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Abstract

The process of deregulation that has involved electricity markets in the recent
years has opened the way for several interesting research topics. This thesis
addresses one of the most fascinating ones among them: the study of strategic
bidding and the analysis of its consequences in terms of market stability. The
problem faced is twofold. From the generators’ point of view, it is of interest to
develop bidding strategies aimed to optimize the individual profits, given their
costs of production, the evolution of energy demand and the response of the
other players in the market. On the other hand, the point of view of the society
is addressed by analyzing the behavior and the stability of the market when
these strategies are applied.
In this thesis, two competition models are considered in analyzing electricity
markets: the Cournot and the Linear Supply Function (LSF) models. In the
former one, the supply bid is assumed to be in the form of a quantity representing the amount of energy that each generator is going to dispatch to the
market. In the latter framework, instead, the bid is in the form of a linear function relating the quantity to the relative price the producers are willing to sell
the energy at. In both the cases, the problem is tackled by means of optimal
control theory and the approach used is the same. First, a dynamic closed loop
system is built in order to model electricity markets’ competition, in which each
generator aims to optimize its profits in the next bidding round. Then, an optimal strategy is developed with the goal of maximizing the individual profits over
a longer horizon. This multi step strategy is derived analytically in the Cournot
framework and numerically in the LSF competition model, namely through the
use of the Simultaneous Perturbation Stochastic Approximation (SPSA) algorithm. The simulations performed show that a generator can increase its profits
by employing the multi step strategy both in the Cournot and the LSF frame-
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works. On the other hand, the analysis of the social consequences of strategic
bidding gives different results in the two competition models. In the Cournot
framework, the society benefits when the generators become more strategic. In
the LSF competition model, instead, the social welfare decreases when players
bid more strategically. Furthermore, sensitivity analysis are performed in order
to evaluate the effects of changes in the market demand on both the individual generators and on the society. The results of this analysis confirm the fact
that a market with a higher elasticity of demand limits the possibility for the
generators to exploit their market power; thus, having a positive effect on the
society.
Besides these analysis in a deterministic framework, the work is aimed to develop stochastic versions of these models. The closed loop dynamic systems are
modified in order to account for wind power generation, which brings uncertainty into the system. Then, optimal strategies are developed with the aim of
maximizing the expectation of the profits over more days. Once more, the convenience of switching to the multi step strategy is shown in both the competition
models for the generators, while a benefit for the society is verified, again, only
in the Cournot framework. The stochastic models allow also the assessment
of the consequences of the introduction of wind power in electricity generation
markets. The results obtained in both the Cournot and the LSF frameworks
show that switching to wind power generation is convenient for the generators,
in terms of increased individual profits. Furthermore, also the society is shown
to gain from this switch to wind power production, in terms of lowered system
price and increased social welfare.
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Chapter

1
Introduction

Power markets worldwide have been monopolistic for the most part of the 20th
century, but in the recent years they have undergone a significant restructuring process. In fact, since the 1980s, the trend in many countries has been to
reshape the traditional regulated power industry in a more open way, with the
aim of encouraging competition and increasing its efficiency. Several structures
for deregulated energy markets have been proposed over the years in different
countries. Among these, the power pool (poolco type) has been the most successful one. In such a market, the generating companies compete with each
other in serving the consumers’ demand, each one aiming to maximize its own
profits by means of strategic bidding in the power pool. Hence, in deregulated
electricity markets, more freedom is left to the players. In fact, the price and
the dispatching of energy, rather than being imposed by a centralized authority, are the result of the interaction between supply and demand, as typically
happens in a competitive market. A characteristic of energy markets consists
in the high barriers to entry, e.g. conspicuous investments and long time are
needed for new players to establish their production plants. As a consequence,
the deregulation process may lead to an oligopolistic situation where few big
players can manipulate the market through strategic bidding.
This restructuring process has led to many interesting research topics. Among
them, the strategic bidding of the players, the resulting market equilibrium and
its stability have been studied, mostly by means of traditional analysis meth-
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ods (eigenvalue techniques, phase diagrams, Lyapunov’s method, etc.). More
recently, particular interest has arisen towards the application of game theory. However, the predominant approach so far has been to consider the auctioning periods (e.g. hours in the NordPool market) as independent of each
other. The techniques used in these works to formulate bidding strategies span
from stochastic optimization either through Markov decision process (among
the many Song et al. [2000]) or genetic algorithm (Richter and Sheble [1998]),
to Lagrangian relaxation (Guan et al. [2001]), stochastic dynamic programming
(Ni et al. [2004]) and game theory based algorithms (Park et al. [2001]). Generally, this approach has lead to the development of strategies which could be
considered as myopic in the sense that they overlook the market dynamics. Indeed, the period to period interrelation between the bids and the periodicity
in the demand characteristic represent just two straightforward arguments substantiating the importance of modeling the energy market as a dynamic system.
Nevertheless, as of now, little of the existing work has undertaken this direction;
among the few exceptions Alvarado [1997], Alvarado [1999] and Liu [2006] need
to be mentioned for the importance they credit to the dynamic properties of
power markets, Conejo et al. [2002] and again Liu [2006] for their multi step
optimization approach in strategic bidding. For the reasons mentioned above,
there is great interest in developing dynamic models of energy markets for the
further insights they could provide about their efficiency and stability, that are
not available through static models. In our Master’s Thesis we aim to formulate new frameworks for the modeling of power markets as dynamic systems.
It is of particular interest to employ control theory as the supporting tool for
the development and analysis of such a model. Two different approaches are
investigated.
The first model, following a common trend in the literature, is based on the
Cournot competition. In this kind of model, the bid of a generator is in the
form of a quantity. Each producer bids in advance the amount of energy it is
willing to deliver to the market in a certain auctioning period. In our work, this
kind of competition is modeled as a closed loop system, where the feedback signal
has been chosen to be the price and the control signals are the individual bids of
the generators, i.e. quantities. This choice is justified by the fact that the price
is always made known to the public in restructured energy markets, while other
indices may not be, depending on the specific regulations. Particularly attractive
is to investigate different ways of bidding and, then, to develop optimal bidding
strategies for the producers. At this point, it is evident that competitive bidding
is an optimization problem, where the quantity to be maximized is the individual
profit of the generators. The natural way to handle an optimization problem in
a dynamic system is to make use of the optimal control theory. This, in turn,
makes possible to analyze the market under different conditions.
In the NordPool market, though, the bids of the generators are not just fixed
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quantities, but rather quantity-price pairs. This fact constitutes the main motivation for developing a more sophisticated model of the market, which represents
the second of the two approaches aforementioned. In the literature, a theory
which has gained more and more attention over the recent years is the so called
linear supply function (LSF) competition, which employs a more advanced form
for the bids compared to the Cournot competition. Specifically, it considers
bids in the form of linear functions relating prices to quantities, which makes
it particularly suited to the use in the study of power markets, as pioneered
by Green and Newbery [1992] and Bolle [1992]. The main approach so far (see
for instance Rudkevich [1999], Rudkevich [2003] and Baldick et al. [2002]) has
consisted in using this model in the case where the firms bid consistently over
an extended period of time and stick with a static supply function. Hence, the
name of supply function equilibrium (SFE). The newness of this work consists
in the fact that it considers the dynamics of the system and develops flexible
strategies. Again, the objective is to establish a closed loop model. In the same
fashion as for the Cournot competition case, the price has been picked as the
feedback signal and the bids of the generators as the control signals. The difference is that, now, the latter ones are not simple quantities anymore, but rather
functions. As in the previous case, optimal control theory has been employed
in the development of the bidding strategies for the producers, once more with
the aim of optimizing their profits. However, due to the additional complexity
introduced by the new form of the bids, the analytical approach for solving the
optimization problem is not a viable possibility anymore. Therefore a numerical method needs to be used, namely the simultaneous perturbations stochastic
approximation (SPSA) algorithm.
Another important characteristic of energy markets, besides the inherent dynamics, is the presence of uncertainty. This is particularly evident in the NordPool market, where wind power represents a significant share of the total production. Therefore, it is of particular interest to formulate stochastic models
for energy markets. Some previous works on this subject exist in the literature.
Although, either they consider uncertainty in the production side but use static
models (e.g. see Singh [2008]), or they employ dynamic models but with uncertainty not in the production side (e.g. uncertainty in the demand, as in Liu
[2006]). Our objective is to investigate this unexplored area by developing a
stochastic and dynamic model for deregulated electricity markets, which takes
into account the stochastic nature of the wind as a source of energy. Therefore,
in addition to the deterministic (dynamic) models for the Cournot and the LSF
competition which have been presented above, stochastic versions have been
developed as well. The main objective is to analyze the stability and evaluate
the efficiency of energy markets, in the case when wind represents a significant
quota of the production. The presence of uncertainty in the model reinforces
the choice of the SPSA as the numerical method for solving the optimal control
problem in the LSF competition case, since it is particularly efficient algorithm
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in a stochastic framework.
Such models are particularly interesting for the understanding of electricity markets they can provide, both from the points of view of the producers and of the
society. For the former ones, the development of advanced bidding strategies is
especially attractive, since it is connected with the optimization of their profits.
On the one side, dynamics models are expected to allow for the development
of long term strategies, and thus to outperform static one step optimization
algorithms that are not able to exploit the market’s inertia. On the other hand,
different issues, such as the stability and the level of social welfare, are more
appealing to the society. One of the purposes of this work is the assessment of
the stability of the market seen as a dynamic system. This will be theoretically
investigated by using tools belonging to control theory where possible. Where
analytical solutions are unfeasible, the stability of the system will be assessed
by simulating and evaluating some key indices, such as the system price and
the social welfare. To sum up, this work will always keep an eye on both sides
of the market, the producers and the society, when analyzing its functioning in
the two competition models and under different conditions.
The thesis begins with a presentation of the current structure of the Scandinavian electricity market and the recent history that lead to it. In particular,
the past and actual situation of the power sector in the different countries is
described in Chapter 2. In Chapter 3, the concept of electricity as a commodity
is introduced, and the issues related with its production and transmission are
addressed.
After this introductory part, the focus shifts towards the main topic of the
thesis, which is the mathematical modeling of oligopolistic electricity markets.
In Chapter 4, a model is developed for poolco type energy markets in which
the Cournot competition is used. This model is extended in Chapter 5 in order
to take into account the uncertainty which is a consequence of the introduction
of wind power as a source of energy for the producers. This research is highly
appealing since renewable energy sources account for a significant share of the
Scandinavian electricity production, and, therefore, there is need for tools which
are able to deal with such a stochastic framework. Much attention is paid to
the discussion of the results from the simulations of both the deterministic and
the stochastic models developed, for the insights they can provide about the
behavior of such a market.
Later in this work, the Linear Supply Function (LSF) competition model is introduced. Its additional complexity called for the use of numerical methods. For
this reason, in Chapter 6 the Simultaneous Perturbation Stochastic Approximation (SPSA) technique is presented. With the aid of this method, a model for
markets based on the LSF competition has been developed in Chapter 7. In the
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same fashion as with the Cournot competition, it has been deemed appropriate
to formulate a stochastic version of the model, able to cope with the uncertainty
related to wind power production. This is accomplished in Chapter 8. The results from the simulations of both the models are included, together with some
considerations on them. They are particularly interesting since the LSF competition represents a closer and superior model of the NordPool market than the
Cournot competition and, thus, they can provide a deeper understanding of it.
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Part I

Background

Chapter

2
The nordic power market

Norway, Sweden, Finland, and Denmark have co-operated for many years to
provide their collective populations of about 24 million with an efficient and
reliable supply of electric power, and optimal use of total system resources.
This process has resulted in the world’s most developed international market
for electric power.
An overview of the evolution from national markets to a competitive multinational power market is presented hereafter, and the details of the key infrastructure in the deregulated market are described.
This chapter resumes the previous work carried out by T. Jónsson in Jónsson
[2008], U. Linnet in Linnet [2005] and H. Eggertsson in Eggertsson [2003], revising it with more up-to-date information, and expands it further.

2.1

The market structure before deregulation

Before the move to the international pool the power sectors of Norway, Sweden,
Finland and Denmark all had an oligopoly structure, with dominant state-owned
enterprises that also controlled the national grids, although there were differences in structure, ownership, and regulation.
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Norway’s power sector was dominated by the government-owned integrated utility Statkraft, which also operated the national grid. There were also many small
local and regional utilities. Between fifty and sixty companies, many owned by
local or regional authorities, were involved in the transmission of electricity at
the regional level. The local and regional utilities had gained access to the
national grid in 1969 and could buy and sell power through a spot market.
Electricity was distributed locally by about 200 companies, many of which were
owned by municipalities.
In Sweden about half the generation was government-owned through Vattenfall,
which also operated the national grid and provided distribution services in parts
of the country. About ten other integrated utilities of various sizes also used the
national grid, but a relatively high network fee made it uneconomical for smaller
utilities to use it. Like Norway, Sweden had a large number of distribution
companies (presently about 250), many owned by municipalities.
In Finland the state-owned Imatran Voima Oy (IVO) was the largest utility,
which also operated the national grid. Much of the power generation was owned
by Finnish industries, however, which formed a transmission company, TVS, to
interconnect their generation and supply areas.
In Denmark, for geographical reasons, the grid is divided into two main parts:
one on the Jutland peninsula and the other on the island of Zealand. In each
of these two areas the generation and distribution utilities, mostly owned by
municipalities, formed special-purpose organizations to manage the extra-highvoltage grids and the coordinated operation.
Trading of electricity between the countries was enabled through Nordel, an
organization set up in the 1960s to promote cooperation among the largest electricity producers in each country. Nordel was based on the principle that each
country would build enough generating capacity to be self-sufficient. Trading
was meant to achieve optimal dispatch of a larger system and investment in
interconnection was generally based not on net exports but on expected savings
from pooling available generating capacity. The countries exchanged information about their marginal cost of production. When there was a difference,
trading took place, at a price that was the average of the two marginal costs.
The cost-plus structure in the Nordic power sector led to overinvestment and
poor return on equity. However the system retained a good degree of competition. This, in turn, had a beneficial effect on the utilities, in which no
significant operating efficiency problems came up. (Information coming from
Carlsson [1999].)

2.2 The shift toward a deregulated market structure

2.2
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Worldwide, the shift toward a deregulation in the trading of power has its origin
in the reform of the electricity system in England and Wales in April 19901 .
In Scandinavia Norway led the way starting the reforms of the power sector in
the early 1990s. The pioneering energy act went into effect 1 January 1991,
introducing competition as a tool for ensuring a more efficient and reliable energy supply. The act mandated separation of grid transmission activities from
competitive activities, at least in accounting. It was aimed at reducing regional
differences in the cost of power, promoting operational efficiency in generation
and distribution, and achieving more effective development of the power sector. The national power company was split in 1992 into the nation-wide grid
company, Statnett, and a generating company, Statkraft. In addition, all transmission networks were opened to third-party access, and vertically integrated
companies had to adopt separate accounting for generation, distribution, and
supply activities. Responsibility for monitoring and operation of the power
grid and its cross-border links was assigned to Statnett, which was appointed
transmission system operator of Norway.
In Sweden reform was fueled by discontent among the private power companies stemming from Vattenfall’s control of the national grid, and dissatisfaction
among the smaller power companies and among customers over their lack of
access to the market for occasional power. The first major step, taken in 1991,
was to separate Vattenfall’s generation and transmission activities. Svenska
Kraftnät was established to manage the Swedish main transmission network
and started operating in 1992. It also serves as the system operator. Vattenfall
retained the generation activities and remained government-owned. The networks were gradually opened to new participants, and legislation providing for
competition became effective 1 January 1996.
Finland’s new energy legislation instituted market competition beginning 1st
June 1995. It opened the market for competition, allowing customers to choose
their supplier of electricity freely and at no additional cost. When the new energy legislation was introduced, IVO had already separated its grid activity into
a separate company, IVS. Therefore the main grid was owned by two grid companies: IVS, state-owned, and TVS, industry-owned. As a result of the Energy
1 Actually earlier attempts took place in Chile in 1978 and, later, Argentina. Nevertheless
their significance and effect was quite limited, while overall package of measures that was
introduced in 1990 was substantial, and did go far beyond what many people thought would
be possible.
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Act, the Helsinki-based electricity exchange, EL-EX, was founded in 1996. In
September 1997, Finland merged the grid operations of its two companies into
a single national grid company, Fingrid.
In Denmark reform moved more slowly because of the power sector’s different
structure, with two nonconnected groups owned by municipalities or cooperatives, each with a monopoly in its area. New legislation opening the grids
to negotiated third-party access and allowing competition for large consumers,
distributors, and generators was introduced in 1996. In 1998, a market competition was introduced for large producers and consumers. The threshold for
participating in that market was 100 GWh, but was reduced gradually until
all customers could trade freely from January 1st 2003. Eltra, the grid company responsible for western Denmark’s Jutland and Funen was established on
1 January 1998. A year later, Elkraft System became the transmission system
operator for Zealand. In August 2005 the two system operators in Denmark
merged in the state owned Energinet.dk, effective from January 1st 2005.
After the reforms of the electricity market in the four Scandinavian countries
their power sectors all shared the same characteristics. The electricity system
is split into four main parts: Generation, transmission, distribution and retail.
Competition is allowed in generation and retail, while transmission and distribution are considered to be a natural monopoly. The non-profit grid companies
operate the monopoly parts and are called the transmission system operator
(TSO) or independent system operator (ISO). (Information coming from Carlsson [1999], NordPool website [2008], Earth Policy Institute website [2008].)

2.2.1

The new role of the TSOs and Nordel

The unbundling of power generation and transmission results in decentralized
decision making. Therefore, if not controlled, imbalances in the grid are bound
to happen. Maintaining the instantaneous balance between supply and demand, along with ensuring operational security of the power grid in its area,
is therefore the main role of a TSO on daily basis. Furthermore, ensuring and
maintaining the short-term and long-term adequacy of the transmission system
and enhancing the efficient functioning of the electricity market, also fall under
the responsibility of the TSOs.
With the new structure of the power sector in the Nordic countries, Nordel
has transformed into a cooperation organization between the TSOs with the
Danish and icelandic TSOs as new members. Current members are therefore:
Energinet.dk (Denmark), Fingrid Oyj (Finland), Landsnet (Iceland), Statnett
SF (Norway) and Svenska Kraftnät (Sweden). The objectives of Nordel are

!
2.'0)*)2.3045! .3(! 6$7)46.0)&3! 2'&8)()37! 9&'! *&:2$0)0)&3! ;$*.:$! $99$*0)8$! <!=.3>.'?!<@@AB!
C8$34/.!D'.903E0!2>;6)4#$(!2&)30F&9F*&33$*0)&3!0.')994!)3!=.3>.'?!<@@GB!
!
H3!"#$%&$'!0#$!:.)3!7')(!,.4!&,3$(!;?!0,&!7')(!*&:2.3)$45!HIC5!0#$!40.0$!&,3$(!2.'0!&9!0#$!
7')(5! .3(! "IC! 0#$! )3(>40'?F&,3$(! 7')(B! J)36.3(K4! 3$,! $3$'7?! 6$7)46.0)&3! )340)0>0$(! :.'/$0!
*&:2$0)0)&3!;$7)33)37!<!=>3$!<@@GL!.!2&)30F&9F*&33$*0)&3!0.')99!,.4!)30'&(>*$(!)3!%&8$:;$'!&9!
0#$!4.:$!?$.'B!
!

2.2 The shift toward a deregulated market structure

"#$!M$64)3/)F;.4$(!
$6$*0')*)0?!$N*#.37$5!OPFOQ5!

13

S$8$6&2:$30!&9!0#$!S$'$7>6.0$(!%&'()*!+&,$'!-.'/$0!

,.4!9&>3($(!)3!<@@AB!
!

<@@<!

<@@A!

<@@1!

<@@@!

H3!C$20$:;$'!<@@R5!J)36.3(!
:$'7$(!0#$!7')(!&2$'.0)&34!
&9!)04!0,&!*&:2.3)$4!)30&!.!
4)376$!3.0)&3.6!7')(!
*&:2.3?5!J)37')(B!
!
()$*&+,-.!3$,!$3$'7?!
6$7)46.0)&3!;$*.:$!$99$*0)8$!
)3!<@@AB!S$3:.'/!)340)0>0$(!
40$2,)4$!&2$3)37!&9!0#$!
:.'/$0L!;>0!0#$!0'.34)0)&3!
2$')&(!,)66!;$!4#&'0$'!0#.3!
'$T>)'$(!;?!OU!()'$*0)8$4B!
!
V>''$306?5!&36?!0#$!6.'7$40!
:.'/$0!2.'0)*)2.304!W.33>.6!
*&34>:20)&3!&'!7$3$'.0)&3!
7'$.0$'!0#.3!<!XY#Z!
&2$'.0$!)3!.!($'$7>6.0$(!
:.'/$0B!"#$!($'$7>6.0$(!
4$*0&'!'$2'$4$304![G\!&9!
0#$!S.3)4#!2&,$'!:.'/$0B!

Figure 2.1: Development of the deregulated nordic power market.
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• Development of an adequate and robust transmission system aiming at
few large price areas
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• Seamless cooperation in the management of the daily system operations to
maintain the security of supply and to use the resources efficiently across
the borders
• Efficient functioning of !the North-West European electricity
market with
1!
the aim to create larger and more liquid markets and to improve transparency of the TSO operations

"#$!%&'()*!+&,$'!-.'/$0!

• Establishment of a benchmark for European transparency of the TSO
information.

2.2.2

NordPool

As a result of the deregulation of the energy market in Norway, the power exchange Statnett Marked A/S was established as an independent company in
1993. However since all electricity in Norway was hydroelectric power, the spot
prices were very volatile. In Sweden, the establishment of such a market was
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Nord Pool Group

Statnett
Kraftnät
Fingrid
Energinet

Nord Pool ASA
100%

Nord Pool Clearing

100%

Nord Pool Consulting

20%

80%

Nord Pool Spot
100%

Nord Pool Finland Oy

Figure 2.2: The NordPool Group corporate structure.

impossible, due to the large market share of Vattenfall and Sydkraft, which
controlled about 75% of the generating capacity in Sweden. Since a combined
Norwegian-Swedish market would address problems of both nations, a decision
of establishing such market was made. The joint exchange market began operating in January 1995 with a design based on Norwegian experience and was
named NordPool. NordPool was owned by the countries’ two grid companies,
Statnett SF (50%) and Svenska Kraftnät (50%). Finland entered into NordPool in 1998 after agreement was reached with the Finnish power exchange,
EL-EX, to represent NordPool in Finland. Western Denmark began trading on
NordPool in July 1999 and Eastern Denmark joined NordPool in 2000.
Financial derivatives were first introduced on the Nordic Power Exchange’s financial market in 1997. At the same time NordPool started offering financial
market participants expanded clearing services; in addition to clearing all contracts traded on the Nordic Power Exchange. At last trading of emission allowances started on NordPool in 2005. In January 2002 NordPool’s physical
market was, through a demerger, organized into a separate company, NordPool
Spot ASA. NordPool Spot is jointly owned by NordPool ASA and the TSOs,
each with a share of 20%. In March 2002, the clearing services of NordPool
also demerged into a separate company, NordPool Clearing ASA, fully owned
by NordPool ASA. Currently the NordPool Group comprises four companies,
three of which are fully owned by NordPool: NordPool ASA, NordPool Clearing ASA and NordPool Consulting AS. The fourth one is NordPool Spot ASA.
The NordPool Group corporate structure is shown in Figure 2.2. (Information
coming from NordPool Spot ASA [2004b], NordPool website [2008], Carlsson
[1999].)
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!

The physical and real-time markets

The markets of interests to us where energy is actually traded are basically
three: the spot market, the balancing market and the real-time market. Their
main characteristics and their temporal relations are summarized in Figure 2.3.
The present section is based on informations gathered directly from NordPool
and the Scandinavian TSOs. (Information coming from NordPool Spot ASA
[2007], NordPool Spot ASA [2004b], NordPool Spot ASA [2004a], NordPool Spot
ASA [2006a], NordPool Spot ASA [2006b], NordPool Spot ASA [2006c], NordPool Spot ASA [2006d], NordPool Spot ASA [2006e], Fingrid website [2008],
Energinet website [2008], Vattenfall website [2008], Statkraft website [2008].)

2.3.1

Elspot

Nordic market participants trade power contracts for next-day physical delivery
at the Elspot market; hence the market is referred to as a ”day-ahead” market.
Participation is free on the market, meaning that no produces are forced to sell
on the market2 . All participants who meet the requirements set by NordPool
2 In

some electricity markets producers are forced to sell in order to ensure enough supply

12!
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Spot are given access to the Elspot market. However, Elspot market participants
must have a physical grid connection for power delivery or take-off in the area
they want to trade in. Trading in Elspot requires signing a balance agreement
with the transmission system operator responsible in the Elspot Area .
The Nordic Elspot market has these key features:
• The Elspot concept is based on bids for purchase and sale of hourly contracts, block contracts, and flexible hourly contracts that cover all 24 hours
of the next day.
• Within Norway and at the interconnections between the Nordic countries price mechanisms are used to relieve grid congestion (bottlenecks),
by introducing different Elspot market area prices. Within Sweden, Finland, and Denmark, grid congestion is managed by counter-trade purchases based on bids from primarily generators.
• The Elspot market’s System Price is the price of Elspot power when no
consideration is taken to grid congestion. When there is no grid congestion
between bidding areas the System price will prevail throughout the whole
Exchange Area.
• The total geographic market is divided into bidding areas (Elspot areas);
these may become separate price areas if the contractual flow of power
between bid areas otherwise would exceed the capacity allocated for Elspot
contracts by transmission system operators. When such grid congestion
develops, two or more area prices are created and the resulting trading
flows between congested areas will be according to the given capacity
limits.
• Elspot prices are determined through auction trade for each delivery hour.

2.3.1.1

Elspot market products

The products traded on the Elspot Market are power contracts of a one-hour
duration, and block bids. The deadline by which participants must submit their
Elspot bid forms for the following day’s delivery hours is noon. Let us introduce
some definitions:
• Contracts: Elspot market contracts are one-hour-long physical power (delivery to or take-off from the grid) obligations. The minimum contract
at all times Linnet [2005].
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size is 0,1 MWh/h and prices are given with two decimals in NOK/MWh
(SEK, DKK) and three decimals in EUR/MWh.
• Bids: they are sequences of price/volume pairs for each specified hour.
Volumes are stated in MWh. In bidding, purchases are designated as
positive numbers; sales as negative numbers. The minimum price change
between bid steps is 1 NOK or 0,1 EUR. A total of 64 price-steps is allowed
including the required bids at the technical lower and upper limits that
have been set by NordPool Spot.

Hourly bid The Hourly Bid is the basic type of Elspot market order. Each
participant selects the range of price steps in the Hourly Bid individually. The
bid may consist of up to 62 price steps in addition to the current ceiling and
floor price limits set by NordPool Spot.
The simplest bid is a price-independent bid for all hours. In a price-independent
bid, no price range are given apart from the ceiling and floor limits. The participant will receive a schedule of deliveries equal to the specified volume for all
hours, regardless of the price level within the range, see Table 2.1.
Hour/Price
1-24

0
70

2000
70

Table 2.1: Price-independent bid
Participants who submit price-dependent bids accept that NordPool Spot will
make a linear interpolation of volumes between each adjacent pair of submitted
price steps. Once the Elspot price for each hour is determined, a comparison
with a participant’s bid form for the day establishes the traded volume, or result,
for that participant. For example, taking the price-dependent bid in Table 2.2,
in hour 1, if the system price is between EUR 0 and EUR 20, this participant
will receive a contract for purchase of 50 MW in that hour. In hour 2, if the
system price is EUR 23, this participant will receive a contract for selling of
10 + (23 − 22.1) · (25 − 10)/(25 − 22.1) = 14.7 MW in that hour.
Hour/Price
1
2

0
50
50

20
50
50

20.1
0
0

22
0
0

22.1
-10
-10

25
-10
-25

25.1
-30
-30

2000
-30
-30

Table 2.2: Price-dependent bid.

Block bid The block bid gives the participants the opportunity to set an ”all
or nothing” condition for all the hours within the block. The block bid is an
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aggregated bid for several hours, with a fixed price and volume throughout these
hours. The participants can freely pick the start and stop hour of a block but
it must consist of at least four consecutive hours.
The block bid is particularly useful in cases where the cost of starting and stopping power production is high. Furthermore, inflexible production, consumption
and contracts can be handled efficiently with block bids.
A block bid must be accepted in its entirety; thus, if accepted, the contract
covers all hours and the volume specified in the bid. The block bid price is
compared with the average Elspot price for the hours to which the block bid
applies. A block bid is accepted if the following conditions are met:
• if the bid price of a supply-side (selling) block is lower than the average
Elspot area price
• if the bid price of a demand-side (buying) block is higher than the average
Elspot area price.
Each participant may post up to fifty block bids per delivery day.
Block Hours
1-7
1-7
8-17
8-17

Price
24
20
19
24

Voume
200
50
-50
-100

Table 2.3: Block bid.
In the example reported in Table 2.3, a participant has two bids for purchases
in the hours 1 to 7 at different prices and two sales bids in the hours 8 to 17.
If the calculated mean Elspot area price turns out to be EUR 22 in the hours
1-7 and EUR 23 in the hours 8-17, this participant will receive a contract for
purchase of 200 MW in the hours 1 to 7 and a contract for sale of 50 MW in
the hours 8 to 17.

Linked block bids It is also possible to define links between block bids meaning that the evaluation and acceptance of one block bid (daughter block) is dependent on the acception of another block bid (mother block). It is possible
to link up to three block bids together. The third bid is then dependent on
acceptance of both the first and the second bid.

2.3 The physical and real-time markets
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The linking of block bids is useful for instance when the cost of starting one
generator depends on whether another generator is already started or not. Or
if the start up of a generator at night is favourable only if the same generator
is planned to run at daytime as well.
All block bids that are linked together must be either only sales or purchase
blocks and all linked block bids must be connected to one bidding portfolio in
one bidding area.

Flexible hourly bid The flexible hourly bid is a sales bid of a single hour
with a fixed price and volume. The hour is not specified, but instead the bid
will be accepted in the hour with the highest price in the calculation, given that
the price is higher than the limit set in the bid.
This type of bid gives companies with power intensive consumption the ability
to sell back power to the spot market by closing down industrial processes for
the hour in question.

2.3.1.2

Price determination

System price The System Price is calculated using bids posted for the entire,
four-country Nordic Power Exchange area. Grid capacities and congestion problems are not included in the calculation. The price is therefore often referred to
as the unconstrained market price.
It is important to note that Elspot bids are the result of careful planning; and
that a participant’s contract prices and volumes will not be known until the
Elspot System Price is determined. However, once the Elspot price has been
determined, and area prices established as needed, each participant receives
notification of his scheduled power, which will always be in accord with each
participant’s price differentiated plan.
Let’s look more closely at Elspot market price determination. All bids are
summed to form a curve for purchase (demand) and a curve for sale (supply).
The intersection point of the two curves determines the System Price for that
hour, see Figure 2.4. In all, 24 price calculations are made: one for each delivery
hour of the following day.
If the contractual flow between bidding areas does not exceed the capacity allocated to Elspot contracts by grid system operators, the System Price is the only
price for that specific hour throughout the entire market area. In other words,
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Figure 2.4: Principle for System Price Calculation
all Nordic!area prices are identical to the Nordic Elspot System Price. If grid
bottlenecks
! are detected during preliminary calculations of the Elspot System
Price, separate area prices are established to relieve grid congestion, and a new
H=!-#$!*&7-'/*->/9!=9&4!;$-4$$7!;)(()7L!/'$/:!(&$:!
round of Elspot calculations is made.
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Area prices
The contractual power flow between two interconnected areas
is simply </'0$-!/'$/B!H7!&-#$'!4&'(:6!/99!%&'()*!/'$/!,')*$:!
the difference between purchases and sales in each area. The flow
depends on
the respective price levels. To relieve grid bottleneck conditions,
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a price differential is introduced to modify the flow of power. By reducing or
!
increasing area prices, the power flow is altered until it matches allocated grid
capacity. H=!L')(!;&--9$7$*0:!/'$!($-$*-$(!(>')7L!,'$9)<)7/'?!
In a system that includes several bid areas, instituting area prices is
a rather complex
procedure. Here is a simpler illustration with only two area
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the contractual flow across a border exceeds grid capacity, the price
of power in the deficit area, PH , is increased to stimulate higher generation
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(supply) and lower consumption (demand). In the surplus area, PL , the power
!
price is reduced
to stimulate lower generation (supply) and higher consumption
(demand).! Area prices are adjusted until the contractual flow is brought down
to capacity. In addition to the System Price (SP) the Elspot market will have
two different area prices. This method of relieving grid congestion is called
market splitting.

Participants’ Elspot market financial settlement is based on the applicable area
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prices, PL and PH . The System Price is the reference price for NordPool’s
forward and futures markets.
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Market activity timeline

Deadlines and schedules for daily Elspot market activities are established by
Elspot and agreed to via signing of the participant agreement. The daily activity
timeline at the Elspot market is described in Table 2.4.

2.3.2

Elbas

Due to the lengthy time span of up to 36 hours between Elspot price-fixing and
delivery, participants need market access in the intervening hours to improve
their physical electricity balance. The Elbas Market enables continuous trading
with contracts that lead to physical delivery for the hours that have been traded
on the Elspot market and are more than one hour from delivery. In other words
it could be said that it is an aftermarket to the Elspot Market. The Elbas
market is open around the clock every day of the year.

2.3.2.1

Background to the Elbas market

Traditionally electricity distributors estimate their balance between electricity
delivery and production a long time ahead into the future. However the consumption and production plans do not always correspond to the situation during
the delivery hour, but they get more and more precise as the actual delivery
approaches. Therefore continuous trading near the delivery hour is extremely
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10:30
(normally given
by 10:00)

Deadline for TSOs to submit their capacity allocations for Elspot contracts.

12:00

Deadline for receiving all participants’ Elspot
market bids covering hourly contracts for delivery the next day. The market closes; Elspot
price calculations begin.

