad+ 3y XL, W (27) -2

O4AA1 - Al—‘1 OLAl + % Z;‘\le \Ifjl (.’ij) 71—‘1

alAy — Al o+ £ 3N U (29) Ty
(44)

In Algorithm 1, we present the primal-dual interior-point al-
gorithm for solving (43). In line 5, we compute the matrices
Ul (&]), U (&]), and W) (&]) for each data point using cur-
rent parameters. In line 6, the Newton update direction is de-
termined. In line 7, we utilize the backtracking line search to
compute current step sizes 771’; and 775 for the primal and dual
variables, respectively. In lines 8 to 9, the current variables
and the barrier parameter are updated for the next iteration.

9 Our Methods for Traffic Games

In the traffic game of Section 5.1, let 9 = (61;---;6).4)).

Given an observed Wardrop equilibrium 27, we define the
loss function £y (7) of 9 as the following form.

max{—(@%, :cj—:&j> + quj@vec (1n ® (scj—ﬁ:j)) Hz} .

xIieX i

This function is derived from Theorem 1, differing by a minus
sign in the first term. Here, <I>{9, and ¢)j are expressed as

P, = (01T¢1 (27),+ .04 P (@j))T e RA ¢ —
[d);r (ij) )T a¢)‘—t4| (:%])]T € R2|-A|_

Next, we formulate the estimation of 19 using the semidef-
inite programming framework. Under the cost function in

Section 5.1, we derive the corresponding Jacobian matrix as
(01 ~0ix]” 0 ... 0
0 7t 0

VF (x)=
ol 1 -1
0 0 o latia

We observe that the matrix VF (x) is positive semidefinite
when all elements are non-negative. Let variables Ag =

0 0 ... 0 0 0 ... 0
0 6 ... 0 0 6 ... 0
S copad Ay = :
P P
0 0 ... 0 0 0 ... 9M‘

Note that the positive semidefiniteness of the variables Ao and
A is equivalent to the positive semidefiniteness of VF ().
Similar to Cournot games, we can reformulate our estimation
problem using the proposed loss function as follows.

min

min Z Uag.a, (27) +aR (Mg, Av)

(45)
st. Ag>=0,A; >0.

Here, the loss function /5, , ( ) is defined as

g, (#7) = ml}lgj{ Tr (xp AO) (qf A )
® (@' —3')) |},

: J o, J
diag (Ul,'l}3, ... 7U2|A|_1) €
R\A|><\A\’ \Iﬂl = diag (’U%’vi“'"véb‘ﬂ) € R\A\X\A\, and

vector v/ is defined as: v/ = ¢ © vec (1n ® (:cj — i}ﬂ))
To solve the problem (45), we employ the primal-dual
interior-point approach. We begin by deriving the perturbed
KKT conditions in this scenario. Let (Af, AT) and (I'§, I'Y)
be the primal and dual optimal solutions for problem (45), re-
spectively. The optimality conditions for the corresponding

+ Hd)j ® vec (

where the matrices \Ilé =

logarithmic barrier centering problem are then given by
1 1
FakAO* — 71 = O, FTAl* ——I=0.
I
AE AT > 0; aA*f—Z\I!J (') -T§ = 0.
J=1
1
T§.TY =0 ah} — > wi (&) T =o0.
j=1

Next, we utilize Newton’s method to solve the four equations,
following a process similar to Cournot games. Algorithm 2
summarizes the whole approach for solving (45).

10 Numerical Experiments

10.1 Feasibility for Utility Estimation

This approach selects a 9 from the set of consistent param-
eter vectors, i.e., C\ {0}, by solving the following feasibility
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Algorithm 2 Primal-Dual Interior-Point for Problem (45)

1: function PD-IP(D, a, ¢, AQ, A%, 9, T9).
: Tr(AJTY)+Tr(AJTY)
=5 <«

2: m % 5

3: k < 0.

4: while - >¢ do
IJ/ . . . . A

5: Compute ¥} (2]), U] (2}) using D, AL, and AF;

6: Compute (AA§, AAF, ATG, ATY);

7: Backtracking line search for step-sizes 775, 1]5;

8: Compute (AgH, AT THH T,

9: Compute ﬁ

10: k<—k+1,

11: end while
12: return (Ag, AT, T, TF).
13: end function

optimization problem (feasibility program):
min 0
0 o o (46)
st. (@), x’ — &) <0,Val € X7, Vj e [N].

Here, the constraints represent the variational inequalitiei that
parameters ¥ should satisfy based on observed dataset D. To
implement this program, we discretize each X7 to obtain dis-
crete actions, especially when each X7 is infinite.

10.2 Bertsimas for Utility Estimation

The Bertsimas estimation method is applicable to both
two-firm Bertrand-Nash competition and three-firm Cournot
games. In this subsection, we focus on the Bertrand compe-
tition to illustrate the approach. While the approach can be
similarly extended to Cournot games, the details are omitted
here for brevity due to their similarity. Specifically, in the
two-firm Bertrand-Nash competition, this approach targets to
solve the following inverse optimization problem:

min €|
min el
s.t. M; (i’{,fn%,éj;QZ)gyg,vz':172,Vj:1’...’N,

2
(w0l — @i (,35,57:6:) ) < g =1:-, N,
>
My (], 250, 570 0,) = My (3, 35,570, 0,)
<
(a5, 54,5705 0,) > My (50, 35, 574 6)

< )
1 (2,259,870 01) = MY (&, 85, 8™ 07) ,
( ) _ M2>k (ijrlned’@mgmed;eék) )
47)

-o- -MD -~ 1-SDP

I X erue = Xesti ll2

7
E

100 200 300 400 500 10 20 30 40 50
Iterations of Algorithm Iterations of Algorithm

(a) Convergence of I-MD. (b) Convergence of I-SDP.

Figure 1: Convergence on the Cournot Testing Dataset.

—o- [-MD i —e- -SDP

6 120 180 240 300 0 10 20 30 40 50
Tterations of Algorithm Tterations of Algorithm

(a) Convergence of I-MD. (b) Convergence of I-SDP.

Figure 2: Convergence Results on the Traffic Dataset.

Here, Z represents the upper bound of the price, M; de-
notes firm ¢’s marginal revenue function, and 0} is its true
parameter vector. Let §m°? be the median value of § over the
dataset. Breaking ties arbitrarily, §™° corresponds to some
observation j = j™¢d. Then, " and #5**? are the cor-
responding prices at time j = j™°4. The prices £, and Z,
represent the minimum prices observed in the dataset D.

10.3 Implementation Details

We implement Algorithm 1 in Section 4.4 with w(d) =
$[9]3. R(¥) = |92, and & = 0.01. For Algorithm 2 in
Section 4.5, we set € = 0.001 and o = 0.01. All experiments
are conducted on an Apple M1 Pro with 10-core CPU, 14-
core GPU, 16-core Neural Engine, and 32GB of RAM. The
datasets and codes are included with this material.

10.4 Convergence on Cournot Competition

In Figure 1, we depict the convergence performance of our I-
MD and I-SDP methods on the Cournot testing dataset. The
figures show the average error between the true equilibrium
Ttrue and the equilibrium xeg; computed using Pegti. Our I-
SDP converges to lower errors with much smaller variances
compared to I-MD, which can be attributed to the incorpora-
tion of priors and the primal-dual interior-point algorithm.

10.5 Convergence on Traffic Game

In Figure 2, we depict the convergence performance of our
two methods, evaluated using the metric |Pesti — Ftrue |2 Over
30 trials. In Figure 2a and Figure 2b, after fewer iterations,
our I-SDP converges to a lower error than I-MD.
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