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A B S T R A C T

Current reserve procurement approaches ignore the stochastic nature of reserve asset availability itself and thus
limit the type and volume of reserve offers. This paper develops a reliability-aware probabilistic approach that
allows renewable generators and load ensembles to offer reserve capacity with reliability attributes. Offers with
low reliability are priced at lower levels. The original non-convex market clearing problem is approximated
by a MILP reformulation. The proposed probabilistic reserve procurement allows restricted reserve providers
to enter the market, thereby increases liquidity and has the potential to lower procurement costs in power
systems with high shares of variable renewable energy sources.
1. Introduction

Reliable power system operation requires procurement of sufficient
reserve capacity to account for unplanned ‘credible’ contingencies.
Current approaches determine these requirements using deterministic
security margins which aim to ensure a prespecified probabilistic re-
liability index, such as EENS, LOLP, SAIDI, SAIFI, etc. [1]. Originally,
however, these indexes are computed in expectation and extracted from
probability density functions which contain the full set of information.
As a result, existing methods are unable to trade-off the risk of poten-
tial contingency and its associated volume against the reliability of a
procured reserve and its associated volume.

Energy markets with probabilistic offers have been investigated
in [2]. Ref. [3] analysed aggregation problems and risky power mar-
kets. Chance constrained programming for joint clearing of energy
and reserves in peer to peer markets has been applied in [4]. There
exist several papers on the joint clearing of energy and reserves under
uncertainty, where reliability awareness is implicitly included in the
stochastic formulation, e.g., [5] using distributionally robust optimi-
sation. Here, we focus on the reserve clearing problem with the aim
of developing a more tractable market clearing tool for system oper-
ators (SO) which can easily be incorporated in existing deterministic
frameworks.

The literature is rich in probabilistic methods for SOs to determine
the reserve requirement, e.g., [6–10]. A methodology which quantifies
the reserve need taking into account the uncertain nature of wind
power is presented in [6]. System reliability is used as an objective
measure to determine the effect of increasing wind power penetration.
Ref. [7] proposes a reserve management tool to support the SO in defin-
ing the operating reserve needs. An overview of probabilistic sizing
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methods is given in [8], and dynamic reserve sizing is investigated in,
e.g., [9] as a function of the system risk. Varying renewable energy
sources (RES) are commonly viewed as the reason for increased reserve
requirements. Ref. [10] proposes to account for risk-aware reserve
dimensioning, allocation and deliverability in a security constrained
unit commitment framework by learning risk-aware reserve activation
factors. The proposed methods would result in increased liquidity in
reliability-aware markets.

The reviewed references describe methodologies to support SOs in
defining the reserve requirement, due to increasing uncertain renewable
generation. However, none of the previous works have addressed the
probabilistic selection of the type and amount of reserve in the pro-
curement stage based on its individual reliability. Instead of accounting
for uncertainty in the reserve sizing, here, we present a market frame-
work to transparently include uncertainty as a reserve offer attribute.
Probabilistic procurement would allow the reserve provider to specify
the offer reliability, i.e., the probability of reserve availability when
activated in real-time.

Reserves from conventional generators are viewed to have a reliabil-
ity of 100% if ignoring unplanned events (force majeure). Conventional
approaches expect that less reliable generating plants require the sys-
tem to carry more reserve capacity [11]. Reserves from renewable
energy sources (RES), battery energy storage (BES), and demand re-
sponse providers (DR), however, can only guarantee a small percentage
of their predicted available capacity with 100% reliability of delivery.
This is due to different sources of uncertainty, prediction errors, and
variability. If the reliability requirement is lowered to less than 100%,
however, these restricted reserves providers (RRPs) can commit more
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Table 1
Simple example of reliability-aware reserve offers.
Offer Volume Cost Reliability

1 100 MW 100 $/MW 99%
2 100 MW 55 $/MW 98%
3 100 MW 40 $/MW 95%
4 100 MW 25 $/MW 90%
5 100 MW 11 $/MW 70%
6 100 MW 10 $/MW 70%

capacity to SOs, at significantly lower prices. For instance, a provider
that knows their reserve will only be available with 90% probability
will not bid in the market, since they will be heavily penalised if
an instance occurs where they cannot deliver. But if we are able to
embrace these uncertainties in a market clearing scheme, a water
heater, for example, may be willing to offer down-reserves at half the
price, if given the chance to not deliver it 1 out of 10 times. This not
only increases the liquidity in the market, but it can also reduce prices,
as it can be argued that the relation between reliability and offered
prices is non-linear for RRPs, with price offers decreasing sharply for
each percentage point of decreased reliability.

In this paper, we introduce the concept of our proposed reliability-
aware reserve clearing. In this first stage, we ignore the network; the
proposed method can be applied to a reserve zone where intra-zonal
constraints are commonly ignored [10]. Specifically, our contributions
are the following:

• We propose a reliability-aware reserve market clearing tool which
is (i) simple to use for reserve providers and (ii) tractable and
reliable for SOs that clear the market.