13:30
(normally
by
13:00, but in
rare cases delayed to after
13:30)

Elspot price calculations are completed, confirmations of trades are executed; these state
volumes and prices, and are dispatched to all
participants who submitted bids and to Nordic
TSOs and others responsible for power balance
adjustments. Participants must file complaints
about trades within 30 minutes of distribution
from NordPool Spot of their Elspot schedules.

14:00

Deadline for filing complaints, unless a delay of
price-setting beyond 13:30 has occurred. All
Elspot contracts are binding between buyers,
sellers, and NordPool Spot. The Elspot-prices
are made public.

19:00

Production plans are sent to TSOs.
Table 2.4: Elspot activity timeline

effective.
This is why the representatives of the Nordic grid companies and electricity exchanges began to research the right solution for an effective adjustment market:
a market where electricity producers and distributors could practise adjustment
trading with individual hours as close to the delivery hour as possible and during as many of the day’s 24 hours as possible. The realization of a market that
would fulfil these demands required a totally electronic trading system.
The Elbas market was opened in March 1999. At the beginning the market was
open during a large part of the day. Thanks to a new trading system, which
was implemented in autumn 2001 the Elbas-market is now open all the time.

12:00
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12:00

23
Delivery
hour

14:00
ELBAS: continuous trading

ELSPOT
-33

-1

Figure 2.6: Timeline for the Elbas Market.
2.3.2.2

Elbas market products

The product characteristic of Elbas is quite simple. For each and every hour of
the day there is one power hour contract quoted. The products traded on the
Elbas Market are power contracts of a one-hour duration.
At 14:00 CET (when the Deadline for filing complaints on the Elspot market is
closed) the hours for the next day are opened for trade. This means that there
are at most 32 and always at least 8 hour contracts open for trade. The trade
for a specific hour contract is closed one hour before its delivery. A timeline of
the Elbas market can be found in Figure 2.6.
Let us introduce again some definitions:
• Contracts: Elbas market contracts are one-hour-long physical power (delivery to or take-off from the grid) obligations; minimum contract size is
1 MWh/h, and prices are given with two decimals in EUR/MWh, which
is the trading and settlement currency.
• Bidding: A bid consists of the bid type (sell or buy), a price EUR/MWh
and a volume in MWh for a specific hour. The minimum price change is
0,1 EUR. The participants place their bids into the web based real-time
trading system.

2.3.2.3

Controlling the cross border capacity

The Elbas trading System automatically controls the cross-border capacity,
which is given when the deadline for filing complaints on the Elspot market
has elapsed and the cross border capacity that is left after Elspot is known.
For example if there is no capacity from Finland to Sweden the participants in
the Swedish market area cannot see the sale bids placed by participants in the
Finnish market area in their Elbas price information window. If the bids are
inside the given cross border capacity the different market areas are treated as
one.
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2.3.3

The real time market

The real-time market has two main objectives:
• To serve as a tool for system operators to balance power generation to
load at any time during real-time operations.
• To provide a price for participants’ power imbalances.
During 2002 the Nordic TSOs began in a co-ordinated fashion to apply a common Nordic list with available regulating bids and identical pricing principles
for active regulations. These changes in essence cause the TSOs together to
focus on real-time balancing of the overall Nordic grid rather than on separate
balancing of the national sub-systems. Among other things this could lead to
improved efficiency because of potentially decreased overall regulating power
volumes and increased competition between players providing regulating bids.
Bids in the real-time market are submitted to transmission system operators
after the Elspot market has closed. Bids may be posted or changed close to
the operational time, in accordance with agreed rules. Demand-side bidding for
both increased or reduced consumption, as well as supply-side generation, are
posted to the market.
Since forcing the producers to follow their production plan to the letter could
compromise the grid stability, producers can request to alter their plan. In
the event of a producer’s request to generate less power than agreed on, other
producers have to regulate up, that means either to generate more energy or
to decrease consumption, in order to maintain system balance. Likewise, if
the same generator produces more than the bid states, other producers can be
requested to reduce their production or consumption must be increased. Same
applies for consumers: if a consumer does not use the energy he has bought,
down regulation is needed. If the consumer uses more energy, up regulation is
needed.
Each bid specifies both price and volume. Real-time market bids fall into two
categories:
• Upward regulation bids: the price a participant requires to increase generation or reduce consumption for a specified volume. Lowest bid price is
the Elspot price.
• Downward regulation bids: the price a participant offers to pay to reduce
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Figure 2.7: Bids in merit order for the Real Time Market.

3! ,&>$'! 464-$5:! -#$'$! )4! &3@6! &3$! '$/@B-)5$! ,')*$! 8&'! $/*#! #&9'<! "#$! @/4-! 93)-!

)3! $/*#! #&9'! ($8)3$4! -#$! '$/@B-)5$! ,')*$! 8&'! -#/-! 4,$*)8)*! #&9'<! =3! -#$! $C$3-! &8!

generation or to increase consumption. Highest bid price is the Elspot
price.

(! (&>3>/'(! '$;9@/-)&3! >)-#)3! -#$! 4/5$! #&9':! /;'$$(B-&! '9@$4! ($8)3$! -#$! ,')*$!

!D#$3!-#$'$!)4!3&!'$;9@/-)&3!>)-#)3!-#$!#&9':!-#$!'$/@B-)5$!,')*$!)4!$E9/@!-&!-#$!

Transmission system operators sort bids for each hour in priority order, according to price. If there is no grid congestion on the interconnections between the
G)33)4#:!/3(!H/3)4#!,&>$'!464-$54:!->&!,')*$4!8&'!$/*#!#&9'!/'$!($8)3$(!!!&3$!
Nordic countries’ price areas, a single aggregated list in priority order of bids
;9@/-)&3!/3(!&3$!8&'!9,>/'(!'$;9@/-)&3<!=3!-#$4$!-#'$$!*&93-')$4:!-#$!0$6!'$/@B
from all countries is applied.

)3;!'9@$4!/'$I!!

If, during the time of operation, there is need for increasing generation, the TSO

! >)-#! &3@6!9,>/'(!
'$;9@/-)&3:!-#$!
,')*$!
9,>/'(!
)4! -#$! ,')*$!-#/-! list. If there is a
picks
the unit with
the 8&'!
lowest
price'$;9@/-)&3!
from the upward-regulation
-&!-#$!93)-!@/4-!*/@@$(!9,&3J!-#$!,')*$!
8&'!(&>3>/'(!'$;9@/-)&3!)4!$E9/@!-&!-#$!
real-time need to decrease generation, the TSO picks the unit that corresponds

to the highest price on the downward regulation list.

In the Norwegian power system, there is only one real-time price for each hour.
-#)3!#&9'4!>)-#!&3@6!(&>3>/'(!'$;9@/-)&3:!-#$!,')*$!8&'!(&>3>/'(!'$;9@/-)&3!)4!

last unit
called 9,&3J!
upon within
each8&'!
hour
defines
the real-time
price for that
/-! *&''$4,&3(4! -&!The
-#$! 93)-!
@/4-! */@@$(!
-#$! ,')*$!
9,>/'(!
'$;9@/-)&3!
)4!

F@4,&-!,')*$<!

specific hour. When there is no regulation within the hour, the real-time price
is equal to the Elspot price.

,>/'(!/3(!(&>3>/'(!'$;9@/-)&3!/'$!5/($!>)-#)3!-#$!4/5$!#&9':!,')*$4!/'$!4$-!

In the Swedish, Finnish, and Danish power systems, two prices for each hour are

-!C&@95$!&8!9,>/'(!/3(!&8!(&>3>/'(!'$;9@/-)&3:!/4!@&3;!/4!-#$!93)-4!/'$!,)*0$(!
defined, one for downward regulation and one for upward regulation. In these
>/'(B!/3(!(&>3>/'(B'$;9@/-)3;!@)4-4<!!
three countries, the key real-time market pricing rules are:

)-#&9-! '$/@B-)5$! ,&>$'! '$;9@/-)&3:! -#$! '$/@B-)5$! ,')*$! $E9/@4! -#$! /'$/! F@4,&-!

• Within hours with only upward regulation, the price for upward regulation
is the price that corresponds to the unit last called upon; the price for
downward regulation is equal to the Elspot price.
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• Similarly, within hours with only downward regulation, the price for downward regulation is the price that corresponds to the unit last called upon;
the price for upward regulation is equal to the Elspot price.
• When both upward and downward regulation are made within the same
hour, prices are set at the largest volume of upward and of downward
regulation, as long as the units are picked from the upward and downward
regulating lists.
• For hours without real-time power regulation, the real-time price equals
the area Elspot price.

2.3.3.1

Pricing of participants’ imbalances

When all metered data are collected and each participant’s imbalances are calculated, every individual participant is charged or credited for his power imbalances, based on the prices in the real-time market.
Pricing of participants’ imbalances differs among the Nordic countries. Participants in Norway are credited for positive imbalances and charged for negative
imbalances, based on the same price for each hour. As a result, participants can
profit or suffer losses on imbalances, depending on whether the Elspot price or
real-time price is greater.
In the Swedish, Danish, and Finnish power systems, where two prices for each
hour are defined, the cost of imbalances is managed in a different way. To begin
with, all imbalances that contribute to balancing the total power system should
not entail any losses for the participant, compared with trades at Elspot prices.
The participant is therefore charged or credited based on Elspot prices. On
the other hand, for all imbalances that contribute to an imbalance in the total
system (i.e. an effect opposite to transmission system operators’ regulation),
the participant is charged or credited based on the real-time price that is least
favourable for the participant.
The point is to insure that there is no profit to be made from imbalances; the
participant has no incentive to gamble on imbalances. The financial incentive to
keep in balance is therefore higher in the Swedish, Danish, and Finnish power
systems than in the Norwegian system.

Chapter

3
Energy production and
transmission in northern
Europe

The electricity generation methods and the power market’s structure in northern Europe have been in constant development during the past decades. This
chapter provides an overview of the power production in the Nordic countries
and presents how the energy market has transformed from an oligopoly to a
market based structure.

3.1

Electricity as a commodity

As for other free commodities, prices of electricity are expected to reflect production costs of the last unit sold. However, due to the nature of electricity and its
importance to the western society, there are three significant things that make
electricity different from other commodities, as Eggertsson [2003] underlines.
• Electricity is difficult to store and has to be available on demand: it is
not possible to stock it or have customers queue for it. Therefore, the
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generation of electric power must match the demand at all times to prevent
frequency fluctuations and ensure system stability.
• Transporting electricity from producers to consumers requires a special
and expensive infrastructure called transmission system. There are, however, limitations on how much energy can be transported simultaneously,
and, due to high building costs, transmission systems are often fully or
close to be fully utilized.
• The demand for electric power is almost inelastic, i.e. consumers do not
respond to price changes. There are many reasons for this. Two obvious
ones are that no other commodity can easily replace electricity, and that
small consumers are not affected by the market price instantly, since their
contract with retailers are only revised yearly or even less often.

3.2

Production

Electric production differs considerably among the Nordic countries. In Norway,
nearly all electricity is generated from hydropower. Sweden and Finland use a
combination of hydropower, nuclear power, and conventional thermal power.
Hydropower stations are located mainly in northern areas, whereas thermal
power prevails in the south. Denmark relies mainly on conventional thermal
power, but wind power is providing an increasing part of the demand for energy.
The hydropower output in the Nordic region varies considerably due to the
fact that the hydrological balance shifts significantly from season to season.
Therefore, the annual share of overall production generated via renewable energy
sources and consequently also fossil energy varies significantly from year to year.
As an example in the period 2003-2006 the yearly total output from renewable
sources varied between about 192 TWh (2003) and 253 TWh (2005).
Here the intention is to give a brief overview of the different production technologies and of their geographical distribution. During 2006 the electricity production was 383,8 TWh in the Nordic area (Finland, Denmark, Norway and
Sweden). The table in Figure 3.1 shows the production in each country divided
according to the different sources.

3.2.1

Hydroelectric power

Hydroelectric power is produced from the potential energy of the elevation of
water. In most cases, large dams are used to create a reservoir from which the

3.2 Production
Country
Energy Source
Wind power
Other 1) 2)
Biofuel
Waste
Peat
Natural gas
Oil
Coal
Nuclear power
Hydro power
Total production
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Denmark
TWh
%
6.1
14.12
0.2
0.46
0.8
1.85
1.7
3.94
8.5
0.1
25.8

19.68
0.23
59.72

43.2

Finland
TWh
%
0.2
0.25
10.1
1.1
6.2
9.8
1.8
16.1
22
11.3
78.6

12.85
1.40
7.89
12.47
2.29
20.48
27.99
14.38

Norway
TWh
%
0.7
0.58
0.4
0.3

0.33
0.25

0.4

0.33

119.9
121.7

98.52

Sweden
TWh
%
1
0.71
0.6
0.43
8.2
5.84
1.1
0.78
0.1
0.07
0.9
0.64
1.2
0.86
1
0.71
65
46.33
61.2
43.62
140.3

Sum
TWh
8
0.8
19.5
4.2
6.3
19.6
3.1
42.9
87
192.4
383.8

%
2.1%
0.2%
5.1%
1.1%
1.6%
5.1%
0.8%
11.2%
22.7%
50.1%

Figure 3.1: Summary of electricity production in Scandinavia (NordPool Spot
website [2008]).

water flow is controlled, sent down a penstock and finally drives a turbine and
a generator. So called free flow hydropower plants also exist, where no reservoir is made and they are therefore not controllable. Hydropower now supplies
about 19% of the world’s electricity and large dams are still being designed and
built. However the potential of harnessing more hydropower in Scandinavia is
considered exhausted. Using water in this manner to generate power has the economic advantage that the cost of fuel is eliminated, thus making the electricity
produced cheap, despite high building costs. Furthermore, hydroelectric power
plants do not emit any carbon dioxide. Nevertheless, power plants of this type
have met increasing opposition, since they require the sinking of an enormous
land space and therefore can jeopardize ecosystems. As stated in Wikipedia
website [2008], hydropower makes up for virtually all electricity production in
Norway, and is also a considerable proportion of the power generation in Sweden
(43%) and Finland (14%). The hydroelectric power plants are mainly situated
in the northern parts of Sweden and Finland, while, in Norway, they are spread
all over the country. (Information coming from NordPool Spot website [2008],
NordPool Spot ASA [2004b].)

3.2.2

Nuclear power

In nuclear power plants, electricity is produced by converting the nuclear energy
of fissable uranium into thermal energy by fission. Then the thermal energy is
converted into kinetic energy by a steam turbine which drives an electricity
generator. Nuclear power plants provide steady energy at a consistent price.
Fuel costs are lower than in thermal power plants, but building costs are higher
and maintenance and security is more expensive. Since energy production can
only be altered slowly, nuclear power plants are typically used to handle the base
load in the system, while the peak loads are left to more flexible power plants.
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Although nuclear generation of electricity produces no greenhouse gasses and
virtually no airborne pollution, nuclear power has been contested. The long
term storage of the highly radioactive waste that nuclear power plants produce,
which needs to be handled with great care and forethought due to long halflives, have been an issue and security risks have been connected to accidents at
Three Mile Island and Chernobyl. The only existing nuclear power plants in
Scandinavia are located in Sweden and Finland and make up for 46% and 28% of
the countries’ electricity production (respectively). However, in Sweden, focus
has moved away from nuclear generation of electricity towards renewable energy
sources. Meanwhile, the building of a new nuclear power plant was accepted
in the Finnish parliament in 2002 and since 2005 there has been growing vocal
support, from industry and government alike, for building a 6th nuclear power
reactor in order to lower electricity costs and meet Finland’s obligations under
the Kyoto protocol. Moreover, Germany is one of the largest producer of nuclear
electricity in the world with annual production of around 160 TWh or about 20%
of the country’s electricity production. In Germany, the situation is the same
as in Sweden, due to public protest more attention has been paid to renewable
energy sources. (Information coming from Wikipedia website [2008], Uranium
Information Center website [2008], Linnet [2005].)

3.2.3

Thermal power

A thermal power plant converts the energy stored in fossil fuels such as coal, gas
and oil successively into thermal energy, mechanical energy and finally electric
energy. Every plant is a unique custom designed system and its production capacity can vary from KW to GW. Plants are either built to produce electricity
only or both electricity and hot water for commercial use. Starting a new thermal power plant is normally quite expensive and operation is only cost efficient
when the output is within a certain range. Fuel costs are high for any type
of thermal plant and especially gas. Apart from large emissions of greenhouse
gases, airborne pollution from thermal plants include heavy metals such as mercury and radioactive waste. Therefore, carbon dioxide emission quotas have
been introduced, leading to increased operation costs. Due to the above and
to international environmental agreements such as the Kyoto protocol, thermal
power production is more and more under debate. The flexibility of thermal
power plants varies with the fuel used. Plants running on natural gas are very
flexible and can therefore be used to handle peak load, while coal plants are very
inflexible and are therefore mainly used to supply the base load. (Information
coming from Wikipedia website [2008].)
Thermal power plants produce by far the largest share of the electricity production in Denmark and a considerable share in Finland and Germany also. In

3.2 Production
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Sweden, thermal power is used to a very limited extent and in Norway thermal plants hardly exist. Despite the opposition against thermal power plants,
eliminating them seems impossible due to the large share of electricity production they provide. (Information coming from NordPool Spot website [2008],
NordPool Spot ASA [2004b].)

3.2.4

Wind power

A wind turbine converts the kinetic energy of wind into mechanical energy, which
is then converted into electricity. Modern windmills have production capacity up
to 3 MW in optimal conditions. A number of wind turbines are often collected
together into wind farms, which can be found both off shore and on shore. The
power production of a wind turbine can not be controlled to the same extent as
many other power plants. Electricity is only generated when wind speed ranges
from 0m/s to 25m/s, since the turbines have to be shut down for machinery
protection if the wind speed exceeds 25m/s. This results in an annual production
quantity that is around 15% of installed capacity on average. Due to this direct
relation between the wind speed and the production level, this latter can be
extremely variable throughout the day. Therefore, good and reliable forecasts for
wind power are essential when planning the production in a system that contains
wind turbines. Starting costs of a wind farm can be rather high, but once this
is up and running, the production cost is extremely low, since maintenance and
production costs are low and fuel cost is obviously none. (Information coming
from Earth Policy Institute website [2008], Wikipedia website [2008].)
Denmark is a leading nation in design, production and harnessing wind power,
with about 15% wind power penetration in its power grid and installed capacity
of little over 3 GW. Germany is also among the leading nations in the wind
energy sector with the largest installed wind power capacity of around 18 GW,
which provides Germans 5% of their annual electricity production. Other countries in Scandinavia also have few wind turbines installed, however production
is so small that it is almost negligible. (Information coming from NordPool Spot
website [2008], NordPool Spot ASA [2004b].)

3.2.5

Other power generation methods

Various methods are also used to a little extent in the countries that are of
interest here. All countries have some electricity production from bio mass and
waste, Germany gets a small share of its electricity production from geothermal
power plants and in some of the countries experiments have been made with
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solar cells.

3.3

Transmission

Once the electricity has been generated, it has to be transmitted from the production plants to the users. The transmission systems in the Scandinavian
countries are all driven by non-profit organizations called Transmission System
Operators (TSOs), which are responsible for operating the country’s transmission grid and connections to other countries. A further discussion of the TSOs
can be found in Section 2.2. The national grids along with the interconnections
between the countries allow the power to flow from areas where production is
high to areas where production does not meet the demand. For instance, in
periods of sufficient reservoir levels in the hydropower plants in the North, the
transmission system is used to transport electricity to the South, and the other
way around when reservoir levels are low.

3.3.1

Market areas

The Nordic Power Exchange region is divided into areas, which have internal
transmission capacity that can be considered unlimited. Finland and Sweden
make up for one such area each. Denmark is divided by the great belt into the
Eastern and Western areas, and Norway is divided in three areas. In Figure
3.2 the boundaries of the market areas in the Nord Pool region are shown as
of December 2007, along with the transmission capacities between areas and to
other countries.

3.3.2

Varying capacities

The transmission system is not a static system. Maintenance, breakdowns and
limitations often lead to reduced transmission capacity between areas, so that
little or no power can be transported through individual connections. Such
reduced transmission capacity is bound to affect the power price, although the
extent of the effects depend on between which areas the interconnection is down
and other aspects such as the climate in the down period.

3.3 Transmission
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Figure 3.2: Maximum Normal Transmission Capacities (NTC) as of December
2007 (NordPool Spot website [2008]).
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3.3.3

Point tariff system

The ideal tariff system should be characterized by the following principles:
• Market participants should know the transmission costs at their locations
(grid connection points) without having to enter into negotiations with
grid owners or system operators.
• Transmission costs to a market participant should not depend on the location of a trade counterpart.
Point-of-connection tariffs apply throughout today’s unified Nordic power system. Market participants trade as if there were a single, interconnected power
transmission grid serving all of Norway, Sweden, Finland, and Denmark. Different rates apply to feeding power into the grid (delivery) and drawing power
from the grid (power take-off). These charges also depend on geographic location within the transmission grid. Therefore the TSOs receive tariffs for their
services of transmitting power from producer to consumer. The producers pay
a fee to the grid operator for every KWh they pour into the grid. Correspondingly, the end users pay a fee for every KWh they draw off the grid. Moreover,
the KWh can be traded freely within the whole area. This means for instance
that a consumer in southern Sweden can purchase power from a producer in
the northern part of the country without any limitations. In such trade, the
producer ensures that the quantity of electricity agreed on is poured into the
grid and the consumer draws the same quantity from the grid. However, the
energy does not flow directly from the producer to the consumer and therefore
this latter does not receive power specifically generated by the selling producer.
For a more detailed treatment see NordPool Spot ASA [2006e] and NordPool
Spot ASA [2004b].

Part II

Main Matter

Chapter

4
Cournot competition: a
deterministic model

4.1

Introduction

A generating company (GENCO) that sells energy in a deregulated market usually acts with the objective of maximizing its profits. A firm behaving this way
is said to be rational. Possible exceptions to the pure rational behavior are found
in cases in which the GENCO’s strategy is constrained by governmental regulations. These could be aimed to prevent, for instance, situations of monopoly,
or more generally situations in which market power is explicitly exploited by
a firm in order to increase its individual profits at the expense of the social
welfare. Collusion (tacit agreements between competing firms) is also forbidden
by antitrust laws. The basic assumption in this chapter is that in an oligopolistic market, such as NordPool, all the competitors are rational. Furthermore,
collusion between them is excluded. In a pool-based market, GENCOs submit
their sale bids to the independent system operator (ISO), following a strategy
which is optimal in the sense that it is aimed to maximize the individual profit
of the firm given the information publicized by the ISO. In the NordPool spot
market only the market clearing price (MCP) is made public, along with the
information about the total consumption in each of the market areas.
The existing literature on the subject underlines two distinctive features of en-
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ergy markets1 : they are dynamic and stochastic. The former feature is basically
due to the non-storability of energy in big amounts. In fact only small storage
is possible with sustainable costs, but this is only aimed to maintain a constant
frequency in the system and not to store energy in periods of low demand with
the purpose to sell it when the demand is high. As a result, demand and offer of
energy must be balanced at every instant: all the energy dispatched by the generating companies must be consumed by some other companies in the market
or exported to an external market. The market balance is ensured by the ISO,
which indicates to each firm the individual amount of energy to be produced or
sold and which sets punitive measures against firms which do not respect the
plan of production/consumption. Once this plan is respected, it might seem
that there is little concern for the firms participating in the market. This is not
entirely true. The balance of the market calls for a high amount of energy to be
produced when the demand is high. The cost function for GENCOs is usually
increasing with respect to the quantity produced: as a result, the higher the
demand, the higher the cost. The demand has large variations over time, both
on a daily and on a seasonal scale, so will do the cost. Therefore, it is said that
the energy market has a dynamic behavior. The stochastic behavior arises from
several features of the market. For instance, the consumer side of the market is
formed both by industries and by an impressive number of individual consumers
whose overall behavior can be thought of as stochastic. Furthermore, considering the production side, the power produced by a wind power plant depends on
the intensity of the wind in the geographical area in which the plant is placed.
The behavior of the generators, then, is also influenced by stochastic factors,
in this case the wind intensity, that should be included in an analysis of the
market.
Many algorithms have been proposed and used so far in order to generate optimal bidding strategies. The procedure used in these strategies include stochastic optimization (through Markov decision process, see for instance Song et al.
[2000], or genetic algorithm, Richter and Sheble [1998]), Lagrangian relaxation
(Guan et al. [2001]), stochastic dynamic programming (Ni et al. [2004]) and
game theory based algorithms (Park et al. [2001]). In general, these algorithms
deal well with the stochastic behavior of the market, while basically overlook its
dynamic characteristics. So far, the algorithms proposed have often considered
the bidding decision of each hour as independent from the others, thus resulting
in single period optimization techniques. Longer period optimization algorithms
have been proposed in Conejo et al. [2002] and Liu [2006]. The former one makes
use of integer nonlinear programming and comes up with an iterative algorithm
to determine the bidding strategy. The latter one tackles the problem making
use of optimal control. This approach seems to be the ideal one for the problem
considered. As a matter of fact, a formulation of the market in the framework
1 The

work carried out in Liu [2006] has a particular relevance from this point of view.

4.2 Problem formulation as a dynamic system
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of control theory would allow to take into account both the dynamic properties
and, with some extra effort, the stochastic features that characterize the energy
market.
The aim of this chapter is to present the formulation of the market as a dynamic
system and to derive bidding strategies, following an approach based on optimal control of discrete, deterministic systems. The stochastic behavior of the
system will be introduced and handled in the following chapter. The dynamic
system presented in this chapter is developed in the framework of the so called
”Cournot competition” model, which is the most widely used one when it comes
to analyzing energy market. In this framework, each generator bids a quantity,
and not multiple pairs of price and quantity as it is supposed to be in a pool
market. Table 4.1 compares different types of competition models used in the
existing literature: the Cournot competition model, the Bertrand competition
model (in which players bid the price of the energy they sell) and the Supply
Function model (in which players bid for each possible quantity of energy to be
produced the corresponding price they are willing to be paid). The latter one
will also be studied later on in this work.

4.2

Problem formulation as a dynamic system

The first reported work in which an energy market is seen as a dynamic system
is Alvarado [1999]. In this work, all the players in the market are assumed to
use a single period optimization algorithm to determine the quantity of energy
to be bid, given the current system price. The purpose of Alvarado [1999] is to
study, under different conditions, the stability of the market and the dynamics
that characterize the convergence of the system to the market equilibrium. Still,
it turns out to be useful for describing the behavior of a single GENCO participating in the market. The main idea behind this is that each generator will
keep on increasing its bid over time as long as the system price is higher than its
marginal cost. This behavior is typical of a rational player: the marginal cost
is the cost of producing an additional energy unit, thus a higher system price
implies the possibility for a GENCO to increase its profits by selling additional
energy at a price that is higher than its costs. Figure 4.1 gives a sketch of the
system, in which a generator acknowledges the market clearing price and the
other quantities made public by the ISO and then places its bid for the next
round. The system price, on its turn, is determined by the combined effect of
both demand and supply, which constitute the state space. This kind of competition is thus a closed loop system, in which the information made public by
the ISO (the output) is fed back to each GENCO before the next bidding process. The fact that the dynamic system modeling the energy market is a closed
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Cournot

COMPETITION
TYPE
BID

ADVANTAGES

Limited descriptive power
Simplified model (pure quantity bids)
Limited predictive power

DISADVANTAGES

Flexibility
Tractability
More realistic (reflects bidding rules)
Better understanding of companies’ behavior
Better predictions

Simplified model (pure price bids)
Limited predictive power
Producers have limited capacity
Little computational tractability
Multiple equilibria
Transmission constraints difficult to consider

Flexibility
Tractability
Transmission constraints easy to consider
Important existing literature

price of
energy to be
dispatched
price as
function of
quantity

quantity of
energy to be
dispatched

Bertrand

Supply Function

Table 4.1: advantages and disadvantages of the existing models used in the analysis of energy markets. Table rearranged
from Boisseleau and Giesbertz [2005].
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loop one reinforces the conviction that optimal control theory can provide an
effective approach to the problem of competitive bidding.
SYSTEM DEMAND
GENERATOR 1
Bid decision

q1

GENERATOR 2
Bid decision

q2

+

ISO
Market
Clearing

p

...
GENERATOR N
Bid decision

qN

Figure 4.1: dynamic model for the energy market. Each generator places the
bid, the decision of which is dependent on the data made public by the ISO.
Let us now introduce the notation that will allow the formulation of the problem
as a dynamic system. The Cournot competition can be modeled by a state
space whose variables are the quantities bid by each generator. For generator
i, the amount of bid energy is indicated with xi . In order to determine the
behavior of a generating company, the cost function for the producers must be
determined. Generally, the existing literature on the subject considers quadratic
cost functions for the N generators:
1
Ci (xi (t)) = ai (t) + bi (t)xi (t) + ci (t)xi (t)2
2

i = 1, . . . , N

(4.1)

Equation (4.1) is a good approximation of the actual production costs if the generator uses thermal plants, while it is known that for hydro and wind production
plants the running cost is basically null with the exception of the maintenance
and the startup costs. However, this can be considered as a good approximation
of the market of interest since 85% of the Danish production plants are thermal
(see Chapter 3). The coefficients ai (t), bi (t) and ci (t) will generally be different
from one plant to another and not constant in time, due to fluctuations of the
fuel cost. This latter feature of the market can be simplified and later in this
chapter the coefficients of the cost function will be considered as constant, being
the time scale of significant changes in the fuel price much longer than the time
window considered in the optimization process.
As far as concerns the demand side, a similar approach could be undertaken.
This has been done, for instance, in Alvarado [1999], where the author defines
a quadratic benefit function for each consumer similar to the cost function in
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Equation (4.1). This approach is feasible if one is interested in performing a
theoretical analysis, but would lead to high computational complexity in a realistic simulation of the market, when more than a limited number of purchasing
players must be considered. Rather than that, a characterization of the demand
side as a whole could be more interesting than breaking it down into individual
consumers2 . A model could be determined through the analysis of historical
data (e.g. the purchasing bids in a market in which this information is not
confidential). The demand side could be described by a linear inverse demand
function:
p(t) = e(t) − f (t)D(t)
(4.2)
where p(t) is the system price, D(t) is the total demand and e(t), f (t) > 0, being
this function positive valued and decreasing. The approximation so introduced
is justified by the simplicity of the demand function obtained that, as it will
be seen later in this chapter, will allow a completely analytical solution of the
optimization problem. It is to be noticed that the demand function is given by:
D(t) = a(t) − b(t)p(t)

(4.3)

where a(t) = e(t)/f (t) and b(t) = 1/f (t).
The instantaneous balance of supply and demand due to the non-storability of
energy implies:
N
X
D(t) =
xi (t), ∀t
(4.4)
i=1

With the definitions above, the profit πi for the i−th generator is given by:
πi (t) = p(t)xi (t) − Ci (xi (t))

(4.5)

which is simply the subtraction of the production costs Ci (xi (t)) from the total
revenues of the firm p(t)xi (t). A rational firm, in order to maximize the level
of profits, should place the quantity bid xi (t) such that the following first order
condition is satisfied:
dπi (t)
=0
(4.6)
dxi (t)
Actually, it is difficult for a firm to satisfy this condition in every bidding round
since this would require it to change its energy production level with an infinite
velocity. A more realistic strategy for a GENCO is instead based on repeated
adjustments of the bid quantity xi (t) in successive bidding rounds. A suitable
2 The main difference between the supply side and the demand side consists in the fact that
the energy market is oligopolistic in the supply side, meaning that the number of producers
having a consistent share of the total production is limited. Under this condition the definition
of a cost function for each of the generators is feasible and appropriate.
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model for that could be developed supposing that the i-th generator adjusts its
bid depending on the derivative of the profit πi at the next bidding round with
respect to the bid quantity xi . In a discrete time framework:
xi (t + 1) − xi (t) = ki (t + 1)

dπi (t + 1)
dxi (t + 1)

, ki (t + 1) > 0
xi (t+1)=xi (t)

where xi (t) is the quantity produced at a certain hour of the current day and
xi (t + 1) is the quantity to be bid for the same hour of the next day, so that
the adjustment process is split into 24 different hourly calculations. This split is
justified by the fact that the consumption of energy, and thus the characteristics
of the demand, are basically constant at the same hour of two successive days,
as one can see in Figure 4.2. Actually, the consumption during the weekend
4
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Figure 4.2: NordPool consumption during the second week of January 2007
(from the 8th to the 14th). The behavior repeats itself every 24 hours, with a
decrease during the weekend days.

days is lower than the consumption during the weekdays, so another split of the
model should be done, resulting in 48 distinct adjustment calculations (24 for the
weekdays, one for each hour, and 24 for the weekend days). This makes perfect
sense since the production adjustment is proper the most when calculated on
the quantity produced at the same hour of the most recent day of the same type.
The rationale for such a model of the behavior of the i-th generator consists in
the fact that the energy production is adjusted in the direction of increasing
profits. In fact, the bid quantity xi (t + 1) increases with respect to xi (t) if
the derivative dπi /dxi at time t + 1, calculated in the point xi (t + 1) = xi (t),
is positive and decreases if it is negative. In other words, a given generator
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evaluates how its profit would evolve if its bid for the round t + 1 was the
same as in the round t (i.e. xi (t + 1) = xi (t)) and then decides its next bid
xi (t + 1) accordingly. The parameter ki in the previous equation indicates
a sort of speed of adjustment with which the i-th generator alter its energy
production according to the possibility of an increase/decrease in the profit.
Using Equations (4.5) and (4.1), one gets:
xi (t + 1) − xi (t) = ki (t + 1)

dπi (t + 1)
dxi (t + 1)

=
xi (t+1)=xi (t)



dp(t + 1)
= ki (t + 1) p(t + 1) +
xi (t + 1) − (bi + ci xi (t + 1))
(4.7)
dxi (t + 1)
xi (t+1)=xi (t)
The one-period bidding strategy formulated in Equation (4.7) actually provides
the GENCOs with an algorithm converging to the optimal profit, asymptotically
satisfying Equation (4.6). A necessary condition for a generator in order to
implement and use this strategy is that the system price p(t + 1) in the future
round is known, along with its derivative with respect to the bid quantity xi (t +
1). As an alternative, suppose that the generator knows, or has a good estimate,
of the demand function in Equation (4.2). Substituting the latter equation into
4.7, one gets:
"
xi (t + 1) − xi (t) = ki (t + 1) e(t + 1) − f (t + 1)D(t + 1) −
dD(t + 1)
f (t + 1)
xi (t + 1) − (bi + ci xi (t + 1))
dxi (t + 1)

#
(4.8)
xi (t+1)=xi (t)

Recalling that Equation (4.4) holds, due to the balance of supply and demand,
by substitution:
"
N
X
xi (t + 1) − xi (t) = ki (t + 1) e(t + 1) − f (t + 1)
xj (t + 1) −
j=1



#
N
X
dx
(t
+
1)
j


−f (t + 1)
xi (t + 1) − (bi + ci xi (t + 1))
dxi (t + 1)
j=1

(4.9)
xi (t+1)=xi (t)

A realistic assumption is that each firm believes that the quantity produced by
its competitors will approximately be the same as in the previous period 3 . The
3 The change in one single period can be neglected: the demand function changes from one
hour to the next one, but is practically unchanged at the same hour of two successive days,
while the cost functions of the competitors change very slowly. This motivates the fact that
the system should be divided in 48 subsystems, one for each hour of weekdays and weekend
days.
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assumption xj (t + 1) = xj (t), j 6= i has also the following consequence:
dxj (t + 1)
= 0, ∀j 6= i
dxi (t + 1)
that is the ”Cournot bidding hypothesis”4 . Under the ”Cournot bidding hypothesis”, Equation (4.9) becomes:
xi (t + 1) − xi (t) =


N
X
= ki (t + 1) e(t + 1) − f (t + 1)
xj (t) − f (t + 1)xi (t) − (bi + ci xi (t)) =
j=1



N
X
= ki (t + 1) (−2f (t + 1) − ci )xi (t) − f (t + 1)
xj (t) + e(t + 1) − bi
j=1
j6=i

The change in one bidding round of the quantity of energy produced by the i-th
generator xi (t + 1) − xi (t) is thus a function of the quantity bid by itself xi (t)
and by the other generators xj (t), j 6= i at the previous bidding round. While
xi (t) is perfectly known by the i-th generator, xj (t), j 6= i are not, since the
quantities assigned to the various generators at each round are known only to
the respective producer, and not disclosed to any competitors by NordPool. In
an oligopolistic market, though, it is realistic to assume that each generator has
a rather close estimation of the energy generated by its few main competitors,
based on the publicized information (e.g. the system price in each market area,
the exploitation of the capacity of the grid bottlenecks, etc.) and other historical
data. The rather complex problem of estimating the competitors past bids is
not addressed in this work, and it will be assumed hereafter that each generator
has perfect information on the quantities bid by its competitors. Furthermore,
as it is apparent in the equation above, the decision of the bid xi (t + 1) involves
the estimation of the coefficients e(t + 1) and f (t + 1) at the next round. Again,
these values can be estimated from historical data5 .
Once the following state variable is defined:

x1 (t)
 x2 (t)

x(t) = 
..