• We challenge the conventional idea of 100% reserve availability,
which no reserve provider can guarantee if force majeure is inter-
nalised by providers. Rethinking this availability metric opens the
market for new players, increases competition and thus liquidity,
and lowers cost.

pposite to stochastic energy market clearing in, e.g., [2], here, the vol-
me at equilibrium is not determined by social welfare maximisation,
ut by system operation cost minimisation with reliability attributes of
ids.

The rest of this paper is structured as follows. Section 2 introduces
he conceptual idea, provides a motivating example and lists benefits
f such a market. Section 3 introduces the market framework including
ctors and timeline, and gives the mathematical problem formulation.
ection 4 presents an exact problem reformulation, and a linear ap-
roximation. A small tangible case study and a large national level case
tudy are investigated in Section 5. Section 6 discusses the results and
ossible extensions. We conclude with key take-aways in Section 7.

. Setting the scene

To better explain the motivation behind the method detailed in the
ollowing, this section provides a simple example and lists benefits of
uch a reliability-aware reserve market. The market setup is not inher-
ntly tied to specific assumptions on timescales, i.e., single-period or
ulti-period clearing. In this first step, we model a single-period clear-

ng which simplifies the multi-period clearing where offer reliability
ay be coupled over multiple time steps.

.1. Motivating example

To illustrate the proposed market framework, we offer a simple
xample. A set of reserve offers with its characteristics is sorted by
eliability in Table 1. Let the reserve requirement be 100 MW with 99%
eliability. Reserve 1 alone would satisfy the required reserve volume
or 100 $.
2

Fig. 1. Illustration of state of energy (SOE) over discrete market intervals 𝛥𝑡, e.g., 1 h,
of an energy limited resource with its energy bounds and reserve volume 𝑉 and
reliability 𝑅.

However, the combined procurement of reserves 2 and 3 can offer
similar or higher reliability and cost less. Assuming that the uncertainty
from different offers are uncorrelated (independence assumption), we
can calculate the joint availability by simple multiplication. The prob-
bility of joint unavailability (0 MW) of both reserves 2 and 3 is only
.1%, while the probability of joint availability (200 MW) is 93.1%.

Thus, a volume of at least 100 MW is available with 99.9% reliability,
which is higher than the most reliable reserve itself. The combined cost
for procuring reserves 2 and 3 is 95 $. Similarly, reserves 4, 5 and 6
have a joint reliability of 99.1% with a cost of only 46 $. This illustrates
the lowered procurement cost due to higher volumes that are procured
from RRPs with lower reliability.

Notably, this problem becomes more challenging when offer vol-
umes are not uniform. The full mathematical description of reliability-
aware reserve clearing is set out in Section 3. In the existing literature
on probabilistic markets [2–5], the offered volume is modelled with
stochastic methods which yield complex problem formulations and less
tractable solution algorithms. Instead, here, we assume that an RRP’s
offered volume can be decomposed into multiple offers with a Bernoulli
distribution, represented by a reliability attribute.

2.2. Benefits for Restricted Reserve Providers (RRPs)

Fig. 1 aims to illustrate the benefit for RRPs with the example of
a generic energy limited resource (ELR), such as an energy storage
system or certain types of demand response with storage capability.
The upper and lower bounds on the state-of-energy (SOE) limit the
available power and energy capacity of the ELR. At a given time 𝑡,
and looking into the future 𝑡 + 𝑓 , the ELR operator faces uncertainty
on their forecast SOE due to participation in other energy or ancillary
service markets. With longer prediction horizon 𝑓 , this uncertainty
increases, i.e., the prediction interval of the SOE increases. However,
the remaining margin between the SOE prediction interval and the SOE
bound can be used as a reliable up (𝑅up) or down-reserve (𝑅down).

Instead of claiming 100% reliability, which is current practice in
reserve markets, we encourage the more realistic use of, e.g., 99.9%
reliability in Fig. 1 which would more transparently include events
of force majeure. These events are currently not considered in the
deterministic market clearing of reserve or energy markets, with the
exception of 𝑁 − 1 approaches.

Furthermore, the ELR operator may also offer part of their uncertain
reserve with lower reliability. For instance, the probability of an SOE
realisation between the expected mean and the worst-case-minimum
is 50%. In other words, the real SOE ends up below the expected SOE
with 50% probability. Therefore, the margin between expected SOE and
worst-case-maximum SOE can be offered as upward reserve with 50%
reliability. Alternatively, this margin can be decomposed into smaller
power intervals of different reliability levels.
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Fig. 2. Illustration of the reliability gain from procuring multiple reserves in parallel.
The total reliability is 0.98.