.







xN (t)
4 At this point of the chapter a distinction needs to be pointed out. The expression ”Cournot
model” or ”Cournot competition” refers to the model of the market in which each generator
bids a quantity, while ”Cournot bidding hypothesis” indicates that each firm believes that the
decision of the competitors is independent of its own decision.
5 The demand function can be modeled as periodic, with period equal to one year. A more
exhaustive discussion on this issue will be presented later in Section.
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the system can be modeled by a linear state feedback with the addition of an
exogenous term:
x(t + 1) = F(t)x(t) + ex (t)
(4.10)
where:
Fii (t)

=

1 − ki (t + 1)(2f (t + 1) + ci )

Fij (t)

=

−ki (t + 1)f (t + 1), i 6= j

ex,i (t)

=

ki (t + 1)(e(t + 1) − bi )

(4.11)

As a matter of fact, the dynamic model so introduced is periodic. Every element
of both the F(t) matrix and of the exogenous term ex (t) depends on the coefficient e(t) or f (t) of the inverse demand function and/or the coefficients bi , ci ,
in addition to the speed of adjustment ki (t) of the generator. We can assume
that the latter one, after a small transient, will be a constant determined by
each generator after a trial and error process. The coefficients bi , ci , as justified
above, can be also considered as constant. On the other hand, the coefficients
e(t) and f (t) of the inverse demand function vary with time. It comes natural,
however, to consider the demand function as a periodic one: it is reasonable to
assume that individual consumers and industries, for instance, have the same
needs at the same hour of the same day of two successive years. This belief
is supported by the market data that show that the total consumption in the
NordPool area have a regular pattern, with a 52-week period (see Figure 4.3).
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Figure 4.3: total NordPool consumption during weeks 14th to 17th of 2006
and 2007. The similarity between (a) and (b) justifies the assumption that the
demand characteristic is periodic with a one year period.
It is then clear that the coefficients of the inverse demand function can be con-
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sidered as 52−week periodic functions:
e(t)

= e(t + 364)

f (t)

= f (t + 364)

where 364 is the number of days included in 52 weeks. The period is not 365
days since the demand function shows different features during weekdays and
weekend days, as it is apparent in Figure 4.3.

4.3

Optimal control: multi step strategy

In Section 4.2, a state feedback dynamic model of the energy market for the
Cournot competition was determined. The limitation of this model is that it
provides each generator with a fixed bidding strategy which aims to optimize
the profits of the firm on a single step horizon. On the other hand, it is a
simplified but realistic model of the behavior of the players in the market. Now,
let us assume that a GENCO is interested in developing a new strategy, able
to maximize its profits over a longer time window than the single next bidding
round. In order to develop this strategy, some assumptions must be made on
the behavior of the competitors for which the model developed above is a good
starting point.
Let us assume, without loss of generality, that the generator interested in pursuing a long period optimization is the N -th generator. The function to be
maximized is the sum of the profit functions over all the hours included in the
time window of the optimization. If the number of days included in the time
window is indicated with Nh , the maximization index at the time t can be
written as:


t+N
t+N
h −1
h −1 
X
X
1
2
JN (t) =
πN (τ ) =
p(τ )xN (τ ) − aN + bN xN (τ ) + cN xN (τ )
2
τ =t
τ =t
From the point of view of the N −th generator, the amount of energy produced
can be seen as the input to the system, rather than one of the states. It comes
natural, then, to perform the substitution xN = u, so that the equation above
becomes:


t+N
h −1 
X
1
JN (t) =
p(τ )u(τ ) − aN + bN u(τ ) + cN u(τ )2
(4.12)
2
τ =t
We are left now with a state space system with N − 1 state variables, i.e. the
production quantities of each of the competitors. For the sake of simplicity, let
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us redefine the state space vector:



x(t) = 


x1 (t)
x2 (t)
..
.







(4.13)

xN −1 (t)
The input and the output of the system are, respectively, the quantity bid by
the N -th generator and the system price:
u(t) = xN (t)

y(t) = p(t)

The problem to be faced now is to describe the system in the form:

x(t + 1)

=

f (x(t), u(t))

y(t)

=

g(x(t), u(t))

The state update equation can be derived from the first equation in 4.10, by
splitting the old state vector in the new state vector x defined in 4.13 and
the input u. In this way, N update equations in the variables x and u are
obtained. The last equation, though, must be discarded since it is the update
equation for the N −th generator, which is aiming to develop a new bidding
strategy. As far as concerns the output equation, one can notice that the price
is still described by the inverse demand function in Equation (4.2). To write
it in the desired form, it is sufficient to substitute the supply-demand balance
condition (Equation (4.4)), grouping together the competitors’ bid quantities
x(t) and substituting xN (t) = u(t). Once this has been done, one gets the
desired description of the system6 :

x(t + 1)
y(t)

=

F(t)x(t) + G(t)u(t) + ex (t)

= C(t)x(t) + D(t)u(t) + e(t)

(4.14)

6 The time dependence of the speed of adjustments k has been dropped in the matrix
i
definitions below, without loss of generality. This operation has been justified in the previous
section assuming that each generator, after a small transient, will determine its optimal speed
of adjustment as a result of a trial and error process.
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where e(t) is the same as in Equation (4.2) and:

1 − k1 (2f (t + 1) + c1 ) . . .

..
..
F(t) = 
.
.

=






C(t)

=



D(t)

=

G(t)

ex (t)

−kN −1 f (t + 1)


−k1 f (t + 1)
−k2 f (t + 1)
..
.

...



−k1 f (t + 1)
..
.




1 − kN −1 (2f (t + 1) + cN −1 )






−kN −1 f (t + 1)
−f (t) −f (t) . . .

−f (t)

−f (t)

k1 (e(t + 1) − b1 )

k2 (e(t + 1) − b2 )

= 
..

.









kN −1 (e(t + 1) − bN −1 )
The problem to be addressed is, then, the maximization of the index J in
Equation (4.12), constrained by the state update equation in 4.14. This will
lead to a closed form determination of the bidding strategy u(t). This problem
requires the definition of a discrete time Hamiltonian of the type:
H(x(t), λ(t + 1), u(t), t) = L(x(t), u(t), t) + λT (t + 1)f (x(t), u(t), t)
where L(x(t), u(t), t) is the profit πN (t)7 and f (x(t), u(t), t) is the state update
function. The meaning of the costate vector λ(t) will be made clear later on.
The following substitution:
H(x, λ, u, t) = H(x(t), λ(t + 1), u(t), t)
has been performed in the equations below in order to drop the time indices
for the sake of simplicity. The Hamiltonian is finally given by the following
expression:



1
2
H(x, λ, u, t) = y(t)u(t) − aN + bN u(t) + cN u(t)
+
2
λT (t + 1) (F(t)x(t) + G(t)u(t) + ex (t))

(4.15)

The first row of the equation above shows the function to be maximized: the
profit of the N -th generator. The constraint multiplied by the Lagrange multiplier λ(t + 1) is instead the right side of the state update equation, that is the
7 It is the component of the index J depending on the time t. The standard notation of
the literature on the subject is kept in the definition of H.
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first equation in the set 4.14. The substitution of the output equation for the
price leads to the following expression for the Hamiltonian:

H(x, λ, u, t) =
(C(t)x(t) + D(t)u(t) + e(t)) u(t) −


1
2
aN + bN u(t) + cN u(t)
+
2
λT (t + 1) (F(t)x(t) + G(t)u(t) + ex (t))

(4.16)

The first order condition for stationarity is:
∂H(x, λ, u, t)
=0
∂u(t)
m

(4.17)

C(t)x(t) + D(t)u(t) + e(t) + D(t)u(t) − (bN + cN u(t)) + GT (t)λ(t + 1) = 0
Solving for u(t), one gets:
u(t) =

GT (t)λ(t + 1) − bN + e(t) + C(t)x(t)
cN − 2D(t)

(4.18)

The second order condition for a maximum point is:
∂ 2 H(x, λ, u, t)
= 2D(t) − cN = −2f (t) − cN < 0
∂ 2 u(t)
which is always true since both the coefficients are positive. Following the
development of the classical maximum principle for discrete systems, see for
instance Ravn [1999], one can derive the costate equation8 :
λ(t) =

dH(x, λ, u, t)
= CT (t)u(t) + FT (t)λ(t + 1)
dx(t)

(4.19)

Let us now assume that there is a linear relationship between the Lagrangian
multiplier λ(t) and the state vector:
λ(t) = S(t)x(t) + M(t)

(4.20)

Furthermore, from the state update equation it easily follows that:
∂H(x, λ, u, t)
= F(t)x(t) + G(t)u(t) + ex (t) = x(t + 1)
∂λ(t + 1)
8 The first and second order conditions for a maximum point guarantee the determination
of u(t) as a local, i.e. stagewise, maximum. The costate or adjoint equation takes into account
the ”global” aspects of the optimization process, i.e. the dynamics of the system.
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Substituting Equation (4.18) and Equation (4.20) in the equation above, one
gets the following expression:
x(t + 1)

=

F(t)x(t) + ex (t) + G(t)

GT (t)λ(t + 1) − bN + e(t) + C(t)x(t)
=
cN − 2D(t)

= F(t)x(t) + ex (t) +
GT (t) (S(t + 1)x(t + 1) + M(t + 1)) − bN + e(t) + C(t)x(t)
G(t)
cN − 2D(t)
The equation above can be solved for x(t + 1) giving the following update equation:
h
i−1
x(t + 1) = (cN − 2D(t)) − G(t)GT (t)S(t + 1)
·
h
(cN − 2D(t))F(t)x(t) + (cN − 2D(t))ex (t) +
(4.21)
i

G(t) GT (t)M(t + 1) − bN + e(t) + C(t)x(t)
Recalling Equation (4.20), substituting the equation above, one gets:
h
i−1
λ(t + 1) = M(t + 1) + S(t + 1) (cN − 2D(t)) − G(t)GT (t)S(t + 1)
·
h
(cN − 2D(t))F(t)x(t) + (cN − 2D(t))ex (t) +
i
G(t) GT (t)M(t + 1) − bN + e(t) + C(t)x(t)
(4.22)
We are now left with the problem of finding the update equations for the S(t)
and M(t) matrices. Let us now combine Equation (4.20) with Equation (4.19).
It is trivial to get:
λ(t) = S(t)x(t) + M(t) =

∂H(x, λ, u, t)
= CT (t)u(t) + FT (t)λ(t + 1)
∂x(t)

By substituting Equation (4.18) for u(t) and Equation (4.22) for λ(t + 1), one
gets:
λ(t)

GT (t)λ(t + 1) − bN + e(t) + C(t)x(t)
+ FT (t)λ(t + 1) =
cN − 2D(t)
 T

−bN + e(t) + C(t)x(t)
C (t)GT (t)
= CT (t)
+
+ FT (t) λ(t + 1) =
cN − 2D(t)
cN − 2D(t)
 T

−bN + e(t) + C(t)x(t)
C (t)GT (t)
= CT (t)
+
+ FT (t) ·
cN − 2D(t)
cN − 2D(t)
n
h
i−1
M(t + 1) + S(t + 1) (cN − 2D(t)) − G(t)GT (t)S(t + 1)
·
h
(cN − 2D(t))F(t)x(t) + (cN − 2D(t))ex (t) +
 io
G(t) GT (t)M(t + 1) − bN + e(t) + C(t)x(t)
= CT (t)
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Recalling that λ(t) = S(t)x(t) + M(t), the equation above is always true if:
 T

C(t)
C (t)GT (t)
+
+ FT (t) ·
cN − 2D(t)
cN − 2D(t)
h
i−1
S(t + 1) (cN − 2D(t)) − G(t)GT (t)S(t + 1)
·
h
i
(cN − 2D(t))F(t) + G(t)C(t)

= CT (t)

S(t)

(4.23)

and:
M(t)

 T

C (t)GT (t)
−bN + e(t)
+
+ FT (t) ·
= CT (t)
cN − 2D(t)
cN − 2D(t)
n

−1
M(t + 1) + S(t + 1) (cN − 2D(t)) − G(t)GT (t)S(t + 1) (4.24)
·
h
io

(cN − 2D(t))ex (t) + G(t) GT (t)M(t + 1) − bN + e(t)

Equations (4.23) and (4.24) are the update equations for S(t) and M(t), which
must be calculated backwards from the final conditions S(t + Nh ) = 0 and
M (t + Nh ) = 0. Their meaning for this optimal controller is the same of the
Riccati equations for the standard discrete LQR problem. In order to obtain the
optimal control rule, Equations (4.20) and the state update equation in (4.14)
are substituted into 4.18:

GT (t) S(t + 1)x(t + 1) + M(t + 1) − b1 + e(t) + C(t)x(t)
u(t) =
c1 − 2D(t)
T
G (t)S(t + 1)F(t) + C(t)
x(t) +
(4.25)
=
c1 − 2D(t)



GT (t) S(t + 1) G(t)u(t) + ex (t) + M(t + 1) − b1 + e(t)
c1 − 2D(t)
and, solving for u(t):
u(t)

=

GT (t)S(t + 1)F(t) + C(t)
·
c1 − 2D(t) − G(t)T S(t + 1)G(t)


F(t − 1)x(t − 1) + G(t − 1)u(t − 1) + ex (t − 1) +

GT (t) S(t + 1)ex (t) + M(t + 1) − b1 + e(t)
c1 − 2D(t) − G(t)T S(t + 1)G(t)

(4.26)

which gives the control rule once the matrices S(t) and M(t) are calculated for
the entire optimal horizon.

4.4 Stability of the market seen as a dynamic system
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Stability of the market seen as a dynamic
system

In Section 4.2, the power market has been modeled as a discrete time, linear
system. The discussion made at the conclusion of that section underlines that
this system is in fact a periodic one. The system has then been modified in
Section 4.3 in order to allow one generating company to pursue a more advanced
optimization strategy. This section will investigate the stability properties both
of the model 4.10 developed in Section 4.2 and of the system 4.14 introduced
in Section 4.3, when the long term optimization strategy defined by Equations
(4.18), (4.22), (4.23) and (4.24) is used. Actually, the former system can be
thought of as the open loop version9 of the latter one, so for simplicity in the
following part of Section the stability of the former system will be referred to
as open loop stability, while the stability of the latter one will be referred to as
closed loop stability.
A method that is commonly used in order to assess the stability of a linear
periodic system, such as the one in Equation (4.10), consists in transforming
it into an equivalent time invariant one, since it is known that the stability
properties are preserved during this operation. One can define the so called
monodromy matrix as:
Ψ(T ) = F(T − 1) · F(T − 2) · . . . · F(0)

(4.27)

The following theorems provide the theoretical background for proving the stability of the linear periodic open loop system. The proof of the first one, here
omitted, can be found in Chen [1998].
Theorem 4.1 The system 4.10 is stable if and only if all the eigenvalues of the
matrix Ψ(T ) are included in the open unit disk in the complex plane.
Theorem 4.2 If all the eigenvalues of the matrices F(t) for t ∈ [0, T −1] are included in the open unit disk in the complex plane, so do all the eigenvalues of the
monodromy matrix Ψ(T ). Proof. By definition, the norm of the monodromy
matrix is given by:
kΨ(T )k = kF(T − 1) · F(T − 2) · . . . · F(0)k
Since the eigenvalues of F(t) for t ∈ [0, T − 1] are included in the open unit disk,
one has that:
kΨ(T )k < 1
9 Actually the number of states decreases since the production of the firm using the long
term optimization is to be considered as an input and not as one of the states.
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which implies that all the eigenvalues of Ψ(T ) are in the open unit disk in the
complex plane.
An analysis of the eigenvalues of the F (t) matrices has been performed for a
whole year with a demand function characterized from NordPool data over the
year 2007 and with the coefficients used in the simulations10 . The results confirm
the stability of the system in all the conditions used in the simulations.
We will now prove that the solution for this system is also periodic, with the
same period as the system. In general, the solution for a linear periodic system
in the form of Equation (4.10) is given by:
x(t) = Φ(t, 0)x(0) +

t−1
X

Φ(t, i + 1)ex (i)

(4.28)

i=0

where the state transition matrix Φ(t, t0 ) = F(t − 1) · F(t − 2) · . . . · F(t0 ). Since
the system is a periodic one with period T , the following property holds for the
state transition matrix:
Φ(t + T, t0 + T ) = Φ(t, t0 )
Recalling the definition of the monodromy matrix in Equation (4.27), Equation
(4.28) takes the following form:
x(t)

=

Φ(r(t), 0)Ψ(T )m(t) x(0) +
t−1
X

Φ(r(t − i − 1), 0)Ψ(T )m(t−i−1) ex (r(i))

i=0
m(t−1)

= Φ(r(t), 0)Ψ(T )m(t) x(0) +

X
i=0

Ψ(T )i

T
−1
X

Φ(j, 0)ex (j) +

j=0

r(t−1)

X

Φ(i, 0)ex (i)

(4.29)

i=0

where m(i) is the result of the integer division between i and T and r(i) is the
residual of this operation.
Theorem 4.3 For a stable linear periodic system, the stable solution is periodic.
Proof. Using Equation (4.29) it is possible to evaluate the system solution at
10 See section 4.5 for further explanation on the characterization of the demand function and
on the choice of the coefficients.
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the time t + T :
x(t + T )

= Φ(r(t), 0)Ψ(T )m(t)+1 x(0) +
m(t−1)+1

X

Ψ(T )i

i=0

T
−1
X

Φ(j, 0)ex (j) +

r(t+T −1)

j=0

X

Φ(i, 0)ex (i)

i=0

The stability of the system, which is included in the hypothesis of the theorem,
implies that Ψ(T )m(t) → 0. Then it is possible to rewrite the previous equation
as:
m(t−1)

x(t + T ) =

X
i=0

Ψ(T )i

T
−1
X

r(t−1)

Φ(j, 0)ex (j) +

j=0

X

Φ(i, 0)ex (i) = x(t)

i=0

which ends the proof of the theorem.
The three theorems above prove that if the eigenvalues of the F(t) matrix are
included in the open unit disk in the complex plane at any time t ∈ [0, T − 1],
then the linear periodic system 4.10 (open loop) is stable, and the stable solution
is periodic.
We will now turn to the analysis of the closed loop system 4.14 with the optimal
control strategy developed in Section 4.3. The following theorem is well known
in optimal control theory; its proof can be found in Chen [1998].
Theorem 4.4 If a linear system of the form 4.14 is stabilizable and detectable,
then the optimal control rule is unique and the closed loop system is stable.
Corollary 4.5 If the linear system of the previous theorem is periodic, then the
stable solution is also periodic.
Under the conditions in Theorem 4.1 or, alternatively, Theorem 4.2, which have
been verified, the open loop system is always stabilizable and detectable, and
thus Theorem 4.4 holds. The closed loop system is thus a stable one and has a
unique periodic optimal solution, which guarantees a unique market equilibrium.

4.5

Implementation and simulation of the system

In the previous part of the chapter, both the one step and the long period
optimization strategies have been developed for the Cournot competition model.
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The i-th row of Equation (4.10), along with Equations (4.11), give the final form
in mathematical terms of the one step bidding strategy for the i-th producer.
The closed form equations for the long term optimal bidding strategy include
the update Equations (4.21), (4.23) and (4.24). Both of these strategies have
been implemented and simulated in Matlab.
As a matter of fact, the implementation of these strategies require some knowledge of the market, that means having a good estimation of the parameters
describing the dynamic model introduced previously in this chapter. In fact,
the coefficients of both the inverse demand function and the cost function appear in the equations regulating both the Cournot and the long term optimization strategies (actually, the coefficient ai is missing since only the derivative of
the cost function, i.e. the marginal cost function, is used in the optimization
procedure).
As far as concerns the cost function of the producers, very little information is
available due to the fact that the actual cost functions are confidential. The
reason for this is that the public knowledge of the cost function of a given
GENCO would advantage its competitors. Data on the sale bids submitted
to the ISO could give some information on the marginal cost function of the
producers (assumed that the pairs of price and quantity bid by the producers
are close enough to the marginal cost). Still, this kind of information is not
made public by NordPool. The only source that has been able to cover this lack
of data is the existing literature on the subject. The values
ai

=

10

bi

=

1.5

ci

=

0.0001

are a slight modification of the ones used in Liu [2006] and should be up to date
and realistic in modeling the cost function of a producer whose generation is
around 20000 − 30000 MWh, which is on average about half of the total consumption in the Scandinavian market. As a simplification, only two generators
with equal cost functions have been included in the simulation, so that the total
Scandinavian consumption can be covered by these producers. Although augmenting the number of generators in the Matlab implementation would not be
a difficult task, this has not been done since the overall results would be the
same, once one takes care to tune the system in order to ensure the same energy
production level.
The problem in modeling the inverse demand function consists again in the
small amount of data NordPool makes public. If the purchase bids were publicly known, it would be really easy to estimate the inverse demand function
by ordering them in the direction of decreasing prices and carrying out a linear
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regression in order to fit the demand curve with a linear function. Unfortunately, the bids are not published by NordPool. The Californian market in the
period between 1998 and 2000 was the only pool market in which this kind
of information was made public, see University of California Energy Insitute
website [2008]. A characterization of a linear demand function based on these
data has been tried, but has proved to be unsatisfactory. The opinion is that
the Scandinavian energy market of the recent years might be too different from
the Californian market at the end of the 90s, in terms of overall size, consumer
habits and climate. Following a common trend in the existing literature, another
approach has been tried, which consists in simulating different realistic values
of the coefficients of the demand function. The paper Ocana and Romero [1998]
simulates the Spanish market using three different values for the coefficient b in
Equation (4.3): 1000, 1500, 2000. In a similar fashion, this work will simulate
the system with three different values of the slope b of the demand function11 .
Following an approach similar to the one used in the Mars model developed by
Energinet the passage of the linear demand function for the point (py , qm,i ) is
imposed, where py is the yearly mean price and qm,i is the monthly average
consumption of energy in NordPool at the i-th hour of the day12 . The coefficient e in the inverse demand function is then set to a value such that the mean
value of b, in the time range considered, is approximately equal to, respectively,
1000, 1500 or 2000. Figure 4.4 presents an explanatory sketch of the three cases.
Simulating with different values of demand elasticity13 will allow a sensitivity
price

price

b=1000

py

price

b=1500

py

qm,i

demand

b=2000

py

qm,i

demand

qm,i

demand

Figure 4.4: Sketch of three possible linear demand functions passing by the
point (qm,i , py ). On the left, the least elastic one, obtained with b ≈ 1000. In
the center, the medium elasticity linear demand, obtained with b ≈ 1500. On
the right, the most elastic demand function (b ≈ 2000).

11 A double check with the available data of the NordPool market (the hourly pairs of system
price and energy production as determined by the ISO’s clearing process) has shown that the
values for b used in Ocana and Romero [1998] are consistent also with the Scandinavian
market.
12 Data on price and consumption have been provided by NordPool.
13 The slope of the linear demand function and the price elasticity of demand can be somehow
associated to each other: for a linear demand function, the elasticity is the value of the slope
relative to the price.
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analysis, aimed to evaluate the stability of the system and the possibility for
producers to exploit their market power in different market conditions, both
during weekdays and weekend days, making use of the two different bidding
strategies developed in the previous part of the chapter. The simulation will
also be aimed to evaluate the performance of the long period optimization with
respect to the one step Cournot strategy.
One final remark on the simulation setup has to be underlined. The time window
considered in all the simulations performed and described in the following part
of this chapter and in the following chapters is the whole month of April 2007.
This choice issued from several motivations. One feature of the demand function
is seasonality: during winter more energy is needed than during summer, for instance by lighting and heating systems. The choice of the month of April avoids
the extrema, namely the coldest/darkest and the warmest/brightest weeks of
the year, so that it is more representative of an average behavior of the market.
Furthermore, the price may present sudden and relatively high spikes due to
unpredictable events (e.g. failure of an interconnection in the grid), which of
course also affect the consumption of energy. The way the hourly demand function is determined in this model makes it obviously very sensitive to extreme
events in the market, since it requires the averaging of the hourly consumption
over one month (thus over 30 values14 ). This calls for the choice of a month in
which this kind of phenomenon is absent or at least very limited. A survey of the
possible periods for the simulation pointed April 2007 as the most appropriate.
Another thing to be noted is that, although both the simulations for the weekdays and the weekend days of April 2007 have been performed, only the former
ones appear in the following of this chapter. This is due to the fact that the
results obtained are very similar, and the inclusion of both would only burden
the reader without significantly adding to the overall meaning and completeness
of the chapter. The mean values a and b, obtained by averaging the coefficients
a and b of the demand function over the weekdays of April 2007, are shown in
Table 4.2.
The simulations that follow in the remaining part of the chapter will be evaluated
under different indices: the mean produced quantity, the daily profit, the mean
system price and the daily social welfare. The first index represent the mean
hourly power output of each generator and is measured in M W hh. The daily
profit is measured in Euro and represents the mean profit of a generator, as given
by Equation (4.5), averaged on the whole period of simulation and multiplied
by 24 so to be scaled over an entire day. The higher the daily profit, the more
effectively the generator is bidding. The mean system price is the average price
14 An increase in the averaging period would decrease the effects of irregularity in the market,
but would also reduce its seasonality.
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Elasticity
low
average
high

a
69098.73
81302.36
93562.23
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b
1001.43
1505.60
2012.09

Table 4.2: mean values of the coefficients a(t) and b(t) of the demand function
(see Equation (4.3)) used in the simulations of the system in three different cases:
low elasticity (first case), average elasticity (second case) and high elasticity
(third case) of demand during the weekdays of April 2007.

in Euro during the whole simulation. The lower the system price, the more
advantageous the market is for the consumers. The social benefit is the least
straightforward of the four indices. Following the argumentations in Amelin
[2004], it is defined as the integral of the difference between the inverse demand
function and the aggregate marginal cost of all the producers over the quantity
from the origin to the total quantity cleared by the ISO, which is the shaded area
(both in yellow and in red) in Figure 4.5. The social welfare thus represents the
overall benefit of the society, being it the summation of the consumers’ benefit
in purchasing the energy at the system price pISO (yellow shaded area in Figure
4.5) and the producers’ profit in selling the energy at the clearing price (red
shaded area the figure).
price
demand function
aggregate
marginal cost
p ISO

quantity
ISO cleared
quantity

Figure 4.5: the social welfare (yellow and red shaded area) is defined as the
integral between the inverse demand function and the aggregate marginal cost
of all the producers.
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4.5.1

One step bidding strategy

The simulations described in this section have been carried out in order to
evaluate the introduction of the one step strategy as a model for the generators’
bidding. With regards to the discussion of the previous part of this section,
the only coefficients left to be set are the speeds of adjustment ki (t) of the
generators. There is no need to consider ki (t) to be time varying, since we can
assume that each GENCO will develop experience and find a constant optimal
value for it. Generally speaking, it has been found that the order of magnitude
of the ki s should be approximately included in the range [500 1000] (the reason
for this will be discussed in a short while). This choice guarantees that the
generators are quick enough to adapt their strategy to changes in the market
(this will be particularly important in the following chapter, where the inclusion
of wind power in the model will determine quite sudden and abrupt effects on
the market behavior), and also ensures the stability of the system. The following
values have proved to be feasible speeds of adjustment:
• ki = 500, i = 1, 2 for b ≈ 1000;
• ki = 700, i = 1, 2 for b ≈ 1500;
• ki = 900, i = 1, 2 for b ≈ 2000.
The reasonableness of these values has been proved by simulating the one step
bidding strategy in comparison with the optimization strategy which results by
making sure that the following equation holds at every bidding round:
dπi (t + 1)
= 0 , i = 1, 2
dqi (t + 1)
This leads, under the assumption that the competitors’ bids do not change from
one day to the next one, to the following strategy for the second generator15 :
q2 (t + 1) = −

f (t + 1)
q1 (t) + e(t + 1) − b2
2f (t + 1) + c2

(4.30)

This optimal strategy is that to which the one step (suboptimal) strategy developed in section 4.2 converges. The speed of adjustment ki represents the
velocity of convergence of the one step strategy to the optimal one, and thus it
should be set to a value such that a rapid transient is ensured without affecting
the stability of the system. A sufficiently large set of simulations performed with
15 As it can be seen, this strategy does not give birth to a state space model, and that is the
reason why it has been used only for comparison purposes, in order to verify the soundness of
the one step strategy developed in section 4.2.
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the two strategies in parallel has confirmed that the behavior obtained by using
the one step strategy with the chosen values of ki is close enough to the one
that would be obtained by applying directly the optimal strategy in Equation
(4.30).
A first set of simulations has been carried out in order to motivate the introduction of the one step bidding strategy described in the previous part of this
chapter. In these simulations, this strategy has been compared to another very
simple one, that we defined with the term ”naive”, in which the quantity bid for
a certain hour of the day is kept constant to the value produced on the previous
day at the same hour, and equal to half of the total consumption in NordPool16 .
The meaning of the term ”naive” is that no strategic bidding takes place. In
fact, assuming that the market needs a certain amount of energy, a producer
following the naive strategy will bid x percentage of the total energy needed,
where x is equal to its percentage of the total installed capacity (in this simplified case: x = 50%). The one step strategy should be particularly effective
when the opponent follows the naive strategy, since it tends to be optimal in
the case where the opponent holds constant its bid for the same hour of the day
ahead.
Table 4.3 summarizes the results of three simulations carried out in the case of
medium elasticity of demand (b ≈ 1500). The trend, confirmed also by other
Strategy

Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Naive
Naive
1505.60
20936.06
20936.06
11871422.91
11871422.91
26.18
37721987.83

One step
Naive
1505.60
27013.33
20936.06
12516543.16
9850740.36
22.15
40686949.59

One step
One step
1505.60
25074.97
25074.97
10795398.71
10795398.71
20.70
41631055.95

Table 4.3: main results of three simulations that compare the naive strategy with
the one step strategy developed in section 4.2. The first generator is encouraged
to adopt the one step strategy when the second is following the naive one. In
turn the second generator also obtains more profits when switching to the one
step strategy.
16 The seasonality effects are not considered by this ”naive” strategy. Once the bids for the
first 24 hours are set, the strategy consists in a repetition of the same quantity of energy day
after day. While this is safe in a simulation spanning a time window of just one month, a
longer simulation would require adjustments of the bid in order to take care of the changing
need of energy in different periods of the year.
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simulations performed with different values of demand elasticity, is that the
switch to the one step strategy is encouraged by the possibility of achieving
higher profits (+5.42%) when the opponent follows the naive strategy. In turn,
the competitor is also encouraged to switch from the naive strategy to the more
advanced one by the possibility to increase its profits (+9.56%). This result
is not trivial, since the one step strategy is optimal in the case in which the
opponent holds its bid constant from day to day (naive), while it is not if the
competitor adopts the same strategy.
Furthermore, it should be noticed that the profits are higher when both the
generators follow the naive strategy (first column in Table 4.3) than in the
case where they both follow the one step strategy (third column in Table 4.3).
Nevertheless, the adoption of the one step strategy by both the generators is
justified by a sort of prisoner dilemma: one generator is encouraged to switch
from the naive to the one step strategy by the possibility of obtaining higher
gains; at this point the second generator, which sees its profits decrease when
the competitor switches strategy, will also be encouraged to switch to the one
step strategy.
Two final remarks must be done with regard to the last rows of Table 4.3. The
first one is about the price, which decreases when the number of generators
adopting the one step strategy increases. This is basically due to an increase
in the quantity produced by the generators when they adopt a more advanced
strategy. In turn, the social benefit increases, since more energy demand is met
by the generators. The Figure 4.6 shows the quantities bid by each generator in
a simulation in which the first one follows the one step strategy and the second
one follows the naive strategy. It can be seen that the first generator bids a
higher quantity than the second one. Generally, both the generators provide
peak energy between 10am and 2pm, when the demand is higher, and a second
peak takes place at around 9pm-10pm. The price, shown in Figure 4.7 follows
the same trend as the production.
The simulations described above have also been performed with different conditions of demand elasticity, in order to assess the sensitivity of the system to
changes in it. Table 4.4 shows the results of those simulations in the case where
both generators follow the one step strategy. The other results, obtained by
simulating different combinations of the generators’ strategies, are omitted here
for the sake of simplicity, but the considerations below still hold. As it is possible
to see from Table 4.4, a low elasticity of demand (b ≈ 1000) allows the firms to
exploit their market power by withholding some of their production capacity in
order to mark up the system price and obtain more profits. An increase in the
elasticity of demand (b ≈ 2000) causes the market to benefit both in terms of
increased energy production (+29.78%) and of decreased average system price
(−27.84%). The profits of the GENCOs in turn drop off by 12.30%. These re-
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Figure 4.6: quantities produced by the first generator (blue) and by the second
generator (red) during the third week of the simulation (April 2007). The first
generator, which adopts the one step strategy, bids higher amounts of energy
than the second one, which uses the naive strategy.
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Figure 4.7: system price during the third week of the simulation (April 2007).
The price peaks at 10am-2pm and at 9pm-10pm, when the demand is higher.
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Mean b
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Price (EUR)
Social Welfare (EUR)

1001.43
21784.50
21784.50
11978099.36
11978099.36
25.50
46696215.03

1505.60
25074.97
25074.97
10795398.71
10795398.71
20.70
41631055.95

2012.09
28272.28
28272.28
10505311.31
10505311.31
18.40
40074834.40

Table 4.4: results of three simulations where both the generators employ the one
step strategy with three different conditions of demand elasticity. The simulated
period is April 2007.

sults confirm the findings in Ocana and Romero [1998], according to which the
market power exercised by the producers is inversely coupled with the elasticity
of demand.

4.5.2

Multi step bidding strategy

The aim of this subsection is to explain the results of the simulation of the long
period optimization developed in section 4.3. The Matlab setup of the system
used during the previous simulations has been changed in order to provide the
possibility for one generator or for both to follow the long term strategy. The
parameters of the demand and of the cost functions have been left unchanged,
along with the speeds of adjustment k1 and k2 when needed (ki need not be
defined when the i-th generator employs the long term strategy). The number
of days in the horizon of the long term optimal strategy has been set Nh = 3,
unless differently specified. This choice is motivated by the fact that the long
term strategy requires the estimation of the demand function. With an horizon
Nh > 3, the estimation of the demand would reach out to two weeks ahead in the
weekend day case (e.g. on Saturday, with Nh = 3, the estimate of the demand
function is required to include Sunday, and Saturday of the present week and
Sunday of the successive one). Although the weekday case is less strict, the
horizon is kept to Nh = 3 for the sake of consistency. Longer horizons are
treated only with the purpose of comparison. The cases simulated are again the
ones defined in Table 4.2. This allows for a fair comparison with the findings of
the previous subsection.
Table 4.5 contains the results of three simulations performed in the case of
medium elasticity of demand (b ≈ 1500). The first column in the table is equal
to the third column in Table 4.3, which shows the results of a simulation where
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both the generators follow the one step strategy. The second column of the table
summarizes the main results when the first generator switches to the long term
optimal strategy. As one can see, an increase in the profits (+8.27%) of the first
generator from the first to the second column motivates the change of strategy.
The second generator in turn suffers conspicuous losses (−30.68%) when the
opponent switches to the more advanced strategy. In this case, though, its
profit would not gain from an eventual switch to the more advanced strategy,
contrasting with what has been seen for the analogous case in the previous
subsection. This result is not in disagreement with the fact that the long term
strategy is optimal, since the optimality is guaranteed only if the competitor
sticks with the one step strategy. In the case in which both the producers follow
the long term strategy (third column in Table 4.5), they both bid optimally but
with respect to a model of the competitor that is not consistent any more, and
thus the profits drop dramatically17 .
Strategy

Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

One step
One step
1505.60
25074.97
25074.97
10795398.71
10795398.71
20.70
41631055.95

Multi step
One step
1505.60
34118.64
20869.19
11688122.58
7482975.53
17.47
43263407.50

Multi step
Multi step
1505.60
34188.36
34188.36
4368730.06
4368730.06
8.46
46040976.66

Table 4.5: main results of three simulations that compare the one step strategy
with the long term optimal strategy developed in section 4.3. The adoption
of the long term optimal strategy by the first generator is encouraged by a
conspicuous increase in the profits.

Simulations of this type, comparing the multi step and the one step strategies,
have also been performed with different lengths in the horizon. The trend, as
one could expect, is that the profits of the generator employing the multi step
strategy increase with the number of days Nh included in the horizon. The
considerations made in the introduction of this subsection, though, suggest the
choice Nh = 3, which will be kept throughout all the simulations.
17 The results of simulations in which both the generators adopt the multi step strategy
will be omitted in the rest of this work. The reason for this is that they do not make much
sense since the strategy is non-optimal in this case. This is a consequence of the fact that the
setup of this case is far from the assumptions done in the development of the strategy itself.
Nevertheless, they have been included in this chapter in order to verify the non-optimality
and present the considerations explaining the motivations for that.
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Figure 4.8 shows the quantities bid by each generator during the weekdays of
the third week of the simulation (April 2007). As one can see, the first generator
significantly increases its bids from around 25000 MWh to around 34000 MWh
(see also the second row in Table 4.5) when switching from the one step to the
long term strategy. On the other hand the second generator, which sticks with
the one step strategy, is forced by the opponent’s strategy switch to decrease its
production from around 25000 MWh to around 20000 MWh (third row in Table
4.5). What happens is that the first generator is forcing with a high bid the
second one to lower its bid to keep the price at an acceptable level, in order not
to lose profits. At the same time, the high bid of the first generator allows it
to sell a considerable amount of energy to the market, therefore fully exploiting
the strategic effect of the bid of the second generator. In other words, the first
generator knows that the second generator bids strategically with the purpose
of marking up the price. Therefore, it exploits the high prices determined by
the second generator’s bids and limits itself to trying to sell as much energy as
possible, paying attention not to drive down the price too much.
Figure 4.9 shows the evolution of the price during the third week of April 2007.
The sixth row of Table 4.5 shows that the price tends to decrease as the number
of generators adopting the long term strategy increases. This is explained by
the fact that generally the bids of the generators employing this strategy tend to
be high (for the aforementioned reasons), thus resulting in a low system price.
Still, when only one generator is using the advanced strategy, the price is lower
(17.47 EUR on average) but high enough to allow increased profits compared to
the case in which both generators adopt the one step strategy. When all the
generators switch to the long term strategy the total production is so high that
the price falls to 8.46 EUR on average, along with the profits of the generators.
The social benefit, as one can see in the last row of Table 4.6, increases with
the number of generators employing the long term optimal strategy, since more
demand is met by the generators which bid higher quantities of energy.
The simulations described above have also been performed with different conditions in the demand (b ≈ 1000, b ≈ 1500 and b ≈ 2000). Table 4.6 summarizes
the results in the case in which the first generator follows the long term strategy, while the second one sticks with the one step strategy. The results of the
simulations with different combinations of strategies have been omitted since
they give similar results as those already presented. Again, it turns out that
the more elastic the demand, the lower the system price. This confirms the fact
that an elastic demand limits the possibility for the generators to exploit their
market power, be their strategy the one step or the multi step optimal one. The
same considerations as those exposed in the subsection above still hold.

4.5 Implementation and simulation of the system
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Figure 4.8: quantities produced by the first generator (blue) and by the second
generator (red) during the third week of the simulation (April 2007). The first
generator, which adopts the long term strategy, bids higher amounts of energy
than the second one, which follows the one step strategy.
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Figure 4.9: system price during the third week of the simulation (April 2007).
The price peaks at 10am-2pm and at 9pm-10pm, when the demand is higher.
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Mean b
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Social Welfare (EUR)

1001.43
30455.34
17655.68
13114360.51
7875504.74
20.96
48717555.66

1505.60
34118.64
20869.19
11688122.58
7482975.53
17.47
43263407.50

2012.09
37668.70
24000.73
11270149.40
7576508.20
15.84
41522085.38

Table 4.6: results of three simulations where the first generator employs the long
term strategy and the second one the one step strategy. The simulated period
is April 2007.

4.6

Conclusions

The results of the simulations performed on the Matlab implementation of the
deterministic dynamic system modeling the power market confirm the expectations.
At first, it has been shown that the one step strategy is an effective model to
describe a generator that is bidding strategically. Its superiority with respect to
the ”naive” model is confirmed by the higher profits achieved by the generator
which adopts this more advanced strategy.
A sensitivity analysis of the system with respect to changes in the price elasticity
of demand has been performed with competitors adopting the one step strategy.
Basically, it shows that a market with a high elasticity of demand is less prone to
situations where the generators exploit their market power in order to increase
their profits at the expense of a decreased social welfare. This is in complete
accordance with the results of Ocana and Romero [1998].
The simulations performed with the same setup, but with the first generator
adopting the multi step optimal strategy, confirm this inverse coupling between
the price elasticity of demand and the exploitation of market power. Also, they
show that a generator could significantly increase its profits by employing the
long period optimization instead of the one step strategy. This increase in the
profits, though, is obtained without affecting the social welfare. This is due
to the fact that the long period optimal strategy encourages the generator to
dispatch more energy into the market, letting the competitors mark up the price
by withholding their capacity. In this way, a higher profit is achieved even if
with a lower system price.

4.6 Conclusions
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Tables 4.7 and 4.8 document the results of all the simulations carried out with
the deterministic version of the dynamic system. They are comprehensive of
the results commented above in the chapter and of the simulations that have
been omitted for the sake of compactness.
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Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Naive
Naive
1001.43
20936.06
20936.06
12370871.39
12370871.39
27.18
45758416.22

One step
Naive
1001.43
22210.47
20936.06
12428323.17
11742231.64
25.92
46471737.50

One step
One step
1001.43
21784.50
21784.50
11978099.36
11978099.36
25.50
46696215.03

Naive
Naive
1505.60
20936.06
20936.06
11871422.91
11871422.91
26.18
37721987.83

One step
Naive
1505.60
27013.33
20936.06
12516543.16
9850740.36
22.15
40686949.59

One step
One step
1505.60
25074.97
25074.97
10795398.71
10795398.71
20.70
41631055.95

Naive
Naive
2012.09
20936.06
20936.06
11621698.67
11621698.67
25.68
33703773.63

One step
Naive
2012.09
31612.96
20936.06
13128059.42
8961258.14
20.38
38553751.93

One step
One step
2012.09
28272.28
28272.28
10505311.31
10505311.31
18.40
40074834.40

Table 4.7: results of the simulations that assess the performance of the one step
strategy in comparison with the naive strategy, in the three different conditions
of demand elasticity.
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Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

One step
One step
1001.43
21784.50
21784.50
11978099.36
11978099.36
25.50
46696215.03

Multi step
One step
1001.43
30455.34
17655.68
13114360.51
7875504.742
20.955462
48717555.66

One step
One step
1505.60
25074.97
25074.97
10795398.71
10795398.71
20.70
41631055.95

Multi step
One step
1505.60
34118.64
20869.19
11688122.58
7482975.53
17.47
43263407.50

One step
One step
2012.09
28272.28
28272.28
10505311.31
10505311.31
18.40
40074834.40

Multi step
One step
2012.09
37668.70
24000.73
11270149.40
7576508.20
15.84
41522085.38

Table 4.8: results of the simulations that assess the performance of the long
term strategy in comparison with the one step strategy, in the three different
conditions of demand elasticity.
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Chapter

5
Cournot competition: a
stochastic model

5.1

Introduction

In the previous chapter the attention has been focused on the dynamic properties of the energy market. The effects of interdependence of the daily bids in
successive rounds have been studied, along with the possibility of exploiting the
dynamics of the system in order to increase the profits by making use of a long
term strategy. In the present chapter the focus will also extend to the analysis
of the stochastic properties of electricity markets, giving an assessment of the
impacts of the stochastics of the system on the generators’ bidding strategy and
on the overall benefit for the society. The stochastic behavior of energy markets
is not a brand new issue, and has already been analyzed in several past works.
With relation to this problem, the general approaches followed by the existing
literature can be divided into two main branches. The first line of approach
considers a system in which the demand function is stochastic. The motivation
for this consists in the fact that the demand side actually includes a huge number of small residential consumers, whose behavior as a whole can be seen as
stochastic. This approach has been followed, for instance, in Liu [2006], where
the coefficients of the linear demand function are considered as hourly correlated Gaussian variables. The second line of approach, instead, overlooks the
uncertainty in the demand function, while considering the difficulty of estimat-
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ing precisely the competitors’ behavior and modeling their bids as stochastic.
This is, for instance, the case of Wen and David [2001], where the coefficients of
the linear bids of the competitors are modeled as joint normal variables and the
optimization problem is solved via a Monte Carlo method. The work carried
out in this chapter differs from these two approaches in the fact that it considers
the stochastic behavior of the system with relation to the production of wind
energy, thus considering the cost function of the producers as stochastic, rather
than the demand function or the competitors’ behavior. The appropriateness of
this approach to the Scandinavian market is confirmed by the opinion of analysts of the field, who claim that the overall stochastic effect of the wind power
production is the most relevant among the ones discussed above.
The theory and the tools developed in the previous chapter form the bases for the
work carried out in the present chapter. At first, a stochastic, dynamic system
will be developed in order to model the behavior of the generators performing
a one step optimization in presence of wind power plants. Then, a long term
strategy, aimed to maximize the profits over a time window spanning multiple
days, will be established. Then, both the models will be simulated in Matlab.

5.2

Problem formulation as a dynamic system

The first step in the previous chapter in order to develop a dynamic system has
consisted in the definition of the cost functions of the producers. The use of
quadratic cost functions was motivated by the fact that a significant share of
the market is held by producers that make use of thermal plants to generate
energy, and also by the fact that wind power had to be discarded in order to
formulate the problem as a deterministic system. If the system has to take into
account wind power, the cost functions of the producers are to be modified.
The cost of generating wind power can realistically be considered constant and
independent of the quantity of energy produced, being it mainly determined by
fixed costs such as maintenance costs, etc. Therefore, the cost function should
be piecewise defined:
(
aw,i (t),
x̃i,tot (t) 6 x̃i,w (t)
1
Ci (x̃i,tot (t)) =
2
aw,i (t) + ai (t) + bi (t)x̃i (t) + ci (t)x̃i (t) , x̃i,tot (t) > x̃i,w (t)
2
(5.1)
where x̃i,tot (t) is the quantity of energy produced in total by the i-th generator
at time t, x̃i,w (t) is the (stochastic) quantity of wind energy produced at time
t and x̃i (t) = x̃i,tot (t) − x̃i,w (t)1 is the quantity of energy produced with other
1 The stochasticity of the term x̃ will be made clear later in this section. As a result, x̃
i
i,tot
is stochastic since it is the sum of stochastic terms.
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technologies. The marginal cost, that is the derivative of the cost function with
respect to the total quantity x̃i,tot (t) is also a piecewise defined function:

dCi (x̃i,tot (t))
0,
x̃i,tot (t) 6 x̃i,w (t)
=
bi (t) + ci (t)x̃i (t), x̃i,tot > x̃i,w (t)
dx̃i,tot (t)
Both the cost function and the marginal cost are then piecewise defined functions in which the threshold x̃i,w (t) is a stochastic process. An example of a
possible cost function and the corresponding marginal cost can be found in Figure 5.1. Both of them are discontinuous at x̃i,w (t) unless either aw,i (t) = ai (t)
cost

marginal
cost

ai,w
Xi,w

quantity

Xi,w

quantity

Figure 5.1: example of a possible cost function (left) and the corresponding
marginal cost (right). They are both piecewise defined functions, discontinuous
at the threshold x̃i,w , that is a stochastic quantity.
or bi (t) = 0, but the general case is treated here. This situation could be handled when defining the model for the single step strategy in a similar fashion
to the procedure in Section 4.2, just evaluating the cost function in the specific
current production point. Unfortunately, this approach would lead to major
problems when developing a long term strategy. In fact, all the cases, namely
x̃i,tot (t) 6 x̃i,w (t) and x̃i,tot (t) > x̃i,w (t) should be considered for each t included in the optimization process (that is the number of days Nh included in
the horizon). The solution to the optimization problem should thus be achieved
by defining a tree including all the possible cases and then evaluating the profits
in each branch of the tree. The complexity of this algorithm would thus grow
with 2Nh in terms of computational time and of programming code. At this
point, it is clear that this solution is not feasible and that an alternative should
be found.
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The starting point of the model is based on the simplifying but reasonable
assumption that a producer’s bid is going to be greater or equal to the wind
energy that he reckons he is going to produce:
x̃i,tot (t) > x̃i,w (t)

(5.2)

This assumption is motivated by the fact that wind, along with hydro, is the
cheapest source of energy available. In the real market, the bids corresponding
to wind energy are the leftmost ones, and thus the ones that are most likely
to be accepted by the ISO. On the producers’ side, the shut down of a wind
turbine would not lead to significant savings, if any savings are achieved, and
the producer would just deprive itself of the cheapest source of energy available.
Therefore, the assumption that all the wind energy that could be produced in
a period will actually be dispatched to the system is safe. Once Equation (5.2)
is assumed, the cost function of a producer is simplified to:
1
Ci (x̃i (t)) = aw,i (t) + ai (t) + bi (t)x̃i (t) + ci (t)x̃i (t)2
2
The optimization procedure can be carried out on the amount x̃i (t) of energy
produced with technologies other than wind power, since the (stochastic) quantity x̃i,w (t) is going to be bid anyway by the producer. With the modifications
described above, for the instantaneous balance of supply and demand:
D(t) =

N
X

x̃i,tot (t)

i=1

Equation (4.2) for the price becomes:
p̃(t) = e(t) − f (t)

N
X

x̃i,tot (t) = e(t) − f (t)

i=1

N
X

(x̃i (t) + x̃i,w (t))

(5.3)

i=1

The price is now itself a stochastic quantity, along with the profit, which is given
by:
π̃i (t) = p̃(t) (x̃i (t) + x̃i,w (t)) − Ci (x̃i (t))
(5.4)
The one step optimization, similarly to the previous chapter, is obtained by
imposing that the i−th generator adjusts its production (the non-wind part x̃i
of it) in the direction of increasing profits2 :
x̃i (t + 1) − x̃i (t) = ki (t + 1)

∂ π̃i (t + 1)
∂ x̃i (t + 1)

x̃i (t+1)=x̃i (t)

The quantity xi (t) produced with other technologies than wind is held constant
to the previous value when evaluating the derivative, as it was done in the
2 It

has to be noticed that the term on the right is stochastic, so is also the state x̃i (t).
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previous chapter with the total production. Carrying out the derivative on the
right side of the equal sign (the calculations are omitted, since they are similar
to those in the previous chapter), one gets:

∂ D̃(t + 1)
(x̃i (t + 1) + x̃i,w (t + 1)) +
x̃i (t + 1) − x̃i (t) = ki (t + 1) − f (t + 1)
∂ x̃i (t + 1)

N
X
e(t + 1) − f (t + 1)
(x̃j (t + 1) + x̃j,w (t + 1)) − bi − ci x̃i (t)
(5.5)
x̃i (t+1)=x̃i (t)

j=0

where x̃i,w (t + 1) is the stochastic amount of wind power at time t + 1. This
makes perfect sense since the purpose of the equation is deciding the update
of the quantity x̃i (t), given most recent estimate of the demand function and
of the wind power. The assumption on the competitors’ bids in the previous
chapter was that their total production at time t + 1 is constant to the value
produced at time t. In the current case this assumption means considering:
x̃j (t + 1) + x̃j,w (t + 1) = x̃j (t) + x̃j,w (t)
As in the deterministic case, this assumption also implies:
∂ D̃(t + 1)
∂ x̃j,tot (t + 1)
= 0, j 6= i ⇒
=1
∂ x̃i (t + 1)
∂ x̃i (t + 1)
Substituting the equations above in 5.5, rearranging the terms and imposing
x̃i (t + 1) = x̃i (t) leads to the following expression:
x̃i (t + 1) = [1 − ki (t + 1)(2f (t + 1) + ci )] x̃i (t) − ki (t + 1)f (t + 1)

N
X

x̃j (t) −

j=1
j6=i






ki (t + 1)f (t + 1) 
2x̃i,w (t + 1) +

N
X
j=1
j6=i


x̃j,w (t)
 + ki (t + 1) (e(t + 1) − bi )

Once the following state variable is defined:

x̃1 (t)
 x̃2 (t)

x̃(t) = 
..

.

(5.6)







x̃N (t)
it is possible to define the following state update model:
x̃(t + 1) = F(t)x̃(t) + ˜
ex (t)

(5.7)
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where:
Fii (t)

=

Fij (t)

= −ki (t + 1)f (t + 1)


˜ex,i (t)

1 − ki (t + 1)(2f (t + 1) + ci )
(5.8)


N
X


2x̃
(t
+
1)
+
= ki (t + 1)f (t + 1) 
x̃j,w (t)
 i,w
+
j=1
j6=i

ki (t + 1) (e(t + 1) − bi )
The decision of the i−th generator is based on the expectation, so that Equation
(5.6) becomes:
x̄i (t + 1) = [1 − ki (t + 1)(2f (t + 1) + ci )] x̄i (t) − ki (t + 1)f (t + 1)

N
X

x̄j (t) −

j=1
j6=i



ki (t + 1)f (t + 1) 
2x̄i,w (t + 1) +


N
X
j=1
j6=i


x̄j,w (t)
 + ki (t + 1) (e(t + 1) − bi )

(5.9)

which actually models the one step strategy for a producer in the stochastic
case.

5.3

Optimal control: multi step strategy

The aim of this section is to develop a long term optimal strategy for the stochastic system that allows the GENCOs to optimize their profits over a longer time
window than one single step. Just like in the previous chapter, the number of
days (or steps) included in the optimization horizon is denoted with Nh . The
fact that not only the coefficients of the demand function, but also the realizations of the wind power production for each generator are included in the
stochastic dynamic model in Equation (5.7) opens up to linkages between the
optimization problem and wind forecasting issues. The complex and interesting
problem of forecasting wind power is a subject of its own which has been, and
currently is, intensively studied, and that is out of the scope of this work. Data
from the Wind Power Prediction Tool (WPPT) will be used in this work in
order to evaluate the performance of the optimal long term strategy that will
be developed in this section.
The assumption is again that the generator interested in developing the long
term optimal strategy is the N -th one. The function to be maximized in this
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setup is the expectation of the profits3 over Nh days. Considering the amount
of energy bid by the N -th producer as the input to the system, it is customary
to perform the substitution x̃N = u, with the obvious loss of the stochastic
character of the variable (it is the decision variable of the producer, and thus
deterministic). The optimization index then becomes:

JN (t)

=

E

( t+N −1
h
X

)
πN (τ )

=

τ =t

=

E

( t+N −1
h
X

)
p̃(τ ) (u(τ ) + x̃N,w (τ )) − CN (u(τ ))

(5.10)

τ =t

Redefining the state space as:




x̃(t) = 


x̃1 (t)
x̃2 (t)
..
.







(5.11)

x̃N −1 (t)
The input and the output of the system are, respectively, the quantity bid by
the N -th generator and the system price:

u(t) = xN (t)

ỹ(t) = p̃(t)

Now the state space is described by the following set of equations:

x̃(t + 1)
p̃(t)

=

F(t)x̃(t) + G(t)u(t) + ˜
ex (t)

= C(t)x̃(t) + D(t)u(t) + ẽp (t)

(5.12)

3 It has to be noticed that this is not the only possible choice when dealing with an optimization problem in a stochastic framework. The optimization index could also be defined
differently, e.g. as the sum of the expectation of the total profits and another term given by
the variance of the total profits multiplied by a weighting coefficient ρ.
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where, dropping the time index on the speeds of adjustment ki (t):




1 − k1 (2f (t + 1) + c1 ) . . .
−k1 f (t + 1)


..
..
..
F(t) = 

.
.
.
−kN −1 f (t + 1)
. . . 1 − kN −1 (2f (t + 1) + cN −1 )


−k1 f (t + 1)
 −k2 f (t + 1) 


G(t) = 

..


.
−kN −1 f (t + 1)


−f (t) −f (t) . . . −f (t)
C(t) =
D(t)

˜
ex (t)

= −f (t)




N
−1
X




x̃j,w (t) + k1 (e(t + 1) − b1 )
k1 f (t + 1) 2x̃i,w (t + 1) +


j=1




N
−1
X


x̃j,w (t) + k2 (e(t + 1) − b2 )
k2 f (t + 1) 2x̃i,w (t + 1) +

= 
j=1


..

.




N
−1
X

 kN −1 f (t + 1) 2x̃i,w (t + 1) +
x̃j,w (t) + kN −1 (e(t + 1) − bN −1 )
j=1

ẽp (t)

= e(t) − f (t)

N
X

!
x̃i,w (t)

i=1

Substituting the second equation of the set 5.12 in Equation (5.10) and assuming
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that the coefficients of the cost function are constant4 , one achieves:
( t+N −1
h
h
X
(C(τ )x̃(τ ) + D(τ )u(τ ) + ẽp (τ )) (u(τ ) + x̃N,w (τ )) −
JN (t) = E
τ =t

aw,N + aN + bN u(τ ) + 0.5cN u(τ )
= E

( t+N −1
h
h
X

2

)
i

=

C(τ )x̃(τ )u(τ ) + D(τ )u2 (τ ) + ẽp (τ )u(τ ) +

τ =t

C(τ )x̃(τ )x̃N,w (τ ) + D(τ )u(τ )x̃N,w (τ ) + ẽp (τ )x̃N,w (τ ) −
)
i
2
aw,N + aN + bN u(τ ) + 0.5cN u(τ )
=
= E

( t+N −1
h
h
X


C(τ )x̃(τ ) + D(τ )u(τ ) + ẽp (τ ) + D(τ )x̃N,w (τ ) u(τ ) +

τ =t

C(τ )x̃(τ )x̃N,w (τ ) + ẽp (τ )x̃N,w (τ ) −
2

aw,N + aN + bN u(τ ) + 0.5cN u(τ )

i

)

Letting the expectation inside the summation, and remembering that E {x̃ỹ} =
x̄ȳ + Cov(x, y), one gets:
JN (t)

=

t+N
h −1 h
X


C(τ )x̄(τ ) + D(τ )u(τ ) + ēp (τ ) + D(τ )x̄N,w (τ ) u(τ ) +

τ =t

+C(τ )x̄(τ )x̄N,w (τ ) + Cov (C(τ )x̃(τ ), x̃N,w (τ )) + ēp (τ )x̄N,w (τ ) +
i
Cov(ẽp (τ ), x̃N,w (τ )) − aw,N + aN + bN u(τ ) + 0.5cN u(τ )2
=

t+N
h −1 h
X


C(τ )x̄(τ ) + D(τ )u(τ ) + enp (τ ) u(τ ) +

τ =t

anN (τ ) + bN u(τ ) + 0.5cN u(τ )2

i

(5.13)

where:
anN (t)

=

aw,N + aN − C(t)x̄(t)x̄N,w (t) − Cov(C(t)x̃(t), x̃N,w (t)) −
ēp (t)x̄N,w (t) − Cov(ẽp (t), x̃N,w (t))

enp (t)

= ēp (t) + D(t)x̄N,w (t)

The optimization problem can now be defined as the maximization of the index
5.13, constrained by the state update equation for the mean of the state5 , which
4 The

reasonableness of this assumption has already been discussed in the previous chapter.
it is the mean that appears in Equation (5.13) rather than the state itself.

5 Indeed,

82

Cournot competition: a stochastic model

is obtained by taking the expectation on both terms in the first equation in the
set 5.12:
x̄(t + 1) = F(t)x̄(t) + G(t)u(t) + ¯
ex (t)
(5.14)
The Hamiltonian for this problem is then given by the following expression6 :


C(t)x̄(t) + D(t)u(t) + enp (t) u(t) −
H(x̄, λ, u, t) =


1
2
n
aN (t) + bN u(t) + cN u(t)
2

T
+λ (t + 1) F(t)x̄(t) + G(t)u(t) + ¯
ex (t)
(5.15)
which closely resembles, with different coefficients, Equation (4.16). The first
order condition for stationarity
∂H(x̄, λ, u, t)
=0
∂u(t)
has to be imposed. Solving this equation for the input u(t) leads to:
u(t) =

GT (t)λ(t + 1) − bN + enp (t) + C(t)x̄(t)
cN − 2D(t)

(5.16)

The second order derivative of the Hamiltonian turns out to be again:
∂ 2 H(x̄, λ, u, t)
= 2D(t) − cN = −2f (t) − cN < 0
∂ 2 u(t)
which ensures that the stationarity point is a maximum point, being both f (t)
and cN positive. Again, the costate equation is given by:
λ(t) =

dH(x̄, λ, u, t)
= CT (t)u(t) + CT (t)x̄N,w (t) + FT (t)λ(t + 1)
dx̄(t)

(5.17)

Let us assume again a linear relationship between the Lagrangian multiplier λ(t)
and the mean state vector x̄(t):
λ(t) = S(t)x̄(t) + M(t)

(5.18)

Through a procedure similar to the one described in the previous chapter, one
can achieve the update equation for the Lagrangian multiplier λ(t), which is
given by:

−1
λ(t + 1) = M(t + 1) + S(t + 1) (cN − 2D(t)) − G(t)GT (t)S(t + 1)
·
h
(cN − 2D(t))F(t)x̄(t) + (cN − 2D(t))¯
ex (t) +
(5.19)
i

G(t) GT (t)M(t + 1) − bN + enp (t) + C(t)x̄(t)
6 The

4.3.

time indices are omitted for the sake of compactness, but are the same as in Section
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The update equations for the matrices S(t) and M(t) defined in Equation (5.18)
are still to be determined. By combining Equations (5.17) and (5.18), one gets:
λ(t) = S(t)x̄(t) + M(t) =

∂H(x̄, λ, u, t)
= CT (t)(u(t) + x̄N,w (t)) + FT (t)λ(t + 1)
∂x̄(t)

Substituting Equations (5.16) and (5.19) into the equation above:
λ(t)

=

S(t)x̄(t) + M(t)

=

!
GT (t)λ(t + 1) − bN + enp (t) + C(t)x̄(t)
C (t)
+ x̄N,w (t) +
cN − 2D(t)

=

=

T

FT (t)λ(t + 1) =


−bN + enp (t) + C(t)x̄(t)
CT (t)
+ x̄N,w (t) +
cN − 2D(t)

 T
T
C (t)G (t)
+ FT (t) λ(t + 1) =
cN − 2D(t)


−bN + enp (t) + C(t)x̄(t)
CT (t)
+ x̄N,w (t) +
cN − 2D(t)

 T
T
C (t)G (t)
T
+ F (t) ·
cN − 2D(t)
n

−1
M(t + 1) + S(t + 1) (cN − 2D(t)) − G(t)GT (t)S(t + 1)
·

(cN − 2D(t))F(t)x̄(t) + (cN − 2D(t))¯
ex (t) +
o
T
n
G(t) G (t)M(t + 1) − bN + ep (t) + C(t)x̄(t)

which is always true if:
S(t)

=

 T

C(t)
C (t)GT (t)
+
+ FT (t) ·
cN − 2D(t)
cN − 2D(t)

−1
S(t + 1) (cN − 2D(t)) − G(t)GT (t)S(t + 1)
·


(cN − 2D(t))F(t) + G(t)C(t)
CT (t)

(5.20)

and:
M(t)


  T

−bN + enp (t)
C (t)GT (t)
= CT (t)
+ x̄N,w (t) +
+ FT (t) ·
cN − 2D(t)
cN − 2D(t)
n

−1
M(t + 1) + S(t + 1) (cN − 2D(t)) − G(t)GT (t)S(t + 1) (5.21)
·
o


(cN − 2D(t))¯
ex (t) + G(t) GT (t)M(t + 1) − bN + enp (t)

The sequences S(t) and M(t) can be calculated backwardly using Equations
(5.20), (5.21) and imposing the final conditions S(t + Nh ) = 0, M(t + Nh ) = 0.
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With the values of S(t) and M(t), Equations (5.18) and (5.14) are substituted
into (5.16) to obtain the optimal control rule:

GT (t) S(t + 1)x̄(t + 1) + M(t + 1) − b1 + enp (t) + C(t)x̄(t)
u(t) =
c1 − 2D(t)
T
G (t)S(t + 1)F(t) + C(t)
=
x̄(t) +
c1 − 2D(t)



GT (t) S(t + 1) G(t)u(t) + ¯
ex (t) + M(t + 1) − b1 + enp (t)
c1 − 2D(t)
and, solving for u(t)
u(t)

5.4

=

GT (t)S(t + 1)F(t) + C(t)
·
c1 − 2D(t) − G(t)T S(t + 1)G(t)


F(t − 1)x̄(t − 1) + G(t − 1)u(t − 1) + ¯
ex (t − 1) +

GT (t) S(t + 1)¯
ex (t) + M(t + 1) − b1 + enp (t)
c1 − 2D(t) − G(t)T S(t + 1)G(t)

(5.22)

Implementation and simulation of the system

This section presents the main results obtained with the simulations performed
after the implementation of the systems described above as Matlab models.
The structure of this section and the simulations performed resemble closely
the ones in Section 4.5. At first, a set of simulations have been carried out in
order to motivate the introduction of the one step strategy as a model for the
generators’ behavior. This has been done by comparing it with the so called
”naive” strategy in which the generators’ bids for a given hour remain constant
from one day to the next. Then, a second set of simulations that show the
performance of the multi step optimal strategy developed in Section 5.3 will be
described.
From the point of view of the system setup, very little differences can be found
with the setup described in the previous chapter. This has been done in order to
guarantee transparency in the comparison of the two systems. The coefficients
a(t) and b(t) of the demand function have been kept equal to the ones calculated
in Section 4.5 (and consequently the coefficients e(t) and f (t) of the inverse
demand function), along with the values used for the speeds of adjustment
ki (t). In the same fashion, the coefficients ai , bi , ci of the cost functions of the
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producers for the non-wind production part have been kept equal to the ones in
the previous chapter.
The only differences between the setups of the deterministic and the stochastic
systems are introduced by the inclusion of wind power in the model. As far as
concerns the cost functions, the coefficients aw,i (t) have been set to the value
10, without any loss of generality in the optimization procedure. From the point
of view of the simulations, their number has been doubled with the inclusion of
wind power. Indeed, it has been decided to simulate the system in two different
conditions: the ideal one, in which the producers know exactly the quantity of
wind power they will have in the future (perfect information), and the real one,
in which the producers can only estimate this quantity by forecasting. This will
make possible the evaluation of the impact of forecasting wind power both in
short term and long term strategies.
The data used for the realization of wind power are the ones measured during
the month of April 2007, which is the time window chosen for the simulation,
as in the previous chapter. They refer to zone 3 and 4 of Denmark, respectively
for the first and the second producer in the simulation. The data of wind power
forecasts are the ones estimated by WPPT (Wind Power Prediction Tool), which
provides estimates at every hour of the day up to 43 hours ahead. Every day,
the forecasts (for the 43 hours ahead) which are available at noon are used.
This allows each generator to use the most recent estimates accessible, which is
realistic since the bids for a given day are placed at the latest at noon of the
day before. This actually means that the first 12 forecasts have to be discarded,
since they refer to the hours 13th to 24th of the current day, for which the
bids have already been placed (on the previous day). Therefore, only 31 values
of forecasts are available for use. In cases in which more forecasts are needed,
namely the simulations involving the multi step strategy, the forecast vector has
been prolonged keeping the values from the 32nd to the end equal to the 31st
value, that is the last available forecast. Figure 5.2 shows a possible forecast
used in the system. It involves in total 60 hours, the first 12 of which have to be
discarded, so that 48 hours are available for the optimization process (forecasts
of this type are used by generators adopting the multi step strategy with a 2day horizon). As it is possible to see in Figure 5.2, the values forecasted by the
WPPT are given as numbers in the range [0 1], which indicate the forecasted
quantity of wind power as a fraction of the total installed capacity. This values
have been scaled in the simulations in order to ensure a percentage of wind
power included in the range 10 − 20% of the total production.
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Figure 5.2: example of forecasts issued at noon, as used in the Matlab implementation. The shaded area in the figure covers the first 12 predictions issued
by WPPT, which are discarded since they are still forecasting the current day.
The horizontal line on the right side of the figure is due to the fact that WPPT
predictions reach out to 43 hours ahead: the forecasts needed in excess are kept
constant to the last predicted value.