2.3. Benefits for System Operators (SOs)

SOs aim to minimise procurement and operation cost. Opening the
reserve market to additional players such as RRPs is likely to increase
liquidity. Furthermore, under the assumption that offers with lower
reliability are priced lower, a reliability-aware market has the potential
to lower costs while maintaining the same total level of reliability for
the procured reserves, as we show in Section 5.

A simple example of parallel procurement of two low-priced offers
𝑖 and 𝑗 with the same volume 𝑞𝑖 = 𝑞𝑗 is depicted in Fig. 2. Combining
two offers of the same volume that can each deliver their energy with
80% and 90% reliability results in being able to offer a total volume
𝑞 = 𝑞𝑖 = 𝑞𝑗 with a reliability of 98%. If we were to consider, however,
all bids individually, as conventional markets do, the joint availability
of the total volume 𝑞𝑖+𝑞𝑗 is only 72%; in that case, both of these offers
would have never entered a conventional market.

3. Market framework

This section details the market actors, timeline, probabilistic foun-
dations, and the resulting market clearing problem formulation.

3.1. Market actors & timeline

We envision a reliability-aware probabilistic reserve market that is
centrally organised by the SO. In practice, we refer to a transmission
system operator (in e.g. Europe) or independent system operator (in
e.g. North America). The SO commonly clears the market on day-ahead,
hour-ahead, or even minute-ahead basis, and therefore the solution
time of the algorithm may become a vital issue.

Offers are submitted by restricted reserve providers (RRP). In real-
ity, even the most reliable provider cannot guarantee 100% reliability
due to unplanned events (force majeure). While, today, this is only
considered as out-of-market tail risk, here, we assume that all market
participants are indeed RRPs.

Reliability-aware reserve offer 𝑖 includes the reserve volume 𝑉𝑖,
price 𝑃𝑖, and reliability 𝑅𝑖. We assume that the reliability of offers is
ndependent. This assumption is thoroughly discussed in Section 6. The
learing of the reserve market offers can be combined in different ways
n order to achieve the reserve volume 𝑄𝑠 with reliability 𝛷𝑠 required
y the SO. Contrary to the existing literature, we model reliability
s a Bernoulli distribution (binary availability) where the RRP can
ivide their reserve into multiple volumes with different reliability
nd associated price. In practice, SOs would have to consider limiting
he number of offers. This can be implicitly achieved by defining a
inimum block size, which we investigate in Section 5.4.

A possible combination of offers is visualised in Fig. 3.
Offers are depicted as rectangles where the height corresponds

o their volume and the width corresponds to their reliability. The
3

Fig. 3. Illustration of volume and reliability stacking. To obtain the target reliability
of 99% we build two stacks, one with 98% and the other with 95% reliability. To
build each stack, we combine offers horizontally to increase their reliability according
to (1b), and stack them vertically to increase the procured volume according to (2a).
Please note that vertical stacking decreases the total reliability according to (2b), so
each procurement row must have a higher reliability than the target reliability of each
stack.

horizontal stacking of offers increases reliability for the same volume.
For instance, the horizontal combination of 80% and 90% reliabil-
ity results in a total reliability of 98%, c.f., Fig. 2. When offers are
stacked horizontally, the total reliability is thus higher than that of any
individual offer.

The vertical stacking of offers has the contrary effect: it decreases
the joint reliability while it increases the volume, as it considers the
sum of the offered volumes. For example, the vertical combination
of 95% and 95% reliability results in a total reliability of 90.25%.
This implies that each vertical procurement block must have a higher
reliability than the system reliability 𝛷𝑠. When offers are stacked
vertically, the total reliability is thus lower than the smallest reliability
of its components.

3.2. Probabilistic formulation

As illustrated in Fig. 3, offers can be stacked horizontally and ver-
tically. However, since only the volume can be decomposed, while the
reliability cannot be decomposed, we propose the following sequence
for the stacking of offers.

(a) Offers 𝑖 can be stacked horizontally into procurement blocks
𝑏 = {𝑏1,… , 𝑏𝑘} to achieve the target reliability of each block.
The procurement block volume 𝑞𝑏 is then limited by the small-
est accepted offer {𝑞𝑖,𝑏} in (1a), while the procurement block
reliability 𝜙𝑏 is obtained with Eq. (1b).

𝑞𝑏 = min
𝑖
{𝑞𝑖,𝑏} ∀𝑖, 𝑏 (1a)

1 − 𝜙𝑏 =
𝑖𝑛
∏

𝑖=𝑖1

(1 − 𝑅𝑖𝑧𝑖,𝑏) (1b)

The binary variable 𝑧𝑖,𝑏 is 1 if offer 𝑖 is (partially) accepted in
procurement block 𝑏 and 0 otherwise. Horizontally, volumes do
not sum, but reliability increases with every additional offer.
When we rely on any of 𝜔 offers with the same volume being
available, the failure of up to 𝜔−1 offers still leaves sufficient reserve
volume.
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Fig. 4. Illustration of stacking in procurement blocks based on an algorithm. The
dimension and indexes of offer blocks is the same as in Fig. 3.

(b) Procurement blocks 𝑏 can be stacked vertically to reach the
volume 𝑄𝑠 required by the SO. Vertically, volumes sum (2a), at
the cost of lowered reliability (2b).
𝑏𝑘
∑

𝑏=𝑏1

𝑞𝑏 ≥ 𝑄𝑠 (2a)

𝑏𝑘
∏

𝑏=𝑏1

𝜙𝑏 ≥ 𝛷𝑠 (2b)

Note, that the total reliability is lower than the smallest pro-
curement block reliability, i.e., 𝛷𝑠 ≤ 𝜙𝑏 ∀𝑏. When we rely on the
volume of 𝛽 blocks available at the same time, the failure of only
block leads to insufficient volume.

The assumption that a bid can be split by volume seems more realistic
han the assumption that a bid can be split into two parts with different
eliabilities, as in the latter case, the supplier would have submitted two
ifferent offers with different reliabilities to start with. The horizontal
ombination of multiple offers 𝑖 into procurement blocks 𝑏 is illustrated
n Fig. 4 as the result of an algorithm. Offer 𝑖1 has a large volume and
s split into four different procurement blocks.

.3. Market clearing

The market clearing with reliability-aware reserve offers is formu-
ated as a procurement cost minimisation problem

min.
𝑖,𝑏 ,𝑞𝑏 ,𝜙𝑏 ,𝑧𝑖,𝑏

∑

𝑏

∑

𝑖
𝑞𝑖,𝑏𝑃𝑖 (3a)

.t. 𝑞𝑏 − 𝑞𝑖,𝑏 ≤ 𝑀(1 − 𝑧𝑖,𝑏) ∀𝑖, 𝑏 (3b)

1 − 𝜙𝑏 =
∏

𝑖
(1 − 𝑅𝑖𝑧𝑖,𝑏) ∀𝑏 (3c)

𝑄𝑠 ≤
∑

𝑏
𝑞𝑏 (3d)

𝛷𝑠 ≤
∏

𝑏
𝜙𝑏 (3e)

∑

𝑏
𝑞𝑖,𝑏 ≤ 𝑉𝑖 ∀𝑖 (3f)
4

𝑧𝑖,𝑏 ∈ {0, 1} ∀𝑖, 𝑏 (3g)
𝑞𝑖,𝑏, 𝑞𝑏 ≥ 0 ∀𝑖, 𝑏 (3h)

𝑞𝑏 ≥ 𝐵 ∀𝑏 (3i)

where the SO’s objective is to minimise the total cost paid to RRPs
in (3a). Constraints (3b) and (3c) define the procurement block volume
and reliability as in (1), where 𝑀 is a sufficiently large parameter.
Constraints (3d) and (3e) define the stacking of procurement block
volumes as in (2). Constraint (3f) limits the procured quantity with the
offered volume, and naturally offers must be positive (3h). Constraint
(3i) is optionally added to reduce the solution time, where the SO may
choose the minimum procurement block quantity 𝐵. Note that there
are two motivations for selecting a large minimum procurement block
quantity; (i) reliability and (ii) solution time.

(i) The lower the number 𝑘 of vertically stacked procurement blocks
the higher the reliability, all else being equal. This is due to fewer
factors in constraint (3e).

(ii) The higher the minimum procurement block quantity 𝐵 the faster
the solution time.

Set  contains all procurement blocks 𝑏 = {𝑏1,… , 𝑏𝑘}. The number of
procurement blocks 𝑏𝑘 is generally not fixed. A simple method can be
to set 𝑏𝑘 = 𝑐𝑒𝑖𝑙{𝑄𝑠

𝑆 } where 𝑆 is the minimum bid size.
Note that the procured quantity 𝑞𝑖,𝑏 of offer 𝑖 may be distributed

in one, several or all procurement blocks. The set  contains all offers
𝑖,… , 𝑖𝑛, and thus the binary variable 𝑧𝑖,𝑏 indicates which of the offers 𝑖
re (fully or partially) accepted in procurement block 𝑏.

. Mathematical problem reformulations

Constraints (3c) and (3e) include bilinear terms which render the
roblem non-convex. This section first presents an equivalent refor-
ulation which eliminates the bilinear terms of (3). Second, it lays

ut a MILP approximation. Finally, it sketches further simplification
pproaches.