5.4.1

One step bidding strategy

The same simulations described in Subsection 4.5.1 have been carried out with
the new implementation of the system, both in the case of perfect information
and with WPPT predictions. In both cases, the considerations already pointed
out regarding the convenience of switching from the naive7 to the one step
strategy still hold. Table 5.1 shows that the first generator is encouraged to
switch from the naive to the one step strategy, and so is the second producer
when the first one has switched. The comments made in Subsection 4.5.1 about
quantity, system price and social welfare still hold. Table 5.1 has been obtained
in a simulation in which generators are provided with WPPT forecasts, but a
similar table could be shown for the case of perfect prediction, confirming all
the comments previously done. It is omitted here for the sake of compactness,
but can be found at the end of this chapter.
Figure 5.3 shows the dynamics of the quantities produced by each generator
7 The naive strategy is now defined by keeping the total bid, including both traditional
technologies and wind power, constant: xi (t + 1) + x̄i,w (t + 1) = xi (t) + x̄i,w (t).
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Strategy

Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Naive
Naive
1505.60
20936.06
18.18
20936.06
16.15
12171113.72
12140276.61
26.18
38291012.34

One step
Naive
1505.60
27272.26
13.78
20936.06
16.15
12874900.60
10033523.24
21.98
41427435.09
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One step
One step
1505.60
25265.26
14.86
25229.04
13.24
11072600.27
11022090.79
20.47
42414333.98

Table 5.1: main results of three simulations that compare the naive strategy
with the one step strategy in the case of WPPT prediction. The first generator
is encouraged to adopt the one step strategy when the second one is following
the naive one. In turn the second generator also obtains more profits when
switching to the one step strategy.
in a simulation in which the first generator follows the one step strategy and
the second one the naive strategy, and both of them are provided with WPPT
predictions. The demand is set to the medium value (b ≈ 1500) of elasticity.
The second generator (on the right side of the figure) aims to keep its total
production (blue line) constant, by adjusting the quantity produced with traditional technologies (red line) with respect to the estimated wind power (its
real value is shown as a green line). The first generator (on the left side of the
figure), instead, slightly increases its production when it forecasts a high value
of wind production. This slight increase is the optimal compromise between two
contrasting facts: on one side, the lower costs due to the abundance of wind
power encourage it to produce more energy; on the other side, a decrease on
the price discourages conspicuous increases in the energy production. Figure
5.4 shows the dynamics of the price during the third week of April 2007. The
price maintains its periodic behavior as seen in the previous chapter, but is now
more irregular due to the introduction of wind power.
A sensitivity analysis could also be performed on this system, which models
the behavior of electricity markets when wind power is included. The findings
obtained, both in the case of perfect and WPPT prediction, are very similar to
the ones already presented in Subsection 4.5.1. For this reason, again, only the
main results are shown in Table 5.2 but the comments will not be repeated.
Some new and interesting considerations can be discussed by comparing the
results of the simulations performed in the deterministic and in the stochastic
cases, i.e. with perfect predictions and with WPPT predictions. Table 5.3
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(a) Production of generator 1 (one step strategy)
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(b) Production of generator 2 (naive strategy)

Figure 5.3: quantities produced by each of the generators in a simulation with
a demand elasticity set by b ≈ 1500, in the WPPT prediction case. The total
production is the blue line, wind power is the green one and production via
other technologies is the red line. The plotted period is the third week of April
2007.
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Figure 5.4: system price in a simulation with b ≈ 1500 in the WPPT prediction
case. The plotted period is the third week of April 2007.

shows the results of the simulations performed with a demand elasticity set
to b ≈ 1500 and when both the players follow the one step strategy. The
results obtained with different conditions of demand elasticity are omitted here,
but can be found at the end of this chapter. The trend of the results is the
same as shown by Table 5.3. A comparison between the first and the second
column of this table shows that with the addition of wind power production
there is a slight increase in the quantity of energy dispatched by each of the
producers (+0.77% for the first one, +0.53% for the second one). The reason
for this small rise in the production is the one explained earlier. The fact
that the wind power covers around 13-14% of the total generation while the
increase in production amounts to about 1% means that a conspicuous share
of the production has switched from traditional technologies to wind power.
The profits of the producers increase (+2.64% for the first generator, +2.08%
for the second one), which was quite expected since the generators now have
cheaper production techniques at their disposal. The increase in the produced
quantity also causes a decrease in the price (−1.06%), which usually represents
a benefit for the consumers. As far as concerns the overall effects for the society,
one can notice that the daily social welfare8 increases (+1.86%) both due to an
8 One could question the definition of social welfare given in Section 4.5. According to
this, the social welfare is a calculation that assesses the benefit for both the consumers and
the producers merely in an economic sense. What is not included in the definition are more
intangible issues. For instance one could wonder: ”how much is the society willing to pay in
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Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Cournot competition: a stochastic model
1001.43
21917.87
17.21
21867.99
15.35
12234298.35
12175665.74
25.29
47387559.88

1505.60
25267.90
14.85
25206.73
13.24
11080640.05
11020074.69
20.48
42405599.30

2012.09
28526.53
13.13
28450.41
11.71
10813197.68
10748104.41
18.18
40922646.19

Table 5.2: results of three simulations where both the generators employ the
one step strategy in the perfect prediction case, with three different conditions
of demand elasticity. The simulated period is April 2007.
heightened benefit for the consumers (who can now buy more energy at a lower
price) and for the producers (who increase their profits due to lower production
costs). The same comparisons could be made between the deterministic and the
WPPT prediction cases, leading to the exact same considerations.
A more interesting comparison could involve the two stochastic cases (second
and third column in Table 5.3) in order to evaluate the impact of having good
predictions on the efficiency of strategic bidding and on the overall society.
At a first glance, one notices that many parameters show very little variation.
The produced quantities, the price and the social welfare change of a very small
fraction of percentage. This result is somehow justified by the fact that the error
introduced by the WPPT prediction is very small. As far as concerns the profits
of the generators, after a superficial analysis, one could expect that both the
producers lose in the switch from perfect to imperfect predictions. The problem
is yet more complex than that, since it is a two-player game and both the
players change their prediction method together. Therefore one generator, even
with imperfect predictions, could still take advantage from the other producer’s
predictions being less accurate and earn more profits than in the case in which
both of them have perfect information. This is actually what happens in the
simulations performed: as one can see in Table 5.3 by comparing the profits
in the second and in the third column, the first generator is penalized while
the second one increases its profits. Comparing the accuracy of the predictions,
one could notice that the second producer has better quality predictions at its
disposal: the standard deviations of the forecasts are indeed σe1 = 711.85 MWh
and σe2 = 648.82 MWh. Although each producer also uses estimates of the
wind power of the other one and for simplicity it has been assumed that both
order to have cleaner air and not to burden the future generations with radioactive waste?”.
Under this point of view, the introduction of wind power could be motivated even if the social
welfare as defined in Section 4.5 decreased.
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Case

Deterministic

Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

1505.60
25074.97
0.00
25074.97
0.00
10795398.71
10795398.71
20.70
41631055.95

Perfect
prediction
1505.60
25267.90
14.85
25206.73
13.24
11080640.05
11020074.69
20.48
42405599.30
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WPPT
prediction
1505.60
25265.26
14.86
25229.04
13.24
11072600.27
11022090.79
20.47
42414333.98

Table 5.3: results of three simulations where both the generators employ the
one step strategy in the following cases: deterministic case (no wind power),
perfect prediction case, WPPT prediction case. The simulated period is April
2007.
of them are provided with the same information9 , still the forecasts on the own
wind power have double weight than the forecasts on the competitor (the term
x̃i,w (t + 1) is multiplied by a factor 2 in Equation (5.6)). As a result, the second
generator has a little advantage over the first one and this explains the slight
increase in its profits in the switch to WPPT predictions.

5.4.2

Multi step bidding strategy

The aim of this subsection is to evaluate the performance of the multi step
strategy developed in Section 5.3. The setup of the Matlab system simulated
in the previous subsection has been modified in order to allow one or both the
generators to switch to the multi step strategy. The parameters in the setup
(cost and demand functions, speeds of adjustment) have been left unchanged.
As in Subsection 4.5.2, the optimization horizon has been set to Nh = 3. The
motivations discussed previously still hold, now in addition to a forecasting limitation. The wind predictions are provided for less than two entire days ahead,
and kept constant to the last given value when longer forecasts are needed.
This prolongation means somehow assuming that the wind power production
will not change abruptly from the last forecasted value. Although it is a reasonable assumption in a short term basis, its sense is lost when the horizon extends
significantly.
9 That is to say: generator 1 and generator 2 both use the same estimates for the amount
of wind power in a given zone.
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Table 5.4 shows the results of three simulations performed with b ≈ 1500 in the
WPPT prediction case. As in Subsection 4.5.2, the first generator is encouraged
to switch to the multi step strategy by an increase in the profits (+8.25%).
The second generator, while suffering conspicuous losses (−30.18%) from the
opponent’s switch, is again not encouraged to switch to the multi step strategy
(the case of both generators using the multi step strategy is not shown for
the reasons explained in the previous chapter). The considerations made in the
previous chapter about total production, mean price and social welfare still hold
and are not repeated in this subsection. The same simulations have also been
performed in the perfect prediction case. The results obtained are very similar
and are not shown here. The tables at the end of the chapter summarize the
results of all the simulations performed.
Strategy

Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

One step
One step
1505.60
25265.26
14.86
25229.04
13.24
11072600.27
11022090.79
20.47
42414333.98

Multi step
One step
1505.60
34801.87
10.89
20462.47
17.58
12162820.78
7418079.81
17.28
43963568.05

Table 5.4: main results of three simulations that compare the one step strategy
with the long term optimal strategy developed in Section 5.3. The adoption
of the long term optimal strategy by the first generator is encouraged by a
conspicuous increase in the profits.

Figure 5.5 shows the dynamics of the produced energy in a simulation in which
the first generator adopts the multi step strategy while the second one sticks with
the one step strategy. Both the generators are provided with WPPT predictions.
The plotted period is the third week of April 2007, when b ≈ 1500. The multi
step strategy allows a more regular production of energy (sub-figure above) than
the one step strategy (sub-figure below), which has to adjust the production
constantly due to the fact that the model of the opponents’ response to wind
power is not accurate. The dynamics of the system price in the same simulation
are shown in Figure 5.6. Again, the periodic behavior is less clear due to the
stochastic behavior of the system.
Table 5.5 shows the results obtained during the simulations of the system in
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(a) Production of generator 1 (multi step strategy)
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(b) Production of generator 2 (one step strategy)

Figure 5.5: quantities produced by each of the generators in a simulation with
a demand elasticity set by b ≈ 1500, in the WPPT prediction case. The total
production is the blue line, wind power is the green one and production via
other technologies is the red line. The plotted period is the third week of April
2007.
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Figure 5.6: system price in a simulation with b ≈ 1500 in the WPPT prediction
case. The plotted period is the third week of April 2007.

which the first generator adopts the multi step strategy and the second one
the one step strategy, with b ≈ 1500. The deterministic, perfect prediction
and WPPT prediction cases are shown each one in a dedicated column of the
table. As one can see by comparing the first column (deterministic case) with
the second one (perfect prediction case), both the generators slightly increase
their production (+0.52% for the first producer, +0.65% for the second one).
Like in the previous simulations, both of them benefit from the introduction
of wind power (+2.62% for the first generator, +2.82% for the second one in
terms of daily profits), due to the fact that the production costs decrease. The
mean price, as a consequence of the increase in the generators’ output, decreases
by 1.14%. The combined effect of higher generator profits and decreased price
causes the social welfare to increase by 1.83%. A comparison of the deterministic
case with the WPPT one would bring small difference in the trends explained
above. For this reason all the comments are omitted.
Some considerations arise from a comparison between the cases of perfect information and WPPT predictions. As in Subsection 5.4.1, the differences in
price and social welfare are negligible. What interests more is the effect the
switch to the WPPT predictions has on the profits. As one can see, differently
from what happens when both generators employ the one step strategy, it is the
first generator that increases its profits instead of the second one, which in the
previous case increased its profits due to more accurate forecasts. The situation
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has been reversed by the fact that the first generator makes use of the multi
step strategy, and thus has a perfect model of the opponent’s bidding strategy.
In this way, the second generator may have a better accuracy in the forecasts
of its own wind power than the first generator does, but this gives it no real
advantage since the first generator can predict how much energy it is going to
bid. In other words, the first generator is able to cancel out the disadvantage
in the wind power forecasts with a better model of the opponent’s behavior.

Case
Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Deterministic
1505.60
34118.64
0.00
20869.19
0.00
11688122.58
7482975.53
17.47
43263407.50

Perfect
prediction
1505.60
34295.20
11.02
21004.03
15.84
11994833.88
7693808.83
17.27
44056118.23

WPPT
prediction
1505.60
34801.87
10.89
20462.47
17.58
12162820.78
7418079.81
17.28
43963568.05

Table 5.5: results of the simulations in which the first generator adopts the multi
step strategy and the second one the one step strategy. The demand elasticity
is set by b ≈ 1500.

As far as concerns the behavior of the multi step strategy with different optimization horizons, it should be said that there is little difference between the
perfect prediction case and the deterministic one. In fact, the profits of the
generator employing the multi step strategy keep on increasing as the number
of days Nh included in the horizon grow. The situation is quite different in
the case in which more realistic predictions are used. In simulations performed
with the simultaneous employment of the multi step strategy and of the WPPT
predictions, an augment in the profits has been seen with an expanding horizon
Nh until a certain critical value Nh∗ . Beyond this point, which depends on the
percentage of wind production over the total production (Nh∗ diminishes with an
increasing percentage of wind power) the profits start decreasing as Nh grows.
The explanation for this behavior lays in the fact that the accuracy of the wind
prediction is acceptable until a given number of hours ahead. When the horizon slips too far away in the future the optimization process is performed on a
prediction that might be too far away from reality, and thus the strategy loses
its optimality.
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Conclusions

The inclusion of wind power production in the system has given room for some
interesting comments on the results of the simulations throughout the chapter.
At first, it has been underlined the appropriateness of the one step strategy,
with respect to the ”naive” strategy, as a model for strategic bidding even in a
stochastic framework. Its superiority has been proved through simulations both
in the case of perfect information and of WPPT estimate on the future profile
of wind power production.
Furthermore, the fact that the introduction of wind power has beneficial effects
both for the generators and for the society has been pointed out. The former
ones are encouraged to switch to wind power production by an increase in their
profits, due to lower production costs. The society instead benefits from the
introduction of wind power since it can achieve a generally decreased level of
prices and at the same time increase the index of social welfare. This trend has
been confirmed by all the simulations in various conditions of demand elasticity,
with different combinations of bidding strategies and in the cases of perfect
predictions and of WPPT estimates.
The efficiency of the multi step bidding strategy has been confirmed by the
results of the simulations in the new stochastic framework. This performance
is achieved both in the case of perfect information and of WPPT prediction on
the future profile of the wind. As expected, the results in terms of profits in
the WPPT case are not as high as in the ideal one. This is mainly due to the
discrepancy between the horizon of the forecasts imposed by nature and the
horizon of the optimization process, which is generally longer than the former
one. However, this advanced strategy still guarantees sensibly increased profits
to the generator which adopts it.
The Tables 5.6, 5.7, 5.8 and 5.9 document the results of all the simulations
carried out with the stochastic version of the system. They are comprehensive
of the results commented above in the chapter and of the simulations that have
been omitted before for compactness.
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Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Naive
Naive
1001.43
20936.06
18.18
20936.06
16.15
12670562.20
12639725.09
27.18
46327440.73

One step
Naive
1001.43
22379.03
16.84
20936.06
16.15
12740021.51
11927348.57
25.75
47144472.80

One step
One step
1001.43
21917.87
17.21
21867.99
15.35
12234298.35
12175665.74
25.29
47387559.88

Naive
Naive
1505.60
20936.06
18.18
20936.06
16.15
12171113.72
12140276.61
26.18
38291012.34

One step
Naive
1505.60
27261.64
13.77
20936.06
16.15
12874787.62
10037192.04
21.99
41422912.44

One step
One step
1505.60
25267.90
14.85
25206.73
13.24
11080640.05
11020074.69
20.48
42405599.30

Naive
Naive
2012.09
20936.06
18.18
20936.06
16.15
11921389.47
11890552.37
25.68
34272798.14

One step
Naive
2012.09
31941.94
11.74
20936.06
16.15
13529509.38
9148372.97
20.22
39350168.06

One step
One step
2012.09
28526.53
13.13
28450.41
11.71
10813197.68
10748104.41
18.18
40922646.19

Table 5.6: results of the simulations that assess the performance of the one step
strategy in comparison with the naive strategy, in the three different conditions
of demand elasticity. The simulations are performed in the case of perfect
information.
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Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Naive
Naive
1001.43
20936.06
18.18
20936.06
16.15
12670562.20
12639725.09
27.18
46327440.73

One step
Naive
1001.43
22384.37
16.84
20936.06
16.15
12740736.72
11924518.78
25.75
47147634.03

One step
One step
1001.43
21912.91
17.20
21884.90
15.33
12229168.45
12182064.54
25.28
47397724.94

Naive
Naive
1505.60
20936.06
18.18
20936.06
16.15
12171113.72
12140276.61
26.18
38291012.34

One step
Naive
1505.60
27272.26
13.78
20936.06
16.15
12874900.60
10033523.24
21.98
41427435.09

One step
One step
1505.60
25265.26
14.86
25229.04
13.24
11072600.27
11022090.79
20.47
42414333.98

Naive
Naive
2012.09
20936.06
18.18
20936.06
16.15
11921389.47
11890552.37
25.68
34272798.14

One step
Naive
2012.09
31955.52
11.75
20936.06
16.15
13529500.47
9144862.26
20.21
39355140.43

One step
One step
2012.09
28524.38
13.14
28478.25
11.71
10804407.11
10749546.53
18.17
40931840.80

Table 5.7: results of the simulations that assess the performance of the one step
strategy in comparison with the naive strategy, in the three different conditions
of demand elasticity. The simulations are performed in the case of WPPT
prediction.

5.5 Conclusions

99

Generator 1
Generator 2
Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

One step
One step
1001.43
21917.87
17.21
21867.99
15.35
12234298.35
12175665.74
25.29
47387559.88

Multi step
One step
1001.43
30550.69
12.37
17754.14
18.86
13399579.89
8077557.17
20.76
49429900.77

Generator 1
Generator 2

One step
One step
1505.60
25267.90
14.85
25206.73
13.24
11080640.05
11020074.69
20.48
42405599.30

Multi step
One step
1505.60
34295.20
11.02
21004.03
15.84
11994833.88
7693808.83
17.27
44056118.23

One step
One step
2012.09
28526.53
13.13
28450.41
11.71
10813197.68
10748104.41
18.18
40922646.19

Multi step
One step
2012.09
37927.26
9.96
24170.76
13.74
11598999.78
7798034.20
15.63
42390482.16

Strategy

Strategy

Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Table 5.8: results of the simulations that assess the performance of the long
term strategy in comparison with the one step strategy, in the three different
conditions of demand elasticity. The simulations are performed in the case of
perfect information.
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Generator 1
Generator 2
Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

One step
One step
1001.43
21912.91
17.20
21884.90
15.33
12229168.45
12182064.54
25.28
47397724.94

Multi step
One step
1001.43
31058.73
12.21
17205.31
21.50
13624566.53
7704608.00
20.79
49306280.93

Generator 1
Generator 2

One step
One step
1505.60
25265.26
14.86
25229.04
13.24
11072600.27
11022090.79
20.47
42414333.98

Multi step
One step
1505.60
34801.87
10.89
20462.47
17.58
12162820.78
7418079.81
17.28
43963568.05

One step
One step
2012.09
28524.38
13.14
28478.25
11.71
10804407.11
10749546.53
18.17
40931840.80

Multi step
One step
2012.09
38425.42
9.85
23639.90
14.99
11737189.11
7572853.80
15.64
42312701.51

Strategy

Strategy

Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean Quantity Gen.1 (MWh)
Mean Wind % Gen.1
Mean Quantity Gen.2 (MWh)
Mean Wind % Gen.2
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Table 5.9: results of the simulations that assess the performance of the long
term strategy in comparison with the one step strategy, in the three different
conditions of demand elasticity. The simulations are performed in the case of
WPPT prediction.

6
Simultaneous Perturbation
Stochastic Approximation

Chapter

6.1

Introduction

This chapter presents the simultaneous perturbation stochastic approximation
(SPSA) technique, which will be exploited later in the thesis. The intention
is not to give an omni-comprehensive and complete explanation of the topic.
Rather, the intention is to introduce the main results so to let the reader get
acquainted with the subject. Everything which is omitted (e.g. demonstrations
of theorems) can be found into Spall [2008], which is also the main source of
information for this chapter.
In general, stochastic approximation (SA) methods are a family of iterative
stochastic optimization algorithms that attempt to find zeroes or extrema of
functions which cannot be computed directly, but only estimated via noisy observations. Let us start with an example, considering the familiar problem of
minimizing/maximizing a differentiable loss function L = L(Θ) via finding a
root to
∂L
∂Θ
This problem is solved by SA methods referred to as ”stochastic gradient algorithms”, as they require knowledge of Y(Θ) = ∂Q/∂Θ, where ∂Q/∂Θ rep-
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resents a direct noisy measurement of the (unknown) true gradient g(Θ) =
∂L/∂Θ.
There are, however, a large number of problems where the direct measurement
∂Q/∂Θ is difficult or impossible to obtain. For this reason, SA algorithms
that do not depend on direct gradient measurements have been developed.
Rather, these algorithms are based on an approximation to the gradient and
are therefore referred to as ”gradient approximation algorithms”. The oldest
of these ”gradient-free”1 methods is the finite difference stochastic approximation (FDSA). It employs small one-at-a-time changes to each of the individual elements of Θ. After each change the (noisy) value of the loss function
y(θ) = L(θ) +  is measured and, once these measurements have been collected,
the gradient approximation may be formed. This approach is obviously motivated from the definition of the gradient as a collection of derivatives for each
of the components in Θ. Unfortunately, the method may be very costly if the
dimension p of Θ is high, since one must collect at least one measurement of L
for each of the elements in Θ.
For this very reason the SPSA algorithm has been developed. Its main characteristic is that it uses only a fraction of the measurement needed by the
FDSA techniques. Nevertheless, as it will be shown later, it shares the same
convergence properties. The SPSA also belongs to the class of gradient-free algorithms. Therefore, the central focus with SPSA is the stochastic setting where
only measurements of the loss functions are available (i.e. no gradient information). Some recent results, however, show that the SPSA idea can be extended
in a relatively simple way to the stochastic gradient setting (see Section 7.8 in
Spall [2008]). Hence the SPSA principles can be used in either the stochastic
gradient or gradient-free settings. In this thesis the gradient-free version has
been used and, therefore, will be discussed.

6.2
6.2.1

SPSA algorithm: form and motivation
Basic Algorithm

This section is devoted to the presentation of the ”basic” SPSA algorithm, which
applies in the gradient-free setting. Other versions of the algorithm exist, for
instance the adaptive version of SPSA which applies in either the gradient1 This use of ”gradient-free” is associated with the implementation of the algorithm. It does
not refer to conditions imposed to guarantee convergence which are defined on the gradient
as well.
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free or the stochastic gradient based setting. It is now assumed that no direct
measurement of g(Θ) are available.
The basic SPSA algorithm in the general recursive SA form is:
Θ̂k+1 = Θ̂k − ak ĝk (Θ̂k )

(6.1)

where ĝk (Θ̂k ) is the simultaneous perturbation estimate of the gradient g(Θ) =
∂L/∂Θ at the iterate Θ̂k based on the measurement of the loss function and
ak is a nonnegative scalar coefficient. The fact that it pertains to the class of
gradient-free algorithms is evident from the gradient estimate ĝk (Θ̂k ) replacing
the direct gradient measurement, which is not available. Under appropriate
conditions the iteration 6.1 converges to the optimum2 Θ∗ .
The essential part of 6.1 is the gradient approximation ĝk (Θ̂k ). Recall that with
FDSA this gradient approximation is formed by perturbing the components of
Θ̂k one at a time and collecting loss measurements y(·) at each of the perturbations. This requires 2p loss measurements for a two-sided FD approximation.
In contrast, with simultaneous perturbation, all elements of Θ̂k are randomly
perturbed together to obtain two loss measurements y(·). For the two-sided SP
gradient approximation, this leads to


y(Θ̂k + ck ∆k ) − y(Θ̂k − ck ∆k )


2ck ∆k1




..
ĝk (Θ̂k ) = 

.


 y(Θ̂k + ck ∆k ) − y(Θ̂k − ck ∆k ) 
2ck ∆kp
=

y(Θ̂k + ck ∆k ) − y(Θ̂k − ck ∆k ) −1
T
[∆k1 , . . . , ∆−1
kp ]
2ck

(6.2)

where ∆k = [∆k1 , . . . , ∆kp ]T is a mean-zero p-dimensional random perturbation vector with a user specified distribution satisfying conditions that will be
discussed later and ck is a positive scalar. Equation (6.2) shows that the gradient approximation is based on the difference between the values of the loss
function measured in two different points. These two points are determined by
perturbing the iterate Θ̂k by means of the perturbation vector ∆k .

6.2.2

Relationship of gradient estimate to true gradient

The rationale for the gradient approximation in 6.2 is quite simple and will
be presented in this section. The purpose here is not to give a detailed and
2 The

optimum is the minimum in this case, given the minus sign in the Equation (6.1).
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rigorous mathematical analysis, but rather to point out and suggest the main
ideas behind it. Let us consider the m-th element of the approximation. Suppose
that the measurement noise (Θ) has zero mean and that the cost function L is
several times differentiable at Θ = Θ̂. Hence, using a simple first-order Taylor
expansion:
#
"
h
i
y(Θ̂k + ck ∆k ) − y(Θ̂k − ck ∆k )
Θ̂k
E ĝkm (Θ̂k )|Θ̂k
= E
2ck ∆km
"
#
L(Θ̂k + ck ∆k ) − L(Θ̂k − ck ∆k )
= E
Θ̂k
2ck ∆km
"
#
L(Θ̂k ) + ck gT (Θ̂k )∆k − [L(Θ̂k ) − ck gT (Θ̂k )∆k ]
= E
Θ̂k
2ck ∆km
"
#
Pp
2ck i=1 L0i (Θ̂k )∆ki
= E
Θ̂k
2ck ∆km


X
∆ki
= L0m (Θ̂k ) +
L0i (Θ̂k )E
∆km
i6=m

where L0i (·) denotes the i-th component of g(·). What happens going from the
first to the second line of the equation is that the noise terms cancel out, while
in the third line the Taylor expansion of L(Θ̂k ± ck ∆k ) has been performed.
Assume that ∆ki has zero mean and is independent of ∆km for i 6= m. Then
E(|1/∆km |) must be finite in order for E(∆ki /∆km ) to represent a valid expectation. Given the above, E(∆ki /∆km ) = 0 for all i 6= m and, therefore:
h
i
E ĝkm (Θ̂k )|Θ̂k ≈ L0m (Θ̂k )
(6.3)
where the ≈ accounts for the bias3 in the gradient approximation. It is due to
the higher order terms in the expansion of L and, therefore, it is O(c2k ).
Figure 6.1 provides a representation of SPSA for the case where ∆ki , ∀ k, i are
generated by a symmetric Bernoulli ±1 distribution4 (this kind of distribution
satisfies the conditions for ∆k ). At a first glance it is immediately possible
to appreciate the difference between the SPSA gradient estimate and the true
gradient. In the part (c), in fact, the mean of the two possible negative gradient
estimates is reported, as well as the true gradient. This mean depends on both
the orientation and the magnitude of the candidate negative gradient estimates
shown in part (b). It is easy to see that there is a difference between the mean
and the true gradient, which is indeed the aforementioned O(c2k ) bias.
3 For

the complete and formal expression of the bias refer to Section 7.2 in Spall [2008].
symmetric Bernoulli ±1 distribution is characterized by having the same probability
for the two outcomes p(1) = p(−1) = 1/2.
4A
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(a)

(b)
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(c)

Figure 6.1: Comparison between the true gradient and SPSA gradient estimate
with p = 2. (a) shows the four possible values (dots) of Θ̂k ± ck ∆k surrounding Θ̂k (square) when using Bernoulli distributed perturbations. It also shows
the true gradient, which is perpendicular to the level curve. (b) shows the two
possible search directions and magnitudes for −ĝ(Θ̂). Each possibility has probability 1/2. The two arrows have different length because of the greater change
in the value of the function along the northwest-southeast direction. (c) shows
the mean search direction and magnitude (normal line) together with the real
gradient (dotted line).

6.2.3

Motivations for the use of SPSA

This section is devoted to a very brief and informal presentation of the motivations behind the development of the SPSA algorithm. The aim is once again
not to be completely rigorous, rather intuitiveness will be preferred.
Let us start by looking at the expression for the gradient estimate 6.2. It is easy
to see that the numerator is the same in all p components of ĝ(Θ̂k ). Therefore,
the number of loss measurements needed to estimate the gradient in SPSA is
two, regardless of the dimension p. Let us recall briefly how FDSA works. The
individual elements of Θ undergo small changes one at a time and, after each
change, the loss function L is measured and collected. Therefore, with FDSA,
the number of loss function measurements y(·) needed in each iteration of the
algorithm grows with p, since one must collect at least one measurement for
each of the elements in Θ. This measurement savings per iteration, of course,
provides only the potential for SPSA to achieve large savings (over FDSA) in
the total number of measurements required to estimate Θ when p is large. This
potential is realized if the number of iterations required for effective convergence
to an optimum Θ∗ does not increase in a way to cancel the measurements savings
per gradient approximation at each iteration. This potential would be realized
if, roughly speaking, the FD and SP gradient approximation acted the same in
some statistical sense. It is clear that the SP gradient approximation will not
act the same as the FD approximation as an estimate of the gradient per se.
The FD approximation will generally be superior in that sense, because of its
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characteristic ”element-wise” functioning in estimating the gradient. However,
the interest is not in the gradient per se. Rather, the interest is in how the
approximation operates when considered in optimization. In this regard, a very
important result has been derived:
Proposition 6.1 Under reasonably general assumptions the SPSA and FDSA
recursions achieve the same level of statistical accuracy for a given number of
iterations even though SPSA uses only 1/p times the number of function evaluations of FDSA.
The formal statement (together with the ”general assumptions”) and proof of
this theorem can be found in Section 7.4 of Spall [2008]: they have not been
included here for the sake of brevity. This is rather an intuitive version, presenting only the main result that is also the motivation for the development and
actual use of the SPSA algorithm.