.1. Equivalent problem reformulation

The use of logarithmic law ln(
∏

𝑖 𝑥𝑖) =
∑

𝑖 ln(𝑥𝑖) allows us to refor-
ulate (3c) and (3e) as

ln(1 − 𝜙𝑏) =
∑

𝑖
ln(1 − 𝑅𝑖𝑧𝑖,𝑏) ∀𝑏 (4a)

ln(𝛷𝑠) ≤
∑

𝑏
ln(𝜙𝑏) (4b)

where inequality (4b) describes a convex exponential cone. Further-
ore, we note that for 𝑅𝑖 ∈ [0, 1) and 𝑧𝑖,𝑏 ∈ {0, 1} it holds that

ln(1 − 𝑅𝑖𝑧𝑖,𝑏) = 𝑧𝑖,𝑏 ln(1 − 𝑅𝑖) ∀𝑖, 𝑏. (5)

Consequently, the right hand side of (4a) can be reformulated by
exploiting (5) which leaves only parameters inside the logarithm. The
problem formulation then reads

min.
𝑞𝑖,𝑏 ,𝑞𝑏 ,𝜙𝑏 ,𝑧𝑖,𝑏

(3a)

s.t. (3b), (3d) and (3f)–(3i)

ln(1 − 𝜙𝑏) =
∑

𝑖
𝑧𝑖,𝑏 ln(1 − 𝑅𝑖) ∀𝑏 (6a)

ln(𝛷𝑠) ≤
∑

𝑏
ln(𝜙𝑏) (6b)

We refer to the reformulated MINLP (6) as rMINLP. The problem is
still non-convex due to Eq. (6a). However, all bilinear terms have been
eliminated from (3), which results in a more tractable formulation with
improved convergence, as we numerically underpin in Section 5.
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4.2. Problem relaxation & linearisation

This subsection introduces further assumptions that simplify the
general market framework to a more practical and tractable one. This
allows to reformulate the problem as a MILP which can then be solved
to global optimality with branch and bound algorithms.

Constraint (6b) includes the non-linear term ln(1 − 𝜙𝑏) which can
be relaxed with the assumption that each block must maintain a pre-
specified reliability level 𝛹𝑏 where 𝛹𝑏 ≤ 𝜙𝑏 ∀𝑏. The reliability level
is computed offline by the SO and may, for instance, be uniformly
distributed among all blocks, according to 𝛹𝑏 = (𝛷𝑠)

1
𝑏𝑘 ∀𝑏. In fact, the

most efficient way is to set 𝛹 = 𝛹𝑏 constant ∀𝑏, since 𝛷𝑠 ≤ min
𝑏

{𝛹𝑏}.

The market clearing problem can then be approximated by

min.
𝑞𝑖,𝑏 ,𝑞𝑏 ,𝑧𝑖,𝑏

(3a)

s.t. (3b), (3d) and (3f)–(3h)

ln(1 − 𝛹 ) ≥
∑

𝑖
𝑧𝑖,𝑏 ln(1 − 𝑅𝑖) ∀𝑏 (7a)

where 𝛹 is a parameter that replaces the variable 𝜙𝑏. Constraint (7a)
is the linearised approximation of (3c).

4.3. Further simplification

Additionally, the SO may want to dictate a (minimum) offer relia-
bility for each procurement block 𝑏 individually, such that 𝑅𝑖 ≥ 𝑅𝑏 ∀𝑖.
We can further assume equality with uniform offer reliability 𝑅𝑖𝑧𝑖,𝑏 =
𝑅𝑏 within each procurement block. For uniform 𝑅𝑖, the minimum
number of required offers per procurement block, in order to achieve
a procurement block reliability 𝛹𝑏 is
∑

𝑖
𝑧𝑖,𝑏 ≥

ln(1 − 𝛹𝑏)
ln(1 − 𝑅𝑏)

∀𝑏 (8)

We can then write the market clearing problem as

min.
𝑞𝑖,𝑏 ,𝑞𝑏 ,𝑧𝑖,𝑏

(3a)

.t. (3b), (3d), (3f)–(3i) and (8)

𝑞𝑖,𝑏𝑅𝑏 − 𝛹𝑏 ≥ 𝑧𝑖,𝑏 − 1 ∀𝑖, 𝑏 (9a)

where (9a) ensures non-zero volumes for accepted offers.

. Numerical investigation

In this section, we first provide a small case study to illustrate
he different formulations. We then compare the formulations to the
eliability-unaware benchmark, present a large case study, and conduct
ensitivity analysis with respect to block size and cost assumption.
he simulations were performed in GAMS on a PC with Intel(R) Core

7-10510U CPU with 1.80 GHz and 16 GB RAM.