6.3

Basic assumptions and supporting theory for
convergence

This section presents conditions for convergence of the SPSA iterate:
Θ̂k → Θ∗ , k → ∞
where Θ∗ represents the optimum. The following conditions are based on the arguments in Spall [1992], to which the reader is referred for a fully comprehensive
explanation and derivation of them.
C1 ak > 0, ck > 0, ak → 0, ck → 0,

P∞

k=0

ak = ∞,

P∞

k=0

a2k /c2k < ∞

C2 Let g(Θ) be continuous in Rp . With Z(τ ) ∈ Rp representing a time varying
function (τ denoting time), suppose that the differential equation given
by dZ(τ )/dτ = −g(Z(τ )) has an asymptotically stable equilibrium point5
at Θ∗ .
C3 supk≥0 kΘ̂k k < ∞. Moreover, Θ̂k lies in a compact (i.e. closed and
bounded) subset of the domain of attraction6 for the differential equation in C2.
5 An asymptotically stable equilibrium has the following two requirements: (i) for every
η > 0 there exist a δ(η) such that kZ(τ )−Θ∗ k ≤ η for all τ > 0 whenever kZ(0)−Θ∗ k ≤ δ(η),
and (ii) there exists a δ0 such that Z(τ ) → Θ∗ as τ → ∞ whenever kZ(0) − Θ∗ k ≤ δ0 .
6 The domain of attraction is that set such that Z(τ ) will converge to Θ∗ for any starting
point in the domain.
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(−)

C4 Given =k = [Θ̂0 , . . . , Θ̂k , ∆0 , . . . , ∆k−1 ], E[(k − k )|=k , ∆k ] = 0 for all
k and the ratio of measurement to perturbation is such that E[(y(Θ̂k ±
ck ∆k )/∆ki )2 ] is uniformly bounded (over k and i).
C5 L is three times continuously differentiable and bounded on Rp .
C6 The {∆ki } are independent for all k, i, identically distributed for all i at
each k, symmetrically distributed about zero and uniformly bounded in
magnitude for all k, i.
The convergence conditions above provide an abstract ideal. In practice, one
will rarely be able to check all of conditions C1-C6 due to a lack of knowledge
about L. In fact, the conditions may not be verifiable for the very reason that
one is using the gradient-free SPSA algorithm. Nonetheless, the conditions are
important in identifying the types of problems for which there are guarantees of
algorithm convergence. Also, conditions on L that may be formally unverifiable
may be at least intuitively plausible, providing some sense that the algorithm is
appropriate for the problem.
Let us comment on the conditions above. From the point of view of the user’s input, conditions C1, C4 and C6 are the most relevant since they govern the gains
ak , ck and the random perturbations ∆k . Condition C1, in particular, provides
a careful balance in having the gain ak decay neither too
fast nor too slow.
P∞
The gain should approach zero sufficiently fast (ak → 0, k=0 a2k /c2k < ∞) to
damp out the noise effects as the iterate gets
near the solution Θ∗ , but should
P∞
approach zero at a sufficiently slow rate ( k=0 ak = ∞) to avoid premature
(false) convergence
of the algorithm. Furthermore, the square summability conP∞
dition ( k=0 a2k /c2k < ∞) balances the decay of ak against the decay of ck to
ensure that the update in moving Θ̂k to Θ̂k+1 is well behaved. In particular, it
prevents ck from going to zero too quickly, which, in turn, thwarts the gradient
estimate from becoming too wild and overpowering the decay associated with
ak . The conditions C2 and C3 impose the requirement that Θ̂k (including the
initial condition) is close enough to Θ∗ so that there is a natural tendency for an
analogous deterministic algorithm (manifested in continuous time as an ODE)
to converge to Θ∗ . Conditions C4 and C6 on the perturbation distribution and
smoothness of L guarantee that the gradient estimate ĝ(Θ̂k ) is an unbiased estimate of g(Θ̂k ), to within an O(c2k ) error. This O(c2k ) is small enough so that
the Θ̂k iterate is able to converge to Θ∗ .
Based on these conditions the following theorem has been derived. It gives the
ground for the actual application of the SPSA technique to stochastic optimization problems. Only the statement will be reported here, the reader who is
interested in the proof is referred to Spall [1992].
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Theorem 6.2 Suppose that the conditions C1-C6 are satisfied. Further, suppose that Θ∗ is a unique minimum. Then, for the SPSA algorithm in 6.1 it
holds:
Θ̂k → Θ∗ as k → ∞

6.3.1

Distribution of the perturbation vector

Having just presented the conditions for convergence of the SPSA algorithm, it
is opportune to take a closer look in order to understand what they mean when
it comes to the choice of the distribution of the perturbation vector.
Let us start by the important relationship between the finite inverse moments
for the elements of ∆k and the condition in C4 that E[(y(Θ̂k ± ck ∆k )/∆ki )2 ]
be bounded. Using Holder’s inequality7 :

1
!2   
!# 1+τ
"
1
 1+η
2+2τ
2+2η
1
y(
Θ̂
±
c
∆
)
k
k
k
 ≤ E y(Θ̂k ± ck ∆k )
E
E
∆ki
∆ki
(6.4)
where η and τ are strictly positive values that satisfy (1 + η)−1 + (1 + τ )−1 = 1.
If the measurements y(Θ̂k ± ck ∆k ) have bounded moments of order 2 + 2η
then the first term on the right side of 6.4 is bounded. Hence, 6.4 implies
that E[(y(Θ̂k ± ck ∆k )/∆ki )2 ] is bounded if there exists a τ > 0 such that
(1 + η)−1 + (1 + τ )−1 = 1 and
!
2+2τ
1
E
≤C
(6.5)
∆ki
for some C > 0. This bounded inverse moments condition for the ∆ki is an
important part of SPSA. It came out already in the informal arguments of
section 6.2.2, when showing that ĝk (Θ̂k ) is a nearly unbiased estimate of g(Θ̂k ).
The condition expressed by Equation (6.5) becomes even more important when
choosing the distribution for the perturbation vector. In fact many common
distributions do not satisfy the inverse moments condition, as the symmetric
uniform and the normal with zero mean. The failure of both these distributions
is a consequence of the amount of probability mass near zero. In particular, with
too much probability near zero, the expectation integral of the generic form
! Z
2+2τ
2+2τ
∞
1
1
E
=
p∆ (x)dx
(6.6)
∆ki
−∞ x
7 The Holder inequality states: E(kYkkZk) ≤ E(kYkq )1/q E(kZkr )1/r , where r, q > 0 are
such that 1/q + 1/r = 1.
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is undefined (infinite), where p∆ (x) represents the density function for ∆ki (or
mass function if the integral is replaced by a sum). One important very simple distribution that satisfies the inverse moment condition has already been
introduced and it the symmetric Bernoulli ±1 distribution. Figure 6.2 shows
several probability density or probability mass functions for zero mean random
variables.

0

0
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Segmented Uniform

1

0.8

0.6

0.4

0.2

0
-2
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0

1

2

0

0

Normal

Uniform

Figure 6.2: Probability density or mass functions of common distributions. The
two in the upper row are valid distibutions relative to the inverse moments
condition, while the two in the bottom are invalid.

6.4

Practical implementation

This section is devoted to the practical implementation of the SPSA algorithm.
To start with the step-by-step description of the algorithm is presented.

Step 0 (Initialization and coefficients selection) Set counter index k = 0.
Pick initial guess Θ̂0 and nonnegative coefficients a, c, A, α, γ in the SPSA
gain sequences ak = a/(k + 1 + A)α and ck = c/(k + 1)γ . Practical
guidelines for choosing these coefficients are given in Subsection 6.4.1.
Step 1 (Generation of the simultaneous perturbation vector) Generate
a p-dimensional random perturbation vector ∆k , where each of the p components of ∆k are independently generated from a zero mean probability
distribution satisfying the conditions above.
Step 2 (Loss function evaluation) Obtain two measurements of the loss
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function based on the simultaneous perturbation around the current Θ̂k :
y(Θ̂k + ck ∆k ) and y(Θ̂k − ck ∆k ) with the ck and ∆k from steps 0 and 1.

Step 3 Gradient approximation Generate the simultaneous perturbation
approximation to the unknown gradient g(Θ̂k ) according to Equation
(6.2). It is sometimes useful to average several gradient approximations
at Θ̂k , each formed from an independent generation of ∆k . The benefits
are especially apparent if the noise effects k are relatively large.
Step 4 (Update Θ estimate) Use the standard SA form in 6.1 to update Θ̂k
to Θ̂k+1 . Check for constraint violation (if relevant) and modify the updated Θ (a common way to handle constraints is to simply map violating
elements of Θ to the nearest valid point).
Step 5 (Iteration or termination) Return to step 1 with k + 1 replacing k.
Terminate the algorithm if there is little change in several successive iterates or if the maximum allowable number of iterations has been reached.

In some applications it may be deemed necessary to block the iteration update
(i.e. Θ̂k+1 is set to Θ̂k ) if there would otherwise be a suspiciously large change
in Θ or if the measured value of the loss function at the intended value Θ̂k+1
does not show enough improvement relative to the value at Θ̂k . Blocking based
on an excessive change in Θ requires no additional loss function measurements.
On the other hand, blocking based on improvement of the loss function value
requires at least one additional loss measurement per iteration, i.e. measurement
at the non perturbed value Θ̂k versus measurement at only the perturbed values
Θ̂ ± ck ∆k ).
A further practical concern is the attempt to define Θ so that its elements have
all the same order of magnitude. This desire is apparent since the magnitude
of all components in the perturbations ck ∆k are identical in the case where
Bernoulli perturbations are used. By defining the elements in Θ such that they
are of similar magnitude, it is possible to ensure that ck ∆k is being added and
subtracted to a vector where all components have a similar magnitude in the
course of the search process.

6.4.1

Choice of gain sequences

Let us summarize some additional implementation aspects regarding the choice
of algorithm gain sequences ak , ck . The guidelines here have been taken from
Spall [2008], where a more complete and exhaustive treatment can be found.
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The choice of the gain sequences is critical to the performance of the algorithm.
Let us consider α and γ. It can be shown8 that α = 1 and γ = 1/6 are the
asymptotical optimal gains in terms of convergence rate (i.e. the rate at which
the error Θ̂k − Θ∗ goes to zero). However, in many applications, it may be
deemed opportune to have gain sequences that decay more slowly than the
asymptotically optimal ones. In these cases the following values can be used:
α = 0.602 and γ = 0.101. They are effectively the lowest possible valid values
subject to satisfying the conditions aforementioned and represent, in general, a
good starting choice. Although, when the algorithm is being run with a large
number of iterations, it may be beneficial to convert to α = 1 and γ = 1/6
at some point in the iteration process to take advantage of the asymptotic
optimality.
With the Bernoulli ±1 distribution for the elements of ∆k , a rule of thumb is
to set c at a level approximately equal to the standard deviation of the measurement noise in y(Θ). This helps keep the p elements of ĝk (Θ̂k ) from getting
excessively large in magnitude. The standard deviation can be estimated by
collecting several y(Θ) values at the initial guess Θ̂0 . When perfect (noise-free)
measurements of L(Θ) are available then c should be chosen as some small
positive number.
The values of a, A can be chosen together to ensure effective practical performance of the algorithm. A useful rule of thumb is to choose A > 0 such that
it is 10 percent or less of the maximum number of expected/allowed iterations.
After choosing A, one can choose a such that a0 = a/(1 + A)α times the magnitude of elements in ĝ0 (Θ̂0 ) is approximately equal to the smallest of the desired
magnitude change among the elements of Θ in the early iterations. To do this
reliably may require several replications of ĝ0 (Θ̂0 ).

8 See

Section 7.4 in Spall [2008].
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Chapter

7

Linear Supply Function
Competition: a Deterministic
Model

7.1

Introduction

Economists have long debated whether it makes more sense to think of firms
as choosing quantities or prices as strategic variables, hence considering respectively either the Cournot or the Bertrand competition model. In the previous chapters bidding strategies have been developed for GENCOs following the
Cournot competition model. This model, in fact, is used in almost all the papers
dealing with electricity markets.
As explained in the introduction to Chapter 4, the electricity market is intrinsically a dynamic and stochastic system. Because of this latter aspect, the
uncertainty, a generator may not want to commit to either of the aforementioned
simple types of strategy, i.e. Cournot or Bertrand. Another serious drawback
is that in the Cournot framework, price formation depends exclusively on the
specification of the demand curve. It is notoriously difficult to specify the market demand curve in electricity, due to complexity in determining the elasticity
and inexperience with market competition. As a result, price predictions from
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Cournot models cannot be considered as particularly reliable. Moreover, if very
low elasticities are considered, as it is often needed in electricity markets, at
least as the short-term demand is considered, this uncertainty in the demand
translates into very volatile prices, resulting in a very irregular and (possibly)
unstable system. Furthermore, most of the pool-type deregulated electricity
markets in the world have been designed so to allow the generators to have more
freedom in specifying their bids than just submitting a fixed price or quantity,
and this is the case also for the NordPool market. In fact, in the NordPool area,
the GENCOs submit their bids in the form of supply functions, which relate the
quantity the generator will sell to the price the market will bear. Such supply
functions, in fact, allow the firms to adapt better to changing conditions than
does a single commitment to a either a fixed price or quantity.
For all these reasons, in this chapter the Cournot competition model will be
abandoned and the so-called linear1 supply function (LSF) model will be used,
instead. This is particularly attractive compared to the Cournot model because
it offers a more realistic view of electricity markets. This approach is not immune
to the problem of sensitivity to specification of the market demand, but it is
less vulnerable than the Cournot model, especially when considering very low
demand elasticities. The idea of using supply functions to derive and analyze
the equilibrium and stability of an economic system was first introduced in
1984 by Klemperer and Meyer in Klemperer and Meyer [1989]. The Supply
Function Equilibrium (SFE) concept they introduced was originally developed
as a way to model the players’ behaviors in a market with uncertain demand.
It soon turned out to be particularly suitable when modeling bidding behavior
in electric power auctions. This useful application was first pioneered by Green
and Newbery in Green and Newbery [1992] and Bolle in Bolle [1992] as they
tried to model the British and Wales spot market. Many other works arose from
these ideas, among which the most relevant have been carried out by Rudkevich
in Rudkevich [1999] and Rudkevich [2003], and Baldick, Grant, Kahn in Baldick
et al. [2002].
All these papers and many others in both the economic literature and power
market literature use the supply function model in the case when the firms bid
consistently over an extended period of time. Hence the name supply function
equilibrium: each producer commits to the supply function that maximizes its
expected profit given the bids of the competitors and the properties of the uncertain demand. The term equilibrium comes from the fact that, under certain
assumptions and restrictions, an equilibrium can be ensured for such a market.
In our case we do not want to restrict the generators by forcing them to stick
with a certain bid for a period of time. Our aim is to develop a realistic model
1 The reasons for using linear functions as the functional form of choice for relating quantities and prices will be addressed later in the chapter.
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of the market, i.e. the bids (which take the form of supply functions) will be
allowed to be different for each hour of the day. This is a very innovative approach, which asks for a more complex solution of the problem than the ones
found in the literature. The existing results cannot be used and new theoretical
work must be carried out. However, this effort will consent a more realistic
description of the market and, therefore, more reliable results. This approach
has been pursued already, even though to a very limited extent so far, mainly
by means of numerical techniques. For instance, in Wen and David [2001] the
authors attempt to develop an optimal strategy for the next bidding round using
a Monte-Carlo based method. The originality in our work consists in the fact
that the solution is going to be obtained, at least partially, in an analytical way.
In this chapter the basic assumption that in an oligopolistic market, such as
NordPool, all the competitors are rational will be used again. This means that,
once more, the generators will aim at maximizing their profits when determining
their bid. The ISO, on the other hand, clears the market in such a way so to
maximize the social benefit. As it has been assumed so far, collusion between
the players in the market is excluded since it is usually forbidden in deregulated
energy market.

7.2

Problem formulation as a dynamic system

The aim of this section is to formulate the problem as a dynamic system. An
approach similar to that of Chapter 4 will be followed.
First of all let us start by specifying how the bids are, now that the Cournot
model has been abandoned. In the previous chapters, in fact, the decision
variable for the player i in the market was the quantity of energy xi (t) that it
was willing to sell in the hour t. Now things get a little more complex: the
generators bid supply functions relating each quantity to be sold to a given
price. The main advantage of this is clearly the possibility to price differently
diverse amounts of energy. In fact, as shown in Figure 7.1, the generators now
have the possibility to set the price they want for selling a certain amount of
energy, and this price will vary for different quantities to be sold.
The final goal is, once again, to obtain a dynamic model of the energy market.
Figure 7.2 gives a sketch of the system. As in Chapter 4, the decision of each
player is based upon the market clearing price and the other quantities made
public by the ISO. The system price, in turn, is determined by the combined
effect of both demand and supply. The difference in comparison to the model
in Figure 4.1, employed in Chapter 7.2, is that now the bids are not quantities
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q

Figure 7.1: example of a supply function for a generator. The different pricing
is evident: the generator is asking the marginal price p1 to sell the quantity q1
but it is asking p2 6= p1 to sell q2 .

anymore, but rather functions relating quantities to prices. It is evident that
the result is still a closed loop system, in which the information made public by
the ISO is fed back as an input to the players. Again, having obtained a closed
loop system as model of the energy market fortifies our confidence that optimal
control theory is an effective tool to analyze competitive bidding in this kind of
markets.
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Figure 7.2: dynamic model for the energy market. Each generator places the
bid, i.e. its supply function, the decision of which is dependent on the data
made public by the ISO.

Having introduced the general framework of the model, it is now time to present
the notation that will allow a rigorous mathematical formulation of the problem.
Most of it is obviously taken from Chapter 4 for the sake of consistency. The
first thing to be addressed is, of course, the determination of the cost functions
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for the generators. Once again we will adopt a quadratic cost function for the
N generators:
1
Ci (xi (t)) = ai (t) + bi (t)xi (t) + ci (t)xi (t)2
2

i = 1, . . . , N

(7.1)

where, hereafter, xi (t) represents the amount of energy that the i-th generator
will dispatch to the market in the hour t. As explained in Chapter 4, the main
reason for this is that Equation (7.1) is a good approximation of the actual
production costs if the generators use thermal plants. This is actually the case in
Denmark if wind power is not taken into account, as in the deterministic model
that is being developed. In the general case the coefficients ai (t), bi (t), ci (t) vary
in time according to different factors, among which fluctuations in the cost of
fuel. Later in this chapter, though, the simplifying assumption of considering the
coefficients of the cost function as constants will be introduced. This lightens
the notation considerably introducing no significant loss of descriptive power
since the time scale of change in the fuel price is much longer than the time
window considered in the optimization process.
As far as the demand is concerned, the linear relation introduced in Chapter 4
will be used:
D(t) = a(t) − b(t)p(t)
(7.2)
Another formulation of Equation (7.2) is the so-called inverse demand function:
p(t) = e(t) − f (t)D(t)

(7.3)

The reason for using Equation (7.2) is twofold. First of all it is consistent with
what has been done so far and, therefore, it will allow a direct comparison
between the results of the Cournot competition and the LSF competition models. Moreover the extreme simplicity of the linear inverse demand function of
Equation (7.2) allows for an analytical solution of the one step optimization
problem.
The assumption of the non-storability of energy still holds: i.e. production and
consumption are balanced at every instant:
D(t) =

N
X

xi (t), ∀t

(7.4)

i=1

The profit πi for the i-th generator is once again given by:
πi (t) = p(t)xi (t) − Ci (xi (t))

(7.5)

Before introducing the final equations that will lead to the dynamic formulation
of the problem, it is time to analyze how the players bid in the LSF competition.
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As stated earlier the quantity bidding is now replaced by a more complex bid,
in which the players are requested to submit a function relating quantities to
prices. Many functional forms can be thought of depending on many factors,
among which the most important would be the characteristic of the marginal
cost function. In fact, at a first approximation, it is realistic to say that a
producer’s bid can be thought of as its marginal cost function with a markup cost added. The intent of the producers, in fact, is to sell energy at a
price that is higher (that is why the mark-up cost) than the costs they face
to generate it. As stated earlier, in the deterministic case, i.e. when the wind
is not taken into account, the whole energy production in Denmark can be
considered as generated by thermal power plants. Therefore the cost functions
of the producers can be regarded as quadratic and the marginal cost functions
turn out to be linear. For this reason it has been decided to use linear supply
functions as the functional form of choice for specifying the bid of the players.
An additional motivation for the use of linear supply functions is given by the
fact that this is the choice adopted in most of the existing literature about SFE.
A common limitation of these SFE models is that they typically assume that
the supply function bids have zero intercept or, equivalently, that they all have
a common intercept. This, obviously, greatly simplifies the calculations and
makes the SFE much easier to find. Eventually authors attempt to defend the
plausibility of this assumption but we believe that, at least for electricity, it is
not realistic. The main reason for this is that a generator’s marginal cost at
the very low end of its capacity (i.e. close to zero production) cannot be zero.
This is because of the so called fixed costs (e.g. maintenance costs) that do not
depend directly on the amount of energy which is being produced and have to
be faced by the generators even when not producing energy at all. The linear
supply function that represents the bid of the i-th generator will therefore be:
p(t) = βi (t)xi (t) + αi (t)

(7.6)

A rational firm will once again aim at maximizing its profit. The difference from
the Cournot competition model is that, in the LSF framework, the decision
variables for doing so are two: αi , βi . Actually it can be shown (see Baldick
et al. [2002]) that for optimality, given a general supply function of the form
7.6, the coefficient αi (t) should be equal to the true cost function coefficient
bi (t). This result simplifies greatly the calculations since the optimization is
not to be carried out in a two dimensional space anymore but it is rather a one
dimensional search for the optimal value of βi (t) which maximizes the profit
πi (t). This requires the following first order condition to be satisfied:
∂πi (t)
=0
∂βi (t)

(7.7)

As stated in Chapter 4, asking a generator to fulfill this requirement is very
demanding. A more realistic strategy, therefore, would be for a GENCO to
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adjust its bid in the direction of increasing profits, in the same fashion as in
Chapter 4. In a mathematical form this translates into:
βi (t + 1) − βi (t) = ki (t + 1)

∂πi (t + 1)
∂βi (t + 1)

, ki (t + 1) > 0

(7.8)

βi (t+1)=βi (t)

It has to be pointed out that other previous works on energy markets (e.g. Liu
[2006]) make use of a similar approach in the Cournot competition framework.
The main difference is that they use the derivative in time t and not in time
t + 1. The main reason for using t + 1 is that, even though it leads to a more
complex derivation of the dynamic model, it allows for the use of more up to
date information on the market and, therefore, more reliable and precise results.
This point will be explained further later, once the dynamic model will be at
hand. The meaning of 7.8 is that the generator looks at how the profit would
evolve in the next bidding round if the bid was the same as in the current round
(i.e. βi (t + 1) = βi (t)) and adjusts its bid accordingly.
In the Cournot competition case the analytical derivation of the dynamic model
and the optimal control solution have been carried out considering a market
with N players. Now, in the LSF framework, the additional complexity introduced by the new (more elaborate) way of bidding requires some simplification.
For the sake of understandability the analytical solution that will be derived
hereafter will consider the case in which just two generators bid in the market.
The procedure will remain very general though, leaving room for the further
generalization to the N players case. In fact, this latter does not actually require any additional analytical effort compared to the two players case but it
does make the notation much more intricate.
Let us now consider the second generator (the case in which the first generator
is considered would be perfectly analogous). What we aim at is calculating
analytically the derivative:
∂π2 (t + 1)
∂β2 (t + 1)

(7.9)
β2 (t+1)=β2 (t)

Using 7.5 the derivative of Equation (7.9) can be rewritten as:


∂π2 (t + 1)
∂
=
p(t + 1)x2 (t + 1) − C2 (x2 (t))
∂β2 (t + 1)
∂β2 (t + 1)

(7.10)

It is evident, therefore, that the problem of the market clearing must be solved
first, since both the system price and the quantities to be delivered by the two
generators must be known in order to calculate the profit.
As already mentioned, the price in the LSF is not exclusively determined by the
inverse demand function in Equation (7.3), but is the result of a clearing process

120

Linear Supply Function Competition: a Deterministic Model

which depends on both the sale bids and on the demand function. Given the
bids of Equation (7.6) and the price-demand relation 7.3, it is possible to obtain
analytically the solutions to the clearing of the market, as this is equivalent to
solving a classical economic dispatch problem. As a matter of fact, what the ISO
does is to collect the bids of the players (two in our case), calculate their inverse
so to form the inverse aggregate supply function and determine the system
price as the intersection between the aggregate demand and supply functions.
Then, the quantities assigned to each operator are simply determined by the
supply functions they submitted as their bids. The whole process is sketched
for clarification in Figure 7.3.
q
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Figure 7.3: the clearing of the market in the LSF competition case. First of all
the bids are collected (a) and the aggregate supply is determined by the ISO (b).
Then the system price p∗ is set as the point of intersection between aggregate
supply and demand (c). Finally the individual quantities for each generator are
assigned according to the system price (d).
Solving the market clearing for the next bidding round is hence equivalent to
finding the solution to the following system of 3 equations:


 xi (t + 1) = p(t + 1) − αi (t + 1) , i = 1, 2
βi (t + 1)
(7.11)
h
i

 p(t + 1) = e(t + 1) − f (t + 1) x1 (t + 1) + x2 (t + 1)
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that is:
x1

=

x2

=

p

=

β2 e − α1 β2 − α1 f + α2 f
β1 β2 + β1 f + β2 f
β1 e − α2 β1 − α2 f + α1 f
β1 β2 + β1 f + β2 f
β1 β2 e + α2 β1 f + α1 β2 f
β1 β2 + β1 f + β2 f

(7.12)

where the time index has been dropped for the sake of readability. Hereafter the
time index will always be implicit and equal to t + 1, if not otherwise specified.
What has to be done now is to substitute the solutions 7.12 into Equation (7.10)
and to carry out the derivative, thus obtaining:
∂π2
∂β2

=

1

3 · (β1 e + α1 f − α2 β1 − α2 f ) ·
(β1 β2 + β1 f + β2 f )

− β1 2 β2 e − β1 β2 ef + β1 2 ef − α1 β1 β2 f −

α1 β2 f 2 + α1 β2 f 2 + α1 β1 f 2 − 2α2 β1 2 f −
2

2

(7.13)

2

2α2 β1 f + b2 β1 β2 + 2b2 β1 β2 f + b2 β1 f +
b2 β2 f 2 + b2 β1 f 2 + c2 β1 2 e + c2 β1 ef + c2 α1 β1 f +

c2 α1 f 2 − c2 α2 β1 2 − 2c2 α2 β1 f − c2 α2 f 2
The time indexes will be reintroduced from now on: they have been omitted in
order to write Equations (7.12) and (7.13) in a readable form. As said earlier
the derivative has to be calculated in β2 (t + 1) = β2 (t). Furthermore, as it has
been done in Chapter 4, the generator 2 assumes that the bid of the generator 1
remains fixed between the time t and t + 1, i.e. β1 (t + 1) = β1 (t). Therefore all
the terms βi , i = 1, 2 in the right side of Equation (7.13) must be regarded as
equal to βi (t), while they represented βi (t + 1) as of now. As said earlier, it is
now time to introduce the simplifying assumption of the coefficients of the cost
function being constant, i.e. b2 (t + 1) = b2 , c2 (t + 1) = c2 . Remembering that
the time index is implicitly equal to t + 1 for every term in Equation (7.13), it is
easy to understand what it has been done, i.e. some of the terms in the equation
have been ”shifted” from time t + 1 to t. Also, the assumption α2 (t) = b2 , which
was introduced previously, has to be imposed. What has been obtained is the
derivative in Equation (7.9) as a function ϕ of the demand characteristic, the
cost function and the bids of the previous bidding round:
∂π2 (t + 1)
∂β2 (t + 1)



= ϕ α1 (t), α2 (t), β1 (t), β2 (t), c2 , e(t + 1), f (t + 1)
β2 (t+1)=β2 (t)

(7.14)

122

Linear Supply Function Competition: a Deterministic Model

It is possible now to rewrite Equation (7.8) in its final form:


β2 (t + 1) = β2 (t) + k2 (t + 1)ϕ α1 (t), α2 (t), β1 (t), β2 (t), c2 , e(t + 1), f (t + 1)
(7.15)
It is easy to see that the next bid of the second producer is a function of the bids
that both the generators placed in the previous bidding round. As explained in
Chapter 4 NordPool discloses very little data when clearing the market. Therefore, while β2 (t) is (obviously) perfectly known, β1 (t) is not. In an oligopolistic
market, though, it is realistic to assume that each generator can estimate the
behavior of its main competitors, based on the publicized information (e.g. the
system price in each market area, the capacity of the grid bottlenecks, etc.)
and other historical data. As said in Chapter 4, the rather complex problem
of estimating the competitors’ past bids is not addressed in this work, and it
will be assumed that each generator has perfect information on the quantities
that its competitor bid in the past. Moreover, in order to determine its bid, a
generator needs to know e(t + 1), f (t + 1), i.e. the characteristic of the demand
function in the next bidding round. It is realistic to say that these parameters
can be estimated from historical data. Here it is possible to appreciate the main
advantage of using the derivative in t + 1 in Equation (7.8): it allows for the
use of the newest data on the demand characteristic. If the derivative in t was
to be used instead, then the next bid would depend on the demand function of
the previous bidding round, which would be neither reasonable nor optimal.
Equation (7.15) represents the dynamic model of the energy market when the
players bid supply functions of the form 7.6 in a deterministic framework. It
describes the market as seen from the second generator. In the same way as
it has been done in Chapter 4 this strategy will be referred to as one step
strategy. The reason for this is that it has been developed with the objective of
maximizing a generator’s profit in the next bidding round.
If the first generator was considered, the same procedure could be followed
obtaining perfectly symmetrical results and the following dynamic model:


β1 (t + 1) = β1 (t) + k1 (t + 1)ϕ α2 (t), α1 (t), β2 (t), β1 (t), c1 , e(t + 1), f (t + 1)
(7.16)
It must be said once again2 that, because of the strong similarities in the daily
characteristic of the demand function, mainly due to the stickiness of the shortterm demand for energy by the consumers, it makes sense to split the adjustment
process of the bids in hourly calculations. Therefore there will be 48 different
models in the form of Equations (7.15) and (7.16), one for each hour of the day
during weekdays and weekend days.
2 For

further comments and a deeper explanation refer to Chapter 4.
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This section is devoted to the presentation of the multi step optimization strategy for the LSF competition model. In the same fashion as in Chapter 4 the
aim is to develop a more advanced bidding technique than the one step strategy
presented in the previous section. In particular it is desirable to develop a long
term optimal strategy that allows the generators to optimize their profits not
only in the next step, but over a longer time window.
In Chapter 4 this has been done in a completely analytical way. First of all,
the cost index for the optimization process (eq. 4.12) has been specified, based
on the problem formulation presented in Section 4.2. Then, the conditions for
optimality have been introduced. Ultimately, by means of a rigorous and formal
mathematical derivation, the optimal multi step strategy has been obtained. All
this was viable because of the (relative) simplicity of the equations describing the
Cournot competition model. Its characteristics - quadratic cost functions, linear
demand characteristic and (most important of all) quantity bids - made possible
to obtain a linear state space model which, in turn, gave birth to manageable
equations in the optimization process.
The change in the form of the bids from quantities to supply functions has
led to a completely new and more complicated model. The further complexity
introduced is evident if looking at the equations describing the one step strategy
in the two cases (4.10 and 4.11 against 7.15 and 7.16). The most significant
change lies in the fact that the model obtained for the LSF competition case is
non-linear.
Let us write the optimization index for the LSF competition in order to understand how this additional complexity affects the derivation of the multi step
optimal strategy. Maintaining the same notation that has been used so far, the
number of days included in the optimization horizon is denoted with Nh . Let
us consider the first generator as the one interested in developing the long term
optimal strategy (the other case is symmetrical). Its objective is, as already
stated, to maximize its profit over the next Nh days:
J1 (t)

=

t+N
h −1
X

π1 (τ )

τ =t

=

t+N
h −1
X

[p(τ )x1 (τ ) − C1 (x1 (τ ))]

τ =t

=

t+N
h −1 
X
τ =t



1
2
p(τ )x1 (τ ) − a1 + b1 x1 (τ ) + c1 x1 (τ )
2

(7.17)
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where p and x1 are of the form 7.12. It is easy to understand now why it has
been deemed impractical to follow the same approach as in Chapter 4, in order
to derive the long term optimization strategy for the LSF competition case. The
cumbersome structure of Equation (7.17), in fact, does not leave much room for
an analytical solution of the optimization problem.
Having ruled out the analytical methods, it was straightforward to direct our
attention to the numerical techniques. In our case, taking into account that
the next step would be to include uncertainty in the model, the attention has
been focused to stochastic optimization methods. A core approach that has
been employed successfully for stochastic optimization of nonlinear system is
the stochastic approximation (SA). In the SA framework, many algorithms have
been developed, the choice of which depends on the problem to be solved. In the
latest years much attention has been drawn by the simultaneous perturbation
stochastic approximation method, which is appropriate and efficient for the kind
of problem we face. It allows for the solution of optimization problems by means
of a procedure similar (to some extent) to the well known gradient descent
method3 . The interesting thing, though, is that it can be applied both to
problems in which the true gradient of the optimization index is known and to
those, like ours, in which it is not. In these latter it employs an estimation of
the gradient in order to carry out the optimization.
The formal presentation of the method, its background and the theory related
to it can be found in Chapter 6 and won’t be repeated here. Further details on
the implementation will be discussed later in this chapter, in Subsection 7.4.2,
relative to the simulation of the multi step optimal strategy.

7.4

Implementation and simulation of the system

In the previous part of this chapter both the one step and the long term optimization strategies have been presented. There is need now for some simulations
in order to assess their correct functioning and efficacy in delivering optimality
both to the generators and to the society. Indeed this section is devoted to
present the implementation and the results of the simulations performed.
Many of the considerations discussed in Section 4.5 are still applicable for the
LSF competition case and won’t be repeated. This holds in particular for the
3 Further details on the gradient descent and other ”classical” methods for optimization
can be found in Spall [2008].
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disquisition regarding the need for good estimates of the parameters in the model
(i.e. demand function, cost function of the producers, etc.) and the difficulty
encountered in obtaining them, mainly due to the (comprehensible) NordPool
confidentiality policies.
The values used in the cost functions of the producers for the simulation of the
LSF competition model are:
ai

=

10

bi

=

1.5

ci

=

0.0005

and are the same for both the producers, as assumed for the simulation of the
Cournot competition model. There is a difference, though, and it is in the value
of ci that was previously set to 0.0001. As already stated in Section 4.5, this
cost function has been created based on the existing literature on the subject.
The reasons for that have been examined before and are mainly the lack of data
on actual cost functions and the unavailability of other information that could
lead to their estimation, both because of confidentiality reasons. Furthermore,
it is obvious that this cost function couldn’t be that of a real producer. In fact,
the values of this cost function allow for a market with only two producers. This
cannot be the case in any deregulated market, since no producer in such a market
would be allowed to have the size to satisfy half of the demand at a convenient
price both for the market and for itself, i.e. for making a profit. Nevertheless
this cost function is realistic in the sense that it is close to the values found
in the literature and obtained from official sources (e.g. Energinet.dk), except
for some minor adjustments, needed in order to obtain a market with just two
generators having the same characteristics (quantity of energy delivered daily,
price level, etc.) as the one of interest, i.e. NordPool. It is easy to understand
now why the cost functions in the Cournot and LSF competition models are
slightly different. This is a consequence of the fact that the two kind of markets
resulting from the two different way of competing have dissimilar behavior. In
order to compare the two, (at least) homogeneous price levels and generation
quantities are needed and the least invasive way in order to do so has been found
to be the slight modification of the cost functions.
As far as the demand is concerned, the reader is once again referred to Section
4.5 since the demand characteristic has been obtained in the exact same way as
in the Cournot competition case. Furthermore, the system will be simulated in
three different cases, each with a different elasticity of demand4 .
The reason why the whole setup for the simulations has been maintained as
unaltered as possible from the one used for simulating the Cournot competition
4 For

further details on the definition of the three cases see Table 4.2.
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model is that it is desirable to compare the two models. With this objective
in mind it was straightforward to choose again the same time window for the
simulations, that is the whole month of April 2007. The detailed explanation
on why this month has been selected have been presented in the introduction
to Section 4.5 and won’t be examined again here.
The simulations have been performed both during the weekdays and the weekend
days. Nevertheless, only the results for the former case will be presented and
discussed. The reason for this is that the results obtained are perfectly analogous
and, therefore, the inclusion of both would just lengthen the chapter without
significantly improving its completeness.

7.4.1

One step bidding strategy

The simulations presented in this section have been carried out in order to assess
what effect the adoption of the one step bidding strategy has on the generators
and on the society. The fundamental equations describing the system when this
strategy is being used by the generators are 7.15 and 7.16. They determine how
the generators bid do evolve from one bidding round to the next, according to
the changing conditions of the market and the reactions of the other player5 .
In the previous section the demand characteristic and the cost functions of the
generators have been addressed. Therefore the only coefficients left to be set are
the ki (t), i = 1, 2. As explained in Section 7.2, an optimal strategy allowing a
generator to earn the maximum possible profit with the next bid would require
the following condition to be satisfied:
∂πi (t)
=0
∂βi (t)

(7.18)

Nevertheless, it would be very demanding for a generator to fulfill such a condition. Therefore we developed what we call one step strategy, which is based on
Equation (7.8) instead. It provides the GENCOs with an algorithm converging
asymptotically to the optimal profit satisfying the 7.18. It is easy to see therefore that the bigger the value of ki (t), i = 1, 2, the closer the system will behave
compared to the one based on Equation (7.18). On the other hand, too high
a value could cause the system to be unstable and its response to become very
volatile. Hence, the objective is to find the right value of the ki (t), i = 1, 2 so
that the system will be as close as possible to the one described by Equation
(7.18), without incurring in any instability.
5 It is to be remembered that the LSF competition model has been derived for the case in
which there are two players bidding in the market.

7.4 Implementation and simulation of the system

127

What has been done is to derive the system based on Equation (7.18) in a very
similar way to the one followed to obtain the LSF one step strategy. Then the
two systems have been simulated, using different values for the ki (t), i = 1, 2 in
the LSF model using the one step strategy, and the results compared. It has
been found that a good value for the parameters is k2 (t) = k1 (t) = k = 2 · 10−12 .
It has been deemed that there is no need for time depending coefficients since,
after an eventual initial transient, the generators will learn from the market
and find a constant optimal value for them. Furthermore, it has to be noted
that the coefficients are the same for the two generators. The reason for this is
straightforward and comes from the fact that the two generators have identical
characteristics in our model.
Moreover, it has to be underlined that these chosen values are rather large. In
fact, even though their magnitude might look very small, it has to be kept in
mind that they are meant to multiply the derivative of the profits, which, as
several simulations have confirmed, assume huge values. The reason for such a
high choice of the coefficients ki is twofold. The first one it that they allow for a
closer behavior between the two systems, i.e. the one based on Equation (7.18)
and that based on Equation (7.8). The second motivation will be clear when
the stochastic model will be developed. Briefly, it has to do with the fact that
smaller values would have made the system too slow and, therefore, not able to
”follow” properly the quick variations in the wind power level. The undesirable
consequence of these big values is that, during the initial transient, the value of
ki

∂πi (t + 1)
∂βi (t + 1)

(7.19)

may become really huge, thus making the system unstable. This problem has
been solved by saturating 7.19 in such a way so that it can’t assume values
bigger than ci . This means that the value of βi (t) cannot grow (or diminish)
more than a quantity equal to ci between two steps. Many saturations levels
have been tested but this one has been deemed the best choice when considering
the tradeoff between the speed of convergence to the optimal value of βi and
the risk of instability.
Having everything defined and set in the model, it is now time to simulate the
system and analyze the results. Three simulations have been performed for
each condition of demand elasticity. In the first one both the generators bid
according to what we call the ”naive strategy”. It does not mean to represent
any strategic way of bidding but it is rather when a GENCO bids its marginal
cost:
βi (t) = ci , ∀t
In the second simulation the first generator switches to the one step strategy
(7.16) while the second generator sticks to the naive strategy. What it is ex-
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pected is that the first generator gains, in terms of profit, from its improved
strategy, otherwise there would be no point in adopting it. The one step strategy should be particularly effective in this case since it tends to be optimal,
due to the fact that the opponent’s bid remains constant between two bidding
rounds (actually it is always constant if the naive strategy is adopted). The third
simulation sees both the GENCOs bidding according to the one step strategy.
What it is desired now is for the profit of second generator to increase compared
to the second simulation, thus justifying its switch to the new strategy as well.
Table 7.1 reports the results of the three simulations in the case of medium
elasticity of demand (b ≈ 1500).
Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Naive
Naive
1505.60
1.00
1.00
28676.78
28676.78
4951218.06
4951218.06
15.84
36132746.19

One step
Naive
1505.60
1.58
1.00
20975.34
33069.23
5700414.38
6579414.11
18.03
35572786.05

One step
One step
1505.60
1.76
1.76
23756.35
23756.35
8533458.94
8533458.94
22.38
35068884.15

Table 7.1: results of the simulations of the LSF competition model with medium
elasticity of demand.
Looking at the results it is easy to see that there is a 15% increase in the mean
daily profit of the first generator when it switches from the naive strategy to
the one step strategy, while the second generator sticks with the naive strategy.
Likewise, the second generator benefits as well from the one step strategy, as
shown by the evident increase in its daily profit from the second to the third
column of Table 7.1.
Although, a phenomenon happens in the LSF competition case that was not
present in the Cournot competition. When the first generator switches to the
one step strategy its profit increases (as just said) by about 15%. At the same
time, though, the second generator sees its profit grow by a good 30% without
having changed its strategy. This is a distinctive feature of the LSF competition
in comparison to the Cournot case. In the latter, in fact, it is not customary
that the player which acts more strategically in the market gains less than the
other ones. As a matter of fact, the switch to a more advanced strategy by a
generator affects the other players’ profit also in the Cournot case, since this
operation alters the market. Nevertheless, in most of the cases this influence is
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limited because it is caused mainly by the impact these changes in the market
have on the system price. In the LSF competition, instead, when a generator
adopts a different strategy the impact on the market is much more significant.
This occurs because also the amount of energy the other players will sell in the
next step is affected, and this could not happen in the Cournot competition
model for obvious reasons. For an easier and more immediate understanding
the reader is invited to look at Figure 7.4. It contains a sketch of what happens
when the first generator switches from the naive to the one step strategy, while
the second generator sticks with the naive one. The first generator manages
to gain a bigger profit because, with its higher bid, it pushes the system price
up. Since the second generator has not changed its strategy, its bid is still the
marginal one, so that its energy turns out to be the cheapest in the market.
The side effect is, therefore, that it will be assigned a bigger share of energy to
be produced than the first generator, while, at the same time, benefiting form
the higher prices caused by the first generator. Selling more energy at a higher
price causes the second generator to gain more profits than the first one.
This effect is evident when looking at Figures 7.5 and 7.6. It contains the plot
of the bids βi , i = 1, 2 and quantities qi , i = 1, 2 sold by each producer during
the 5 weekdays in the third week of April 2007, in the case of medium elasticity
of demand and with only the first generator adopting the one step strategy. As
it can be seen while β2 (t) = c2 at every instant, β1 > β2 , meaning that the
first generator is bidding strategically, i.e. higher than its marginal cost. When
looking at the quantities it is easy to see that q1 < q2 at every time, i.e. the
second generator sells more energy because it is the cheapest producer in the
market.
The evolution of the price is shown in Figure 7.7 (the conditions for the simulation are the same as for Figures 7.5 and 7.6). The daily periodicity is apparent,
with peaks at 10am-2pm and 9pm-10pm, the hours in which the demand is
higher.
The simulations whose results have been discussed above have also been performed with different conditions of demand elasticity. The reason to do so is
that it allows to assess the sensitivity of the system to changes in the elasticity of
demand. The Table 7.2 shows the results for the case in which both generators
follow the one step strategy. The outcomes of the other cases are not shown for
the sake of clarity, but the considerations that follow still apply to them as well.
The most evident effect of the increasing elasticity is the drop in the price. It
amounts to about 6% passing from b ≈ 1000 to b ≈ 1500 and 3% from b ≈ 1500
to b ≈ 2000. As a consequence, the profits of both the generators decline, and
the situation would be even worse if not for the increased amount of energy sold
as the elasticity gets higher. The reason for this is that a low elasticity of the
market leaves a lot of room for the generators to exploit their market power. An
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Figure 7.4: sketch of the switch between the ”naive-naive” to the ”naive-one
step” setups. In (a) both the generators bid the marginal cost and therefore are
assigned the same amount of energy for which they will get the price p∗1 . In (b)
the first generator adopts the one step strategy, thus bidding higher than the
marginal cost. This causes the system price to increase p∗2 > p∗1 and also the
second generator to be assigned a higher amount of energy to produce.

higher elasticity means that the consumers are less prone to follow the strategy
dictated by the producers, i.e. they may decide not to buy energy (or to buy
a smaller amount) if the price is too high. This forces the generators to curtail
their bids and this, in turn, lowers the price.

7.4.2

Multi step bidding strategy

This section is devoted to present the implementation and the results of the simulation of the multi step bidding strategy. This has required the modification of
the Matlab setup employed in the previous simulations (i.e. one step strategy).
In fact, the first generator now switches to the multi step bidding strategy, while
the second sticks with the one step strategy. Everything else in the model has
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Figure 7.5: bids (βi (t), i = 1, 2) of the first generator (blue) and second generator
(red) during the third week of the simulation (April 2007).

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

1001.43
2.00
2.00
22511.76
22511.76
9117475.34
9117475.34
23.97
42534230.79

1505.60
1.76
1.76
23756.35
23756.35
8533458.94
8533458.94
22.38
35068884.15

2012.09
1.62
1.62
24938.52
24938.52
8343889.23
8343889.23
21.66
31534776.72

Table 7.2: results of three simulations with different demand elasticity conditions
and generators both employing the one step strategy. The simulated period is
April 2007.

remained unchanged, that is the demand characteristic, the parameters of the
cost functions and the speeds of adjustment ki .
The number of days in the long term horizon Nh has been set (once again)
equal to 3, unless otherwise specified. The reason for this, as already stated
in Subsection 4.5.2, is that the long term strategy requires the estimation of
the future characteristic of the demand function. An horizon Nh > 3, in the
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Figure 7.6: quantities produced by the first generator (blue) and by the second
generator (red) during the third week of the simulation (April 2007). The second generator, which is bidding its marginal cost, is assigned a bigger share of
production.
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Figure 7.7: system price during the third week of the simulation (April 2007).
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weekend case, would require to estimate the demand for more than one week
ahead, which would not be very realistic. Again, although the weekday case
would allow for a longer window, Nh has been kept equal to 3 for the sake of
consistency.
As already stated in Section 7.3, the SPSA technique has been used in order to
solve the long term optimization problem. Before presenting the results of the
simulations, let us discuss the choices that have been made in implementing the
SPSA algorithm. It has to be said that the theoretical background for these
choices is explained in Chapter 6 and won’t be repeated here. The detailed
explanation of the various steps of the algorithm can be found in Section 6.4.
To start with let us consider the choice of the initial conditions for the algorithm,
i.e. the choice of Θ̂0 . Let us recall that the vector Θ actually contains the values
of β1 (t) for the three steps Nh in the optimization horizon. What is the aim
of the optimization, in fact, is to find the optimal bid Θ∗ that maximizes the
profit of the first generator in the next three bidding rounds. Hence it has been
deemed appropriate to let the algorithm start from the values Θ̂0 = c1 · [1 1 1].
Actually, this holds only for the very first iteration of the algorithm, i.e. the one
run for finding the bids for the first day in the simulation window. When the
algorithm is run to find the optimal bid for the subsequent days, the optimal bid
Θ∗ calculated for the previous day comes in handy. Let us consider an example.
The algorithm has been run to find the optimal bid for a certain hour of the day
for the first three days β1 (1), β1 (2), β1 (3). Therefore β1 (1) will be placed by the
generator as its bid for that hour of the first day of the simulation time. Then
the algorithm is run again to find the bid for the second day, this time having the
horizon of the optimization covering the days 2, 3, 4. Using again Θ̂0 = c1 ·[1 1 1]
as the initial guess would mean not exploiting the additional knowledge available
from the results of the previous run of the algorithm. It would be desirable, in
fact, to use Θ̂0 = [β1 (2)β1 (3) c1 ], in order to start from points which are likely
to be closer to the optimum to be found. This is exactly what has been done in
the implementation in order to fully exploit the information available from the
earlier runs of the algorithm.
Now, let us consider the coefficients a, c, A, α, γ of the gain sequences. The
guidelines presented in Subsection 6.4.1 have been followed in choosing them.
Regarding α and γ, many combinations of values have been tested, starting
from the ones suggested in the aforementioned subsection. The choice α = 1
and γ = 1/6 has been proven to be the most satisfactory. This was expected (to
some extent) since they have been shown6 to be the asymptotic optimal values
in terms of speed of convergence.

6 See

section 7.4 in Spall [2008].
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The coefficient A has been set equal to 10 percent of the maximum number
of expected iterations N . It is obvious that a bigger N allows for a more
precise solution to the optimality problem while, at the same time, making
the algorithm more time consuming. N = 10000 has been deemed the most
appropriate value considering the tradeoff between the optimization and time
performances of the algorithm. Hence A = 1000.
After having chosen A, the guidelines in 6.4.1 suggest to set the value of a such
that such that a0 = a/(1 + A)α times the magnitude of elements in ĝ0 (Θ̂0 ) is
approximately equal to the smallest of the desired change magnitudes among
the elements of Θ in the early iterations. In this case it must be remembered
that Θ contains the values of β1 (t) for the three steps Nh in the optimization
horizon. What is wanted in the early iterations is to allow β1 (t) to move away
enough from the initial value so to be able to reach the optimum. On the other
hand it is undesirable to have too big a change in order to prevent it from
assuming any unrealistic values. a0 = 5 · 10−11 has proven to be a good value,
allowing for a change in β1 (t) in early iterations of about7 3c1 .
As far as the coefficient c0 is concerned, in the deterministic case (i.e. noise free
measurements) it is suggested to use some small positive number. Therefore we
set c0 = 0.5c1 so that, when estimating the derivative in the early iterations of
the algorithm, the points of evaluation Θ̂k ± ck ∆k have a distance from each
other that is approximately equal to c1 .
This choice of the coefficients for the gain sequences assures that the relative
conditions for convergence (presented in Section 6.3) are fulfilled. The term
”relative” here indicates those conditions setting requirements on the coefficient
themselves. In order to ensure the convergence of the algorithm all the conditions should be formally verified. However, as explained in Section 6.3, it is very
rare to be able to check all of them, paradoxically for the same reasons that lead
to the use of the gradient-free SPSA. Nevertheless, even though formally unverifiable, the conditions C1-C6 are intuitively plausible, providing justification
that the algorithm is appropriate for the problem.
Having discussed the implementation choices that has been made, it is time
now to take a look at the results of the simulations. Two different setups are
compared: the first in which both generators use the one step strategy and the
second in which the first generator switches to the multi step strategy, while the
second generator sticks with the old one. Both setups have been simulated in
different conditions of demand elasticity (i.e. b ≈ 1000, b ≈ 1500 and b ≈ 2000).
7 The value 3c representing the magnitude of change in the value of β (t) in the early
1
1
iterations of the algorithm is, of course, the average calculated over many simulations. In fact,
the change in β1 (t) depends on the magnitude of elements in ĝ0 (Θ̂0 ). This, in turn, depends
on the random perturbations and changes from simulation to simulation.
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Table 7.3 shows the results for the case of medium elasticity of demand.
Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

One step
One step
1505.60
1.76
1.76
23756.35
23756.35
8533458.94
8533458.94
22.38
35068884.15

Multi step
One step
1505.60
1.93
1.82
22575.96
23829.93
8665504.52
8973868.64
23.14
34807914.62

Table 7.3: results of the simulations of the LSF competition model with medium
elasticity of demand.
As expected the first generator sees an increase in its daily profit when switching to the more advanced strategy. Once again, the same behavior that was
discovered in the simulations of the one step strategy can be observed. In fact
the second generator, which is not changing its strategy, gains more than the
first one when this latter adopts the multi step strategy. The reason for this is
the same as before, namely that its energy becomes the cheapest in the market
when the first generator becomes more strategic. The proof of this fact is evident
if one looks at the mean values of the βi in the second column: β1 /c1 = 1.93
against β2 /c2 = 1.82.
From the market side it is obvious that this change of strategy is not beneficial. This can be appreciated immediately if one looks at the daily social benefit,
which decreases when the first GENCO adopts the multi step strategy. Furthermore, the more strategic behavior of one of the players caused the system price
to rise and the amount of energy delivered to the market to fall. This is once
again expected since, the more expensive the energy is sold by the producers,
the less the consumers are willing to buy.
It can be said, therefore, that, from the point of view of the producers the more
advanced strategy is convenient, since it brings more profits. On the other hand,
the market and, in particular, the consumers are interested in preventing the
producers from becoming strategic, since this would not be in their best interest.
Figures 7.8, 7.9 and 7.10 show the plots of, respectively, the bids βi (t), the
quantities qi (t) delivered to the market by the two generators and the system
price p(t), in the case in which the first generator bids accordingly to the multi
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step strategy and the second accordingly to the one step strategy, with medium
elasticity of demand b ≈ 1500. From them it is easy to see the characteristic
feature of the LSF competition market discussed above. In fact, being the second
generator less strategic than the first one, which adopts the more advanced
strategy, its energy turns out to be the cheapest in the market, i.e. β2 (t) < β1 (t).
Therefore it is assigned a bigger share of the production, i.e. q2 (t) > q1 (t).
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Figure 7.8: bids (βi (t), i = 1, 2) of the first generator (blue) and second generator
(red) during the third week of the simulation (April 2007).

Table 7.4 shows the result for the three different conditions of demand elasticity,
in the case when the first generator adopts the multi step strategy, while the
second employs the one step strategy. This has been done in order to assess
the sensitivity of the system to changes in the elasticity of demand, in the same
fashion as in Subsection 7.4.1. As expected, the more elastic the demand is, the
less the generators gain from more advanced strategies. The reason is again that
a more elastic market is less prone to manipulations by the generators which
have market power. This is evident if looking at the values of βi in the three
cases. They are higher when b ≈ 1000 and lowest when b ≈ 2000, meaning that
the producers are selling the energy at a more expensive price when the market
is less elastic. Furthermore, as already seen in the analog comparison made
for the one step strategy case, the system price gets lower and more energy is
delivered to the market when the elasticity is higher. At the same time the
generators face a loss in profits.
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Figure 7.9: quantities produced by the first generator (blue) and by the second
generator (red) during the third week of the simulation (April 2007). The second
generator, which is bidding with a less strategic strategy, is assigned a bigger
share of production.
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Figure 7.10: system price during the third week of the simulation (April 2007).
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Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Price (EUR)
Social Welfare (EUR)

1001.43
2.48
2.11
19810.15
23254.15
9275528.89
10408731.19
25.95
41911801.39

1505.60
1.93
1.82
22575.96
23829.93
8665504.52
8973868.64
23.14
34807914.62

2012.09
1.67
1.66
24646.04
24706.14
8440990.34
8458057.87
21.93
31430677.48

Table 7.4: results of three simulations with different demand elasticity conditions
in the case in which the first generator adopts the multi step strategy while the
second one employs the one step strategy. The simulated period is April 2007.

7.5

Conclusions

The deterministic model of the energy market with LSF competition has been
developed, implemented and simulated. The results of the simulations give rise
to some interesting considerations.
First, the one step strategy has proved to be effective in describing a generator
that is bidding strategically. In particular, it allows for higher profits than
the ”naive” strategy. A new finding, which was not present in the Cournot
competition case, is that when a generator switches to a more advanced strategy,
its competitor benefits from the modified conditions in the market, even though
it does not change its strategy.
The simulations performed with the multi step strategy confirm the optimality
of this strategy with respect to the one step one. Indeed, it has been shown that
the long term optimization allows the generator which adopts it to earn higher
profits. In addition to that, once again it can be observed that the opponent
benefits from the switch of the first producer to the more advanced strategy.
In turn, in the LSF competition the introduction of more advanced strategies has
a negative effect on the society, in contrast with what happens in the Cournot
competition case. When the generators become more strategic the system price
rises and the social welfare drops. This suggests that regulations are needed in
these kind of markets in order to prevent the GENCOs from bidding strategically.
A sensitivity analysis of the model has been performed, simulating the market
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under different conditions of demand elasticity. Basically, what has been found
is that a market with a higher elasticity is less prone to manipulation by the
producers. This inverse coupling between demand elasticity and exploitation of
market power has been verified both when considering the one step and the long
term strategies.
The Tables 7.5 and 7.6 contain the results of all the simulations carried out with
the deterministic model of the LSF competition. They comprehend the results
reported earlier in the chapter together with others that been omitted for the
sake of compactness.
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Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Naive
Naive
1001.43
1.00
1.00
27002.76
27002.76
4393083.76
4393083.76
15.00
43744464.91

One step
Naive
1001.43
1.68
1.00
19216.00
32187.61
5225591.14
6237701.11
17.59
43136631.24

One step
One step
1001.43
2.00
2.00
22511.76
22511.76
9117475.34
9117475.34
23.97
42534230.79

Naive
Naive
1505.60
1.00
1.00
28676.78
28676.78
4951218.06
4951218.06
15.84
36132746.19

One step
Naive
1505.60
1.58
1.00
20975.34
33069.23
5700414.38
6579414.11
18.03
35572786.05

One step
One step
1505.60
1.76
1.76
23756.35
23756.35
8533458.94
8533458.94
22.38
35068884.15

Naive
Naive
2012.09
1.00
1.00
30076.72
30076.72
5443509.41
5443509.41
16.54
32482861.28

One step
Naive
2012.09
1.50
1.00
22528.31
33840.57
6117995.97
6886525.30
18.42
31969902.73

One step
One step
2012.09
1.62
1.62
24938.52
24938.52
8343889.23
8343889.23
21.66
31534776.72

Table 7.5: results of the simulations that assess the performance of the one step
strategy in comparison with the naive strategy, in the three different conditions
of demand elasticity.
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Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

One step
One step
1001.43
2.00
2.00
22511.76
22511.76
9117475.34
9117475.34
23.97
42534230.79

Multi step
One step
1001.43
2.48
2.11
19810.15
23254.15
9275528.89
10408731.19
25.95
41911801.39

One step
One step
1505.60
1.76
1.76
23756.35
23756.35
8533458.94
8533458.94
22.38
35068884.15

Multi step
One step
1505.60
1.93
1.82
22575.96
23829.93
8665504.52
8973868.64
23.14
34807914.62

One step
One step
2012.09
1.62
1.62
24938.52
24938.52
8343889.23
8343889.23
21.66
31534776.72

Multi step
One step
2012.09
1.67
1.66
24646.04
24706.14
8440990.34
8458057.87
21.93
31430677.48

Table 7.6: results of the simulations that assess the performance of the long
term strategy in comparison with the one step strategy, in the three different
conditions of demand elasticity.
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Chapter

8

Linear Supply Function
Competition: a Stochastic
Model

8.1

Introduction

In Chapters 4 and 5 a deterministic and a stochastic model of the energy market for the Cournot competition case have been developed and presented. In
Chapter 7 a deterministic model for the LSF competition has been derived. Following the same reasoning as in the Cournot competition case, it is desirable
now to develop a stochastic model of power markets when the LSF competition
is considered. This is indeed the purpose of this chapter.
The objective is, once again, to be able to analyze what effects the introduction
of wind as a source of energy has on the producers and on the society. These
results are of particular interest for the fact that the LSF competition represents
a superior model of the NordPool market, in comparison to the one obtained
in the Cournot competition case. Therefore they will allow to assess how the
penetration of wind power production affects the market behavior, the individual
generators and the society as a whole.
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As usual, first the formulation of the problem as a dynamic system is presented.
In this part the one step bidding strategy is developed. Then, the multi step
optimal strategy is introduced and derived. Finally, the model so obtained
is implemented and simulated. The results of the simulations are presented,
together with some considerations on them.
The structure and the notation used throughout this chapter are very similar
to those of Chapter 7. Many things that have been introduced and discussed
previously will not be repeated entirely. The two chapters, in fact, are intended
to be read sequentially, as if this was just an extension to the previous one. The
reader is therefore invited to go through Chapter 7 in order to fully (and easily)
understand this one.

8.2

Problem formulation as a dynamic system

This section will present the formulation of the problem as a dynamic system.
This will lead also to the derivation of the one step bidding strategy.
To start with, let us consider the cost functions of the generators. It is to be
recalled that, in the same fashion as in Chapter 7, the case in which there are
only two players in the market will be considered. As explained in Chapter 5,
the introduction of wind changes significantly the cost function of a GENCO,
making it piecewise defined:
(
Ci,tot (x̃i,tot (t)) =

aw,i (t),

x̃i,tot (t) 6 x̃i,w (t)
1
2
aw,i (t) + ai (t) + bi (t)x̃i (t) + ci (t)x̃i (t) , x̃i,tot (t) > x̃i,w (t)
2

where x̃i,tot (t) = x̃i,w (t) + x̃i (t) is the total amount of energy generated by the
i-th producer at time t. It is the sum of the amount of wind energy available at time t (x̃i,w (t)) and the quantity of electricity produced with energy
sources other than wind (x̃i (t)). The notation introduced in Chapter 5 indicating stochastic variables with the symbol tilde (e.g. x̃) is used. The reason for
considering x̃i (t) stochastic will be clearer later in the section. Basically it has
to do with the fact that the amount of energy assigned to the i-th generator for
production depends on the amount of wind power available in the market. An
analytical derivation of long term bidding strategies with such cost functions for
the producers has been deemed impractical in the Cournot competition case and
could be only worse in the LSF competition case. Therefore some simplifications
are required. In Section 5.2 it was assumed:
x̃i,tot (t) > x̃i,w (t)

(8.1)
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which means that all the wind energy available is bid in (and sold to) the
market. The reasonableness of this assumption has been already discussed and
some motivations presented in Section 5.2. This allows for the use of a simpler
form for the cost function of the producers:
1
Ci,tot (x̃i (t)) = aw,i (t) + ai (t) + bi (t)x̃i (t) + ci (t)x̃i (t)2
2
Since the wind energy available is anyway sold entirely, it is actually possible
to split each generator in two: one which relies only on wind power plants and
another one which generates energy from everything but wind. This is what will
be done in order to derive the one step strategy. Therefore the cost function
splits as follows:
Ci,w (x̃i,w (t)) = aw,i (t)
is the one of the producer representing the wind power production of the i-th
generator and
1
Ci (x̃i (t)) = ai (t) + bi (t)x̃i (t) + ci (t)x̃i (t)2
2
is the one of the producer representing the conventional power production of the
i-th generator. Hence Ci,tot (x̃i (t)) = Ci,w (x̃i,w (t)) + Ci (x̃i (t)). Actually, those
generators representing wind power production do not have much possibility
of bidding strategically, since they just bid the amount of wind they expect to
have. The generators using conventional energy sources, on the other hand, can
modify the level of production as desired. Therefore they are those considered
in the derivation of the one step strategy.
The assumption of the instantaneous balance of supply and demand still holds:
D(t) =

N
X

x̃i,tot (t)

i=1

The demand function is defined in the exact same way as in Chapter 5
p̃(t)

=

e(t) − f (t)D(t)

(8.2)

x̃i,tot (t)

(8.3)

(x̃i (t) + x̃i,w (t))

(8.4)

π̃i (t) = p̃(t) (x̃i (t) + x̃i,w (t)) − Ci (x̃i (t))

(8.5)

=

e(t) − f (t)

N
X
i=1

=

e(t) − f (t)

N
X
i=1

as well as the profit
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Let us now consider the form of the bids. As far as the generators representing wind power production are concerned, their bids are simply the quantities
representing the amount of wind energy they expect to be able to deliver to the
market in a certain hour. The generators using conventional energy sources,
instead, bid supply functions of the form:
p̃(t) = β̃i (t)x̃i (t) + αi (t)

(8.6)

where β̃i (t) is stochastic because, as it will be explained in a moment (see
Equation (8.7)), it is determined based on the conditions of the market, which
now includes uncertainty. αi (t) is not stochastic since it is known that, for
optimality, αi (t) = bi (t) is required. All the other considerations made in Section
7.2 in regard to supply function bidding still hold and will not be repeated here.
The one step optimization is defined as usual: the i-th generator seeks to adjust
its bid in the direction of increasing profits:
β̃i (t + 1) − β̃i (t) = ki (t + 1)

∂ π̃i (t + 1)
∂ β̃i (t + 1)

, ki (t + 1) > 0

(8.7)

β̃i (t+1)=β̃i (t)

The meaning of 8.7 is the following: the i-th generator assesses how its profit
would evolve if its bid was kept constant and, then, adjusts its bid accordingly.
Before calculating the derivative in the right hand side of Equation (8.7), the
market clearing must be solved first. This is equivalent to finding the solution
the following system of 3 equations:


.
 x̃i (t) =
p̃(t) − αi (t) β̃i (t) , i = 1, 2
h
i
(8.8)
 p̃(t) = e(t) − f (t) x̃1 (t) + x̃2 (t) + x̃1,w (t) + x̃2,w (t)
It can be noticed immediately that the difference compared to the deterministic
case is that the system price is now determined also based on the bids coming
from wind power production, and not only from conventional energy sources, as
before. The solution is:
x̃1

=

−β̃2 f x̃1,w − β̃2 f x̃2,w − α1 β̃2 − f α1 + f α2 + β̃2 e
β̃1 β̃2 + β̃1 f + β̃2 f

x̃2

=

−β̃1 f x̃2,w − β̃1 f x̃1,w − α2 β̃1 − f α2 + f α1 + β̃1 e
β̃1 β̃2 + β̃1 f + β̃2 f

p̃

=

−β̃1 β̃2 f x̃1,w − β̃1 β̃2 f x̃2,w + α2 β̃1 f + α1 β̃2 f + β̃1 β̃2 e
β̃1 β̃2 + β̃1 f + β̃2 f

(8.9)

where the time index has been dropped for the sake or readability. Hereafter the
time index will always be implicit and equal to t + 1, if not otherwise specified.
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With no loss of generality, let us now consider the second generator. What it is
to be done now is to substitute the solutions 8.9 into Equation (8.7) and carry
out the derivative:
1
dπ̃2
= 
3 ·
dβ̃2
β̃ β̃ + β̃ f + β̃ f
1 2

1

2

(−β̃1 f x̃1,w − β̃1 α2 + β̃1 e − f α2 + f α1 − β̃1 f x̃2,w )
(c2 f 2 α1 − c2 f 2 α2 + c2 β̃12 e − c2 β̃12 α2 +
b2 f 2 β̃2 + b2 β̃1 f 2 + b2 β̃12 f + b2 β̃12 β̃2 − 2α2 β̃1 f 2 −
2α2 β̃12 f − β̃12 f 2 x̃2,w − f 2 α1 β̃2 + f 2 α1 β̃1 +
β̃12 ef

−

β̃12 eβ̃2

−

2b2 β̃1 f β̃2 − f α1 β̃1 β̃2 −

+ β̃12 f x̃1,w β̃2 +
β̃1 ef β̃2 + β̃1 f 2 x̃1,w β̃2

(8.10)

β̃12 f 2 x̃1,w

+

2

β̃1 f x̃2,w β̃2 + β̃12 f x̃2,w β̃2 − c2 β̃12 f x̃1,w −
2c2 α2 β̃1 f − c2 β̃1 f 2 x̃1,w + c2 β̃1 ef − c2 β̃1 f 2 x̃2,w
c2 β̃12 f x̃2,w

−

+ c2 f α1 β̃1 )

Now the time dependance of the variables will be reintroduced: it has been
dropped in order to write down Equations (8.9) and (8.10) in a readable form.
First of all, as specified in 8.7, this derivative has to be calculated in the point
β2 (t + 1) = β2 (t). Another assumption that has been used so far is that the
competitor keeps its bid constant from time t to t+1. In this case the competitor
is the first generator. Furthermore, it has been said that in this chapter each
GENCO is split into two different producers, respectively representing wind and
conventional production. With this new situation, the assumption of constant
bids for the competitor translates into:
x̃1,w (t + 1)

=

x̃1,w (t)

β̃1 (t + 1)

=

β̃1 (t)

(8.11)

Furthermore, as usual, let us consider the coefficients for the cost functions as
constant ai (t) = ai , bi (t) = bi , ci (t) = ci (the reasons for this have been discussed in the previous chapters, see Section 4.2). What has been obtained is the
expression for the derivative in 8.7 as a function ϕ of the demand characteristic,
the cost function, the bids of the previous bidding round and the wind power:
∂ π̃2 (t + 1)
=
(8.12)
∂ β̃2 (t + 1) β̃2 (t+1)=β̃2 (t)


ϕ̃ α1 (t), α2 (t), β̃1 (t), β̃2 (t), x̃1,w (t), x̃2,w (t + 1), b2 , c2 , e(t + 1), f (t + 1)
Hence, the dynamic system of Equation (8.7) can be rewritten:
β̃2 (t + 1) − β̃2 (t) = k2 (t + 1)ϕ̃(·)

(8.13)
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where ϕ(·) is defined as in 8.12. The decision of the generator, though, is based
on the expectation:

β̄2 (t + 1) − β̄2 (t) = k2 (t + 1)ϕ̄(·)

(8.14)

where
o
n 
ϕ̄(·) = E ϕ̃ α1 (t), α2 (t), β̃1 (t), β̃2 (t), x̃1,w (t), x̃2,w (t + 1), b2 , c2 , e(t + 1), f (t + 1)

The next bid is therefore a function of the past bids β̃1 (t), β̃2 (t). As a first approximation, one can determine the expectation on the right side of the equation
above by calculating the function ϕ̃ of Equation (8.12) in the expected values β̄1 ,
β̄2 , x̄1,w and x̄2,w . While β̄2 (t) is obviously perfectly known, the same cannot be
said about β̄1 (t), given the little amount of information that NordPool discloses
publicly. However, for the reason discussed in Section 7.2 (i.e. the possibility for
estimation), in an oligopolistic market it can be deemed as known. Furthermore,
a generator needs to know the future characteristic of the demand function (i.e.
e(t + 1), f (t + 1)) in order to place its bid. Again, as explained in Section 7.2,
they are regarded as known, since they can be estimated from historical data.
The difference to the deterministic case is that two new terms appear in the
bid update Equation (8.14), namely x̄1,w (t), x̄2,w (t + 1). They represent the
estimate of the wind power available to each of the producers. They are taken
at two different times because of the assumption 8.11. The reader could wonder
why the second generator does not benefit from the most up to date forecasts
for the wind power production of the competitor, i.e. using x̄1,w (t + 1) instead
of x̄1,w (t). The reason for this is that, in order to do so, the assumption 8.11
should be limited only to the condition on the β̃1 . This, in turn, would not
make much sense since it is illogical to assume that the competitor maintains
its bid constant knowing that its wind power production changes. Finally, it is
clear now that all the variables in ϕ̄(·) are known to the second generator which
can, therefore, place its bid according to the formula 8.14.
If the first generator was considered, the same derivation could be followed
(which will not be done here for the sake of brevity), obtaining perfectly analogous results.
As already said in the previous chapters, there will actually be 48 different
models in the form of Equations (8.14), one for each hour of the day during
weekdays and weekend days. The reason for this has been analyzed in Section
4.2 and will not be repeated here.