.1. Small case study: Impact of problem reformulation & relaxation

In order to compare the impact of different problem formulations,
e first consult a small exemplary case study with 6 offers as in Table 2,
ith 𝐵 = 20 MW and 𝑄𝑠 = 40 MW with reliability 𝛷𝑠 = 99.95%. The

motivation for such a high reliability requirement is grounded in the
massive cost to society and equipment in case of a power system outage.
For simplicity, the offer prices are assumed to increase linearly with
reliability according to 𝑃 lin = 𝛼𝑅 where 𝛼 =100 $. None of the offers
alone can satisfy the required system reliability, but the probabilistic
clearing can. The results of applying the MINLP (3) with bilinear
terms, reformulated rMINLP (6), and relaxed MILP (7) formulations are
summarised in Table 3.

Both MINLP and rMINLP result in the same market outcome which
satisfies (3e) and (6b) with equality. The total cost and volume are
5

Table 2
Reliability-aware reserve offers.
Offer Volume Reliability Price

1 40 MW 80% 80 $/MW
2 30 MW 90% 90 $/MW
3 30 MW 95% 95 $/MW
4 30 MW 98% 98 $/MW
5 20 MW 99% 99 $/MW
6 20 MW 99% 99 $/MW

Table 3
Impact of problem relaxation.

Problem Cost Volume Reliability 𝛷 Time

Unaware 3,960 $ 40 MW ∗98.010% ∗(infeas.)
MINLP Eq. (3) 9,320 $ 100 MW 99.950% 265 ms
rMINLP Eq. (6) 9,320 $ 100 MW 99.950% 203 ms
MILP Eq. (7) 9,420 $ 100 MW 99.975% 31 ms

Table 4
Impact of problem relaxation with 5 blocks of 100 MW.

Problem Cost Volume Reliability 𝛷 Time

Unaware 50,000 $ 500 MW ∗99.000% ∗(infeas.)
MINLP Eq. (3) 207,100 $ 2,400 MW 99.995% 1003.230 s
rMINLP Eq. (6) 146,700 $ 1,500 MW 99.995% 3605.700 s
MILP Eq. (7) 147,000 $ 1,500 MW 99.995% 0.024 s

the same, while the solution time is faster for the rMINLP. The MILP
approximates the solution of the MINLP with a gap of 100 $ (1.1%).
However, since the MILP approximation is more conservative, the
overall system reliability is higher. Furthermore, the solution time of
the MILP is faster compared to the MINLP and rMINLP.

5.2. Benchmark: Reliability-unaware clearing

For comparison, the reliability-unaware benchmark is listed in Ta-
ble 3 where two offers of 20MW and 99% reliability would be cleared.
In this case, the total reliability of 99.84% is below the system re-
quirement 𝛷𝑠. Thus, the reliability unaware clearing would not yield
a feasible solution that can satisfy the required system reliability. This
simple example illustrates one of the shortcomings of today’s reserve
markets which cannot capture the full uncertainty of reserve providers.
It also shows that, if today’s markets were to fully incorporate unreli-
ability from unplanned outages and force majeure, the security criteria
of system operators may not be satisfied.

5.3. Large case study: National reserve market

We use bids with reliability resolution 𝑅𝑖 = {.01, .02,… , .99} and
volume 𝑉𝑖 = 500MW ∀𝑖, while the SO’s requirement is 𝑄𝑠 = 500MW at
𝛷𝑠 = 0.9995. Furthermore, we divide the procurement into 5 blocks of
100 MW each. The results are summarised in Table 4.

Again, the reliability unaware clearing cannot achieve sufficiently
high reliability (99.0 %) with the available offers. However, it would
result in the lowest total procurement cost. In this larger case study, the
MINLP (3) does not converge to the global optimum. The equivalent
rMINLP (6) yields a lower objective. The MILP finds a solution close to
the one of the rMINLP with a gap of 300 $, i.e., 0.002%. Furthermore,
the solution time becomes crucial in this larger case study. Only the
MILP can clear the market in comparable time scales as the state of
the art reliability-unaware clearing. The MINLP and rMINLP need more
than 15 min which may be critical to large power systems and reserve
markets.

Note that, in comparison to Table 3, here, the rMINLP solves slower
than the MINLP. The rMINLP, however, converges to a 30% lower pro-
curement cost. In this setup, we have selected the default convergence
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Table 5
Impact of minimum block size 𝐵 in MILP.

Block size Blocks Cost Volume Block reliability Time

500 MW 1 145,000 $ 1,500 MW 99.99500% 16 ms
250 MW 2 147,000 $ 1,500 MW 99.99750% 20 ms
100 MW 5 147,000 $ 1,500 MW 99.99900% 24 ms
50 MW 10 162,000 $ 2,000 MW 99.99950% 32 ms
25 MW 20 188,000 $ 2,000 MW 99.99970% 38 ms
10 MW 50 195,000 $ 2,000 MW 99.99990% 78 ms
5 MW 100 195,000 $ 2,000 MW 99.99995% 141 ms
2 MW 250 210,000 $ 2,500 MW 99.99998% 312 ms
1 MW 500 236,000 $ 2,500 MW 99.99999% 760 ms

Fig. 5. Cost over reliability under different assumptions.

riteria of GAMS with the DIPLEX solver. Since the MINLP is highly
on-convex and the convergence strongly depends on the problem size,
he solver stopped after 1003.23 ms in our case study, and is still
urther from the optimum than the relaxed MILP.

.4. Sensitivity to procurement block size

For national level reserve markets in the range of hundreds of MWs
urther practical challenges arise. The SO needs to define the number
or size) of procurement blocks which are parameters in the problem
ormulation. On the one hand, the SO would want to keep a low number
f blocks in order to increase overall reliability, c.f., Eq. (2b). On the
ther hand, the SO would want to keep a low block volume in order to
ncrease liquidity in the market from smaller RRPs.

Here, we use the MILP to study the effect of different block sizes on
he cost, total procured volume, block reliability and solution time in
able 5. We assume constant liquidity among all cases, i.e., the set of
ffers detailed in Section 5.3. As the block size decreases, more blocks
re required, which enforces increasingly higher reliability 𝛹 on each

block. This leads to both an increase in procurement cost and volume.
We also observe an increase in solution time which is, however, not
considered critical for the practical time scales of reserve markets.

5.5. Sensitivity to cost assumption

A linear relationship of cost and reliability is rather conservative,
considering the increased volume from a strategic ELR perspective.
We therefore study the impact of a range of cost functions that are
illustrated in Fig. 5. The linear, exponential, quadratic, and cubic price
functions all intersect at reliability 0 and 1.

Note that an offer with 50% reliability corresponds to a coin flip,
which justifies the assumption of cubic or logarithmic price function.
We use the same offers ans SO requirement as in Section 5.3. The results
from using different price assumptions are listed in Table 6.

The procurement cost is lowest for the cubic and logarithmic price
functions, where price levels are generally lower. The total procured
volume is highest for quadratic and cubic price functions. This is due to
6

the low prices for low reliability (≤ 0.5) bids, where additional volume
Table 6
Reliability-aware reserve offers.
Type Cost [𝛼$] Volume [MW] Reliability

Unaware 500.0 500 99.840%
Linear 949.9 1,000 99.995%
Exponential 895.1 1,000 99.995%
Quadratic 799.9 4,500 99.995%
Cubic 611.4 4,500 99.995%
Logarithmic 625.0 2,300 99.995%

needs to be aggregated into a procurement block to reach the same
block reliability 𝛹 . This observation in Table 6 underlines that the
behaviour of procurement volume, cost and reliability are decoupled.

6. Discussion & possible extensions

This section discusses methods to mitigate the dependence of re-
serve offers, fairness issues and offering strategy.

6.1. Correlation of reliability from renewable energy sources

Constraints (3c) and (3e) are based on the assumption that the
reliability of reserve offers is independent of each other. However,
due to shared weather dependence, this assumption does not hold in
practice for renewable energy sources. Hence, one may need different
versions of Eqs. (1b) and (2b) to account for various dependency
models, and possibly a learning approach for that dependence. Here,
we lay out two approaches to mitigate the correlation of renewable
energy sources which share – at least in part – the same uncertainty
source. Note, however, that both approaches can only mitigate this
dependence, but not eliminate it.

6.1.1. Restrictions on source type in procurement block
We assume that weather dependence is only shared between offers

that origin from the same renewable energy source 𝑠 ∈ . Set 
includes different reserve sources (wind, solar, etc.) which is an addi-
tional attribute of reserve offers. The SO can then decide to only allow
bids from ’sufficiently different’ renewable reserve sources, where the
definition of ’sufficiently different’ depends on the SO’s classification
and risk-aversion. The problem can be formulated as

min.
𝑞𝑖,𝑏 ,𝑞𝑏 ,𝑧𝑖,𝑏

∑

𝑏

∑

𝑖

∑

𝑠
𝑞𝑖,𝑏𝑃𝑖 (10a)

s.t. (3f)–(3i)

𝑞𝑏 −
∑

𝑠
𝑈𝑠,𝑖𝑞𝑖,𝑏 ≤ 𝑀(1 − 𝑧𝑖,𝑏) ∀𝑖, 𝑏 (10b)

ln(1 − 𝛹 ) ≥
∑

𝑖

∑

𝑠
𝑈𝑠,𝑖𝑧𝑖,𝑏 ln(1 − 𝑅𝑖) ∀𝑏 (10c)

ln(𝛷𝑠) ≤
∑

𝑏
ln(𝜙𝑏) (10d)

∑

𝑏
𝑞𝑖,𝑏 ≤ 𝑉𝑖 ∀𝑠, 𝑖 (10e)

∑

𝑖
𝑈𝑠,𝑖𝑧𝑖,𝑏 ≤ 1 ∀𝑠, 𝑏 (10f)

where the RRP submits a binary source indicator 𝑈𝑠,𝑖 that is 1 for
exactly one 𝑠 ∈  ∀𝑖. This indicator ensures in constraint (10f) that
only offers from sufficiently different reserve offer sources are accepted
in each procurement block. In other words, maximum one wind offer,
and maximum one solar offer is allowed in each procurement block.
In that way, the independence assumption holds for (1b). However,
the independence of vertically stacked blocks (2b) is not guaranteed.
Furthermore, the limited number of sources 𝑠 would quickly reduce the
total reserve volume that can be provided.
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6.1.2. Accounting for cross-correlation
If the reliability dependency 𝜚𝑖,𝑗 of offers 𝑖 and 𝑗 is known, we can

gather this information in a cross-correlation matrix 𝛤 . This informa-
tion can then be included as parameters in problem (6) as

min.
𝑞𝑖,𝑏 ,𝑞𝑏 ,𝑧𝑖,𝑏

(3a)

s.t. (3b), (3d) and (3f)–(3i)

ln(1 − 𝛹 ) ≥
∑

𝑖

∏

𝑗
(𝜚𝑖,𝑗 )𝑧𝑖,𝑏 ln(1 − 𝑅𝑖) ∀𝑏 (11a)

ln(𝛷𝑠) ≤
∑

𝑏
(ln(𝜙𝑏)

∑

𝑖

∏

𝑗
(𝜚𝑖,𝑗 )𝑧𝑖,𝑏) (11b)

In practice, we would not know 𝛤 for several reasons. Past corre-
lations cannot predict future correlation due to unique ambient condi-
tions. However, we can approximate 𝛤 to some degree. Furthermore,
this approximation of 𝛤 can be continuously improved using an online
learning approach.

6.2. Fairness

Unfair allocation implies that sub-optimality is introduced in the
market clearing, which is unevenly distributed among reserve providers.
For example, one offer will get accepted although another correlated
offer could have provided the reserve at equal or lower cost. In our
future research we aim to establish analytical formulations and an
upper bound on this sub-optimality gap.

Here, we assume transparency and honesty of RRPs about their
reliability. In practice, a market mechanism must be established that
incentivises truthful bidding with respect to reliability. For instance, the
market operator may average the observed availability of offer 𝑖 over
a long enough time horizon in order to compare against their stated
reliability. If the deviation exceeds a certain threshold, penalties may
be established to ensure truthful bidding.

6.3. Comparison to reliability-unaware clearing

A fair comparison of the proposed reliability-aware market clearing
to today’s unaware clearing is problematic due to two key assumptions:

• Today’s market clearing assumes 100 % reliability which is im-
possible by definition, since unplanned outages and force majeure
are not accounted for. In practice, several major blackouts have
demonstrated how poorly we account for tail risk.

• The true cost of a 100 % reliable reserve is unknown since it
does not exist and the true cost of an RRP is unknown since such
bids have not been not allowed. Note that the simple comparison
in Table 3 depends on the assumptions for cost, reliability, and
volume.

The analysis of the RRP’s cost function is an interesting direction for
future research.

6.4. Offering strategy

Different cost assumptions were analysed in this paper, since there
is no practical evidence from reliability-aware offers. In practice, RRPs
would need to solve a separate optimisation problem to divide their
capacity into blocks of different volume and reliability, together with
the associated reservation cost. RRPs providing multiple reserve prod-
ucts may need to solve a portfolio optimisation problem. The most
suitable RRP offering strategy will probably vary depending on the
7

reserve source; in our future work we intend to further investigate this.
6.5. Bernoulli distribution

While existing literature represents stochastic availability as contin-
uous, we decompose the stochastic reserve volume into multiple offers
with varying volume, reliability and price. This approach allows to
formulate a deterministic problem while securing probabilistic guaran-
tees. The inherent assumption of binary reserve availability introduces
suboptimality with respect to the full stochastic market clearing. Es-
tablishing an upper bound for this suboptimality gap would enable
fair comparison of the tradeoff between computational tractability and
optimality.

7. Conclusions

In this paper, we introduce the novel concept of reliability-aware
probabilistic reserve procurement. We detail the cost minimisation
problem of selecting sufficient reserves while maintaining specified reli-
ability criteria and demonstrate the cost efficacy of probabilistic reserve
procurement. The proposed approach increases liquidity, lowers cost,
and enables previously ‘unreliable’ restricted reserve providers such
as renewable energy sources to offer even their uncertain capacity.
We compare the proposed approach to the state-of-the-art reliability-
unaware market clearing in terms of overall cost, volume, and reliabil-
ity. We further introduce two approximations that reduce the solution
time by 5 orders of magnitude while maintaining a good performance
(0.002% optimality gap for a large power system).
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