8.3 Optimal control: multi step strategy
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This section is devoted to the multi step optimization strategy for the LSF competition in the stochastic framework. The aim is the same as usual: obtaining
a more advanced bidding technique than the one step strategy presented in the
previous section.
As it has been done in the deterministic case, it is desirable to develop a strategy
that allows the generator which adopts it to optimize its profits over multiple
days. The number of days included in the optimization window is indicated
with Nh . With no loss of generality, let us assume that the first generator is
the one interested in the new strategy. Its aim is to maximize its profit over the
next Nh days:

max JN (t)

= E

(t+N −1
h
X

)
π̃1 (τ )

τ =t

= E

(t+N −1
h
X

)
[p̃(τ )x̃1 (τ ) − C1 (x̃1 (τ ))]

(8.15)

τ =t

= E

(t+N −1 
h
X
τ =t



1
p̃(τ )x̃1 (τ ) − a1 + b1 x̃1 (τ ) + c1 x̃1 (τ )2
2

)

where π̃ and x̃1 (t) are of the form 8.9. The difference from the deterministic
case lies in the fact that the profit is a stochastic variable now. Therefore the
aim of the optimization becomes the maximization of the expectation of the
aggregate profits over the next Nh days.
As stated in Chapter 7, the cumbersome expression of the optimization index
that would result after performing the substitutions for p̃(t) and x̃1 (t) closes the
door to the analytical solution. As already said, in such cases numerical methods
are preferable. The one that has been chosen is the simultaneous perturbation
stochastic approximation algorithm1 . The reasons for this choice have been
addressed in Chapter 7 and will not be repeated here. Further details will be
discussed later in the chapter, in particular regarding the implementation of the
algorithm.

1 The formal presentation of the method, its background and the theory related to it can
be found in Chapter 6.
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Implementation and simulation of the system

This section is aimed to present the main results obtained with the simulations
of the stochastic LSF system described in the previous part of the chapter. The
layout of this section and the order of the simulations performed mirrors the ones
of Section 7.4. At first, the introduction of the one step strategy as a model for
strategic bidding of the generators will be motivated through simulations that
compare it to the so called ”naive” strategy. Then, another set of simulations
will assess the performance of the multi step optimal strategy introduced in
Section 7.3. With respect to the previous chapter, the number of simulations
performed doubles. All of them, in fact, have been performed both in the ideal
case, in which the generators have perfect information on the future profile of
the wind, and in the real case, in which the generators use WPPT predictions.
Comparisons between the two cases will allow an assessment of the sensitivity
of the various strategies to accurate forecasting of the wind power.
As far as concerns the setup of the system, i.e. the settings of the various
parameters, the decision has been to stick completely with the simulations described in the previous chapters. The demand function has been obtained in
the same way as in all the previous simulations (for details see Section 4.5).
Again, the system has been simulated in three different cases, i.e. with three
different conditions of elasticity of demand (for further details, see Table 4.2).
The coefficients of the cost functions are the same as set in the previous chapter (see Section 7.4). The reason for this choice is that it guarantees a clear
comparison between the deterministic system in the previous chapter and the
stochastic system in the current one. As far as concerns the parameters to be
set when introducing the wind power in the system, the same choices have been
made as in the simulations of the Cournot system in the stochastic framework,
described in Section 5.4. The coefficients aw,i (t) of the cost functions have been
set equal to 10 for both the producers, again with no loss of generality in the
optimization procedure. Furthermore, both the WPPT predictions and the real
measurements for wind power production have been used in the simulations. As
already pointed out in Section 5.4, both of them are given as numbers in the
range [0 1], representing the fraction of the total installed capacity. In Section
5.4, a scaling factor has been set in order to ensure a percentage of wind power
of about 10-20% of the total production. The same scaling factor has been kept
also in the simulations described in this section.
It is now evident that the setup of the system has been kept as close as possible
to those used in the previous chapters. The major motivation behind this is
that, doing so, clear comparisons between the developed models are allowed.
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For the same reasons, the period chosen as time window for the simulations is
April 2007, as in the previous chapters. Once again, different simulations have
been carried out both for weekdays and weekend days of this month. However,
only the former ones are presented in this chapter. This is done for the sake of
compactness, and is justified by the similarity of the results obtained in the two
distinct cases.

8.4.1

One step bidding strategy

The objective of this subsection is to investigate the effects of the introduction
of the one step bidding strategy developed in Section 7.3, both on the generators
and on the society. Furthermore, a comparison with the results obtained in the
deterministic case will allow to assess the impact of introducing wind power
production in the system, in both the cases of perfect and WPPT predictions.
In the introductive argumentation to this section, all the coefficients of the
system but the speeds of adjustment ki (t), i = 1, 2 have been set. In Subsection
7.4.1, the choice of the values k2 (t) = k1 (t) = k = 2 · 10−12 has been justified by
reasons of convergence of the one step strategy to the optimal one and by reasons
of system stability. This choice is appropriate even in the stochastic case, with
an additional reason. As a matter of fact, wind power can present quite abrupt
changes even in few hours. As a consequence, the generator will be provided
with (or deprived of, if the change in the wind power is a decrease) a significant
amount of cheap energy, thus shifting the placement of the optimal bid (i.e. the
β of the supply function changes significantly). The bidding strategy must be
quick enough to reply to this sudden change and converge to the optimal one,
otherwise the quality of the strategy would vanish. A high speed of adjustment
is thus needed in order for the one step strategy to ”follow” the optimal one. A
sufficiently large number of simulations in which the generators employ the one
step strategy in different conditions of wind has been performed, where it has
been seen that the speed of adjustment k = 2 · 10−12 is a value high enough to
guarantee a behavior close to the optimal one. The saturation of the term
ki

dπi (t + 1)
dβi (t + 1)

is set, accordingly to the choice in Subsection 7.4.1, so that the increment in
one step of the slope βi of the supply function for the i-th generator is never
higher that the term ci in the cost function.
With the parameters set as described above, the system is ready to be simulated.
The first simulations carried out involve at first two generators employing the
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so called ”naive” strategy, in which each generator bids its marginal cost:
βi (t) = ci
In the second simulation, the first generator switches to the one step strategy.
Finally, also the second generator switches to the one step strategy in the third
simulation. The results of these simulations are shown in Table 8.1, performed
with a medium elasticity of demand (b ≈ 1500) and in the case of WPPT
predictions, which is shown rather than the perfect prediction case since it is
more realistic. As one can see, the trend in the results of the simulations of
Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Naive
Naive
1505.60
1.00
1.00
29847.83
29568.99
5328713.43
5190994.87
14.48
38682797.70

One step
Naive
1505.60
1.59
1.00
22803.72
33587.01
6134996.66
6701142.38
16.49
38210431.19

One step
One step
1505.60
1.77
1.76
25373.40
25098.43
8823781.46
8654068.46
20.43
37819494.74

Table 8.1: Results of the simulations of the LSF competition model with medium
elasticity of demand in the case of WPPT predictions.
the stochastic system is pretty much the same as in the deterministic case in
Subsection 7.4.1. The first generator is encouraged to switch to the one step
strategy by an increase in the profits. As already pointed out in the previous
chapter and shown by the second column of the table, the second generator gains
from the switch of strategy of the first generator. The reasons are explained in
Subsection 7.4.1 and will not be repeated. Furthermore, the second generator is
also encouraged to switch to the one step strategy, which would cause an increase
in its profits. Once again, the trend in the system price and in the social welfare
are the same as in the previous chapter and will not be commented. The reader
is suggested to go back to Subsection 7.4.1 for further details.
Figures 8.1, 8.2 and 8.3 show the dynamics of the slopes βi , i = 1, 2, of the
quantities and of the system price in the case in which the first generator employs
the one step strategy and the second one the ”naive” strategy, when b ≈ 1500
and both the generator use WPPT predictions.
As in the deterministic case, a sensitivity analysis has been performed on the
system, by repeating the simulations described above in different conditions of
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Figure 8.1: bids (βi (t), i = 1, 2) of the first generator (blue) and second generator
(red) during the third week of the simulation (April 2007).
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Figure 8.2: quantities produced by the first generator (blue) and by the second
generator (red) during the third week of the simulation (April 2007). The second generator, which is bidding its marginal cost, is assigned a bigger share of
production.
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Figure 8.3: system price during the third week of the simulation (April 2007).

demand elasticity. The results obtained are very similar to the ones presented in
Subsection 7.4.1. For this reason, only the main results are shown in Table 8.2,
but the considerations already pointed out in the previous chapter are left. The
simulated case in the table is the one in which both the generators employ the
one step strategy and WPPT predictions. The results of the other simulated
cases (i.e. with different combinations of generators’ strategies) are shown in
the tables at the end of the chapter.
Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

1001.43
2.00
2.00
23909.81
23633.55
9118403.60
8945479.91
21.47
45190515.05

1505.60
1.77
1.76
25373.40
25098.43
8823781.46
8654068.46
20.43
37819494.74

2012.09
1.62
1.62
26739.62
26463.76
8815187.38
8645443.39
20.02
34379629.55

Table 8.2: results of three simulations with different demand elasticity conditions
and generators both employing the one step strategy and provided with WPPT
predictions. The simulated period is April 2007.
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Some new interesting considerations emerge from the comparison of the results
obtained by simulating the system in the three different cases considered: the
deterministic one and the stochastic ones with perfect and WPPT predictions.
Table 8.3 show the results of these simulations in the case in which both the
generators employ the one step strategy and the demand elasticity is set by
b ≈ 1500. The effect of introducing wind power with perfect prediction by the
generators is that the slope of the supply function slightly increase with respect
to the deterministic case. This fact is caused by the change in the bid shape.
In the deterministic case, in fact, the marginal cost is simply a linear function
and, therefore, so is the bid. With wind power included, the cost function is
now formed by an horizontal part (the leftmost), which comes from wind power,
and an up-sloping part, which represents the energy to be generated by other
technologies. Again, the bid takes the same piecewise characteristic. The players
can bid strategically only on the rightmost part of the bid, which, therefore, will
easily have a higher slope than in the deterministic case. As one can see from the
table, both the generators increase their profits when wind is introduced, in both
the cases of perfect and WPPT predictions. The amount of energy dispatched to
the market increases (respectively +6.78% and +5.08% for the generators in the
perfect prediction case) more sensibly than in the Cournot competition model
when wind power is introduced. The profits also grow (+4.03% and +1.74%)
because of the cheaper energy source available to the producers. In turn, the
price is seen to decrease on average by 8.27%, due to the fact that now the
up-sloping part of the bid is shifted to the right by the wind power production
and thus intersects the demand at a lower point in the price axis. As a result,
the consumer benefit increases due to the lower price. The combined effect of
increased consumer benefit and of increased producers’ profits drive the social
welfare up (+7.77%). The figures obtained by comparing the deterministic and
the WPPT prediction cases shows the same pattern. As it has been done in
the Cournot competition stochastic model described in Subsection 5.4.1, it is
interesting to compare the cases of perfect prediction and of WPPT prediction.
Once again, the figures change very slightly from the ideal case (second column)
to the real one (third column), due to the small average effect of the prediction
error. The only comment to be done which differs from the ones in Subsection
5.4.1 regards the profits of the producers. With the stochastic LSF model, in
fact, the situation is that both the producers suffer a small decrease in the profits
when realistic forecasts on the wind are used instead of perfect information. As
already pointed out, one would intuitively expect this situation and commenting
this fact could seem rather trivial. Nevertheless, the game is a two-player one
and it is not ensured that both the generators see their profits decrease as it
happens in the LSF model. A different situation, in which one of the generators
increases its profits, has been seen in the Cournot model, see Subsection 5.4.1.
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Case

Deterministic

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

1505.60
1.76
1.76
23756.35
23756.35
8533458.94
8533458.94
22.38
35068884.15

Perfect
prediction
1505.60
1.77
1.77
25365.88
24965.02
8877148.29
8681583.38
20.53
37794123.57

WPPT
prediction
1505.60
1.77
1.76
25368.64
24966.72
8875822.77
8680122.61
20.52
37794984.14

Table 8.3: results of three simulations where both the generators employ the
one step strategy in the following cases: deterministic case (no wind power),
perfect prediction case, WPPT prediction case. The simulated period is April
2007.

8.4.2

Multi step bidding strategy

This subsection is aimed to comment on the results obtained through the simulations of the multi step optimization strategy described in Section 8.3. Making
use of this strategy, the generators are able to maximize their profits over a
longer time window than a single day, as it happens when the one step strategy
is used. The expected result is the superiority of the multi step strategy even
in a stochastic framework.
Once again, the optimal strategy is obtained numerically, namely through the
SPSA algorithm, rather than in an analytical way. A theoretical overview of
this technique has been given in Chapter 6. The setup and the settings of the
SPSA algorithm are those used for the deterministic case. The aim here is
just to explain the results obtained through the simulations. For the detailed
explanation of the choices made in the setup of the SPSA algorithm the reader
is referred to Subsection 7.4.2.
In the first set of simulations performed, the multi step strategy is compared
to the one step strategy. The first column of Table 8.4 shows the results of
a simulation in which both the generators employ the one step strategy. In
the second column of this table, the first generator switches to the multi step
optimal strategy. Both the simulations have been performed with a medium
elasticity of demand b ≈ 1500 and in the case of WPPT predictions, which is
the most realistic one. As one can see, the first generator is encouraged to switch
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Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

One step
One step
1505.60
1.77
1.76
25373.40
25098.43
8823781.46
8654068.46
20.43
37819494.74
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Multi step
One step
1505.60
2.19
1.84
22750.45
25583.56
9045483.31
9623152.14
21.87
37317016.63

Table 8.4: Results of the simulations of the LSF competition model with medium
elasticity of demand and WPPT predictions.

to the multi step strategy in order to increase its profits. Once again, though,
the second generator which sticks with the one step strategy takes advantage
from the fact that the first generator bids more strategically and, thus, raises the
price level. The trends in this case, regarding price, profits and social welfare
are exactly the same as in the deterministic case.
Figures 8.4 and 8.5 show, respectively, the evolution of the bids of the generators
and their respective quantities in a simulation in which the first generator follows
the multi step bidding strategy and the second producer the one step one. The
first generator bids, once more, a higher β than the second one and, as a result,
is scheduled to deliver a lower amount of energy. The regularity of the system
price over the days, as shown by Figure 8.6, is masked by the effects of the
uncertainties in the system.
The simulations described above have been perfomed, even in this case, with
three different conditions of the demand elasticity (b ≈ 1000, b ≈ 1500 and
b ≈ 2000). Table 8.5 shows the results of these simulations in the case in which
the first generator adopts the multi step strategy and the second one the one
step one. Both of them are provided with WPPT forecasts. As expected, a
more elastic demand gives the generators less room to bid strategically with
beneficial effects for the consumers and, in general, for the society.
Once again, an interesting comparison can be done between the deterministic
and the stochastic cases. Table 8.6 shows the results of the simulations when the
first generator adopts the multi step strategy and the second one the one step
strategy. The demand elasticity is set to b ≈ 1500 and both the generators use
WPPT forecasts. A comparison between the first column (deterministic case)
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Figure 8.4: bids (βi (t)/ci , i = 1, 2) of the first generator (blue) and second generator (red) during the third week of the simulation (April 2007). The demand
is set by b ≈ 1500 and the WPPT forecasts are used.

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Social Welfare (EUR)

1001.43
3.04
2.14
19682.28
24858.69
9410734.12
11022014.69
24.47
44232842.71

1505.60
2.19
1.84
22750.45
25583.56
9045483.31
9623152.14
21.87
37317016.63

2012.09
1.83
1.67
25143.85
26551.18
8983111.40
9142000.28
20.78
34093757.76

Table 8.5: results of three simulations with different demand elasticity conditions
and generators both employing the one step strategy and provided with WPPT
predictions. The simulated period is April 2007.

and the second one (stochastic case with perfect predictions) shows that the
introduction of wind in the system causes the first producer, which is employing
the multi step strategy, to increase sensibly its bid (the ratio β1 /c1 goes from 1.93
to 2.21). This is much more evident in the multi step strategy than in the one
step since the second generator’s β2 /c2 increases slightly. As a consequence, the
energy production of the first generator expands only slightly while the second
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Figure 8.5: quantities produced by the first generator (blue) and by the second
generator (red) during the third week of the simulation (April 2007). The second
generator, which is bidding with a less strategic strategy, is assigned a bigger
share of production. The demand is set by b ≈ 1500 and the WPPT forecasts
are used.
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Figure 8.6: system price during the third week of the simulation (April 2007).
The demand is set by b ≈ 1500 and the WPPT forecasts are used.
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Case

Deterministic

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Social Welfare (EUR)

1505.60
1.93
1.82
22575.96
23829.93
8665504.52
8973868.64
23.14
34807914.62

Perfect
prediction
1505.60
2.21
1.84
22619.17
25588.61
9063752.91
9677931.42
21.95
37288642.47

WPPT
prediction
1505.60
2.19
1.84
22750.45
25583.56
9045483.31
9623152.14
21.87
37317016.63

Table 8.6: results of the simulations in which the first generator adopts the multi
step strategy and the second one the one step strategy. The demand elasticity
is set by b ≈ 1500.

producer dispatches much more energy to the market (+7.38%). This fact has,
again, a beneficial effect on the price which is seen to decrease (−5.14%). As in
the Cournot competition case, both the generators increase their profits when
wind power is introduced (+4.60% for the first generator, +7.85% for the second
one), due to the cheaper source of energy available. The social welfare, both
due to a drop in the prices and an increase in the generators’ profit, is seen to
increase of 7.13%. Once again, the comments on the comparison between the
deterministic case and the stochastic one with WPPT predictions are omitted
since it shows the same pattern. A comparison between the two stochastic cases
(perfect and WPPT predictions) shows again the similarity in the results of the
simulations. As in Subsection 8.4.1, both the generators suffer a slight loss in
the profits when introducing the WPPT predictions instead of the perfect ones.
The small magnitude of the losses (−0.20% for the first generator, −0.57% for
the second one) underlines again the quality of the WPPT predictions.

8.5

Conclusions

This chapter has presented the development, implementation and simulation of
the stochastic model in the LSF framework, when wind power is introduced in
the system developed in Chapter 7. Some interesting considerations arose from
the simulations performed.
To begin, the one step strategy has proved again, this time in a stochastic
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framework, its efficiency in modeling a bidding strategy of a generating company.
Its superiority with respect to the naive strategy has been shown even with the
presence of wind. A multi step strategy is also presented in this chapter. The
simulations carried out confirm once again its ability in outperforming the one
step strategy in terms of profit.
The trends highlighted in Chapter 7 for the deterministic model are confirmed
also in the stochastic case. First of all, a generator can take advantage from
a switch of the competitor to a more advanced strategy, and from the consequent increase in the system price. This has been shown both with the one
step strategy and the multi step one. Furthermore, it has been shown that the
introduction of more advanced bidding strategies is, again, not beneficial for
the society. At last, the sensitivity analysis has once again shown a clear inverse coupling between the elasticity of demand and the possibility for strategic
players to manipulate the market.
Besides that, as it has been shown for the stochastic Cournot competition model
in Chapter 5, simulations have proved that the introduction of wind power is
beneficial both to the producers and the society. From the producers’ point of
view, this source of energy is attractive for its lower costs. This allows them
to earn more profits, even with an increased production of energy. As far as
concerns the society, it benefits from the introduction of wind since this has
the effect of lowering the price and increasing the amount of dispatched energy:
both these facts cause an increase in the social benefit.
Finally, an assessment of the introduction of WPPT predictions on the future
profile of wind power, instead of perfect information on it, has been given.
Generally speaking, the difference in the generators’ profit represents a very low
fraction of the total profits (less than half a percentage point). This confirms
the quality of the WPPT predictions and their applicability as a tool in the
framework of strategic bidding.
The Tables 8.7, 8.8, 8.9 and 8.10 document the results of all the simulations
performed. Some results that have already been shown in the chapter are present
along with figures that have been omitted for the sake of compactness.
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Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Naive
Naive
1001.43
1.00
1.00
27927.03
27521.32
4701006.00
4571696.20
13.57
46136650.55

One step
Naive
1001.43
1.69
1.00
20895.46
32203.64
5572535.10
6250713.09
15.92
45637944.71

One step
One step
1001.43
2.00
2.00
23914.64
23512.64
9182327.79
8978322.28
21.59
45163142.28

Naive
Naive
1505.60
1.00
1.00
29863.94
29458.23
5374295.84
5235258.17
14.54
38686744.74

One step
Naive
1505.60
1.59
1.00
22779.77
33499.04
6172456.63
6760307.84
16.56
38211010.47

One step
One step
1505.60
1.77
1.77
25365.88
24965.02
8877148.29
8681583.38
20.53
37794123.57

Naive
Naive
2012.09
1.00
1.00
31483.24
31077.53
5971735.45
5824569.19
15.35
35171951.43

One step
Naive
2012.09
1.51
1.00
24456.02
34581.89
6698818.28
7202621.25
17.10
34725943.52

One step
One step
2012.09
1.62
1.62
26722.75
26320.83
8861806.83
8669626.00
20.10
34355726.05

Table 8.7: results of the simulations that assess the performance of the one step
strategy in comparison with the naive strategy, in the three different conditions
of demand elasticity. Perfect information on the future wind power is assumed
available to the producers.
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Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Naive
Naive
1001.43
1.00
1.00
27898.27
27619.43
4653984.80
4526034.09
13.51
46133227.05

One step
Naive
1001.43
1.00
1.68
32536.77
20653.87
6330904.10
5399879.61
15.82
45658291.59

One step
One step
1001.43
2.00
2.00
23909.81
23633.55
9118403.60
8945479.91
21.47
45190515.05

Naive
Naive
1505.60
1.00
1.00
29847.83
29568.99
5328713.43
5190994.87
14.48
38682797.70

One step
Naive
1505.60
1.00
1.59
33858.82
22537.14
6855717.60
5994331.69
16.49
38229168.38

One step
One step
1505.60
1.77
1.76
25373.40
25098.43
8823781.46
8654068.46
20.43
37819494.74

Naive
Naive
2012.09
1.00
1.00
31477.68
31198.84
5927726.72
5781846.52
15.30
35167567.23

One step
Naive
2012.09
1.00
1.51
34961.35
24213.14
7309860.18
6516264.82
17.04
34742252.96

One step
One step
2012.09
1.62
1.62
26739.62
26463.76
8815187.38
8645443.39
20.02
34379629.55

Table 8.8: results of the simulations that assess the performance of the one step
strategy in comparison with the naive strategy, in the three different conditions
of demand elasticity. WPPT forecasts are available to the producers.
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Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

One step
One step
1001.43
2.00
2.00
23914.64
23512.64
9182327.79
8978322.28
21.59
45163142.28

Multi step
One step
1001.43
2.98
2.16
19782.71
24718.20
9485615.19
11004207.73
24.51
44243065.59

One step
One step
1505.60
1.77
1.77
25365.88
24965.02
8877148.29
8681583.38
20.53
37794123.57

Multi step
One step
1505.60
2.21
1.84
22619.17
25588.61
9063752.91
9677931.42
21.95
37288642.47

One step
One step
2012.09
1.62
1.62
26722.75
26320.83
8861806.83
8669626.00
20.10
34355726.05

Multi step
One step
2012.09
1.85
1.67
24943.02
26594.08
8992811.06
9202245.57
20.86
34061794.34

Table 8.9: results of the simulations that assess the performance of the long
term strategy in comparison with the one step strategy, in the three different
conditions of demand elasticity. Perfect information on the future wind power
is assumed available to the producers.
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Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

Strategy

Generator 1
Generator 2

Mean b
Mean β1 /c1
Mean β2 /c2
Mean Quantity Gen.1 (MWh)
Mean Quantity Gen.2 (MWh)
Daily Profit Gen.1 (EUR)
Daily Profit Gen.2 (EUR)
Mean Price (EUR)
Daily Social Welfare (EUR)

One step
One step
1001.43
2.00
2.00
23909.81
23633.55
9118403.60
8945479.91
21.47
45190515.05

Multi step
One step
1001.43
3.04
2.14
19682.28
24858.69
9410734.12
11022014.69
24.47
44232842.71

One step
One step
1505.60
1.77
1.76
25373.40
25098.43
8823781.46
8654068.46
20.43
37819494.74

Multi step
One step
1505.60
2.19
1.84
22750.45
25583.56
9045483.31
9623152.14
21.87
37317016.63

One step
One step
2012.09
1.62
1.62
26739.62
26463.76
8815187.38
8645443.39
20.02
34379629.55

Multi step
One step
2012.09
1.83
1.67
25143.85
26551.18
8983111.40
9142000.28
20.78
34093757.76

Table 8.10: results of the simulations that assess the performance of the long
term strategy in comparison with the one step strategy, in the three different
conditions of demand elasticity. WPPT forecasts are available to the producers.
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Chapter

9

Conclusions and future work

9.1

Conclusions

In this thesis, optimal control theory is employed for studying power markets.
In particular, the functioning of oligopolistic electricity markets and the issue of
strategic bidding are analyzed. Based on the (dynamic) profit maximizing behavior of the generators, we model the repeated bidding process (hourly based)
in real time electricity markets as a dynamic feedback system. Several models have been developed and implemented, depending on the structure of the
market to be analyzed.
Firstly, the quantity bidding, or Cournot competition model, has been considered. The derived model and the results of the simulations have been presented
in Chapter 4. In such a market, the generators tend to withhold generation
capacity in order to mark up the price and, therefore, earn more profits. The
introduction of more advanced strategies encourages the producers to bid higher
quantities in the market. This production increase has been verified both when
switching from the naive (in which the bids are constant day after day) to the
one step strategy, and when the long term strategy replaces the one step strategy1 . The reason for this is that a producer, when bidding strategically, tends
to exploit the price mark up caused by the competitors and, at the same time, it
1 Three

strategies have been considered in this thesis. The so called ”naive” aims at de-
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expands its own production in order to sell more energy at the augmented price.
The consequence of this behavior is a conspicuous increase in the profits. In fact,
simulations have shown that a producer is encouraged to switch from the naive
to the one step strategy and, even with a more significant increase in the profits,
from the one step to the multi step strategy. This latter comment proves the
advantages of a long term optimal strategy that is able to take into account the
dynamics of the system and, thus, confirms the effectiveness of control theory
in the study of power markets. Furthermore, the simulations performed with
this deterministic model have highlighted an important feature that is peculiar
to the Cournot competition model: the adoption of more advanced strategies
by the producers has a beneficial effect not only on the producers’ profits but
also on the market as a whole. In fact, the system price decreases due to the
expanded production. Furthermore, the social welfare, defined as the sum of
the consumers’ benefit and the generators’ profit, increases considerably as more
demand is met by the producers.
A stochastic version of the quantity competition model has been developed and
presented in Chapter 5. This has been done in order to take into account the
effect of introducing wind power production in the market. The findings of this
model are particularly interesting since it allows for the evaluation of the market
behavior as the wind penetrates electricity markets as a source of energy. It has
been shown that the introduction of wind power is advantageous both for the
producers and the society. The former ones gain in terms of individual profits,
since they can now rely on a cheaper energy source. The society, in turn, benefits
from the resulting increased production and the reduced price, which both lead
to a conspicuous increase in the social welfare. The model has been simulated in
the cases of both perfect and estimated information on the wind power future
profile. In order to test the system in a realistic framework, a state-of-theart forecasting tool (WPPT) has been employed. This has allowed to assess
the sensitivity of the model with respect to the accuracy of the predictions for
developing effective bidding strategies. The figures achieved through simulations
in which both the generators are provided with WPPT predictions show only a
slight difference from the results obtained in the perfect information case. This
confirms the appropriateness and the usefulness of the WPPT predictions for
strategic bidding. Again, a multi step strategy for this stochastic framework has
been developed. The simulations confirm its superior performance with respect
to the one step strategy, in terms of increased profits of the generator employing
it. This result is very interesting since the optimization horizon extends beyond
the forecast horizon in the wind power predictions.
Other than the quantity bidding, the LSF competition has been taken into conscribing the behavior of a generator which is not bidding strategically. The one step and multi
step strategies have been developed to characterize two different ways of bidding strategically.
For more details on them the reader is referred to the previous chapters in this thesis.
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sideration. A deterministic model for this kind of market has been derived and
presented in Chapter 7, together with the results of the simulations performed.
In such a market, the producers do not withhold generation capacity but they
rather try to achieve higher profits by marking up their bids with respect to
their marginal costs. In the developed model, this takes the form of an increase
in the slope of the linear supply function representing the bid of each individual
GENCO. This increase has been verified both when a generator switches from
the naive (in which the marginal cost is bid) to the one step strategy and when
the switch is from the one step to the multi step strategy. Once again, the
switch to more advanced strategies is encouraged by increasing profits. As the
performed simulations show, the result of the more strategic behavior of the
producers is a higher price and a reduced social welfare. The situation is the
opposite with respect to the Cournot competition case, since the adoption of
more advanced strategies, although convenient for the producers, is unprofitable
for the society. In addition to that, as pointed out in Chapter 7, another peculiarity of the LSF competition has been observed. The switch of a generator to a
more advanced strategy is beneficial to the competitors as well, insofar as their
energy becomes cheaper than that of the more strategic producer. Therefore,
they are assigned a bigger share of the production which, in turn, leads to higher
profits. The latter two facts described represent the main differences between
the Cournot and the LSF competition models.
The stochastic model for the LSF competition has been developed as well, in the
same fashion as for the Cournot competition case. The results of the simulations
using this model are very interesting because of the newness of the approach.
They show once more that the introduction of wind power production is beneficial both to the generators and to the market, for the same reasons as discussed
above in the Cournot competition case. Once again, the multi step strategy has
been simulated and the results confirm its superior performance with respect
to the one step strategy. As in the deterministic case, this positive result is
obtained at the expense of the society, which loses both in terms of augmented
price and of diminished social welfare. Similarly to Chapter 5, the use of WPPT
predictions have been benchmarked by performing the same simulations using,
instead, perfect information on the future wind profile. Once again, the results
are slightly worse when WPPT forecasts are used. The losses can be quantified
to small fractions of a percentage point, and this confirms once again the accuracy of the WPPT predictions and appropriateness of employing them when
bidding strategically.
Sensitivity analyses have been made possible by simulating the different setups
(both the Cournot competition and the LSF models in their deterministic and
stochastic versions) in varying conditions of demand elasticity. The trend, which
has been verified in all the simulated cases, is that an increase in the demand
elasticity limits the possibility for the producers to exploit their market power
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and, generally, leads to decreased profits. In turn, the society gains in terms of
lower prices and of increased social benefit. These results are in complete accordance with the literature on the subject (for instance see Ocana and Romero
[1998]).
In this thesis, various strategies have been derived both analytically and numerically. The SPSA algorithm (Chapter 6) has been selected as the numerical
method of choice. This latter was needed, in particular, to solve the optimal
control problem for the LSF competition model, both in the deterministic and
stochastic cases. In fact, the cumbersome structure of the equations describing
them did not leave room for an analytical solution.
This work shows that control theory represents an effective tool for describing
and modeling electricity markets, which by their nature are closed loop systems.
Two main advantages of its use emerge from this work. Firstly, modeling the
electricity market as a closed loop system permits to take into account one of
the most important among its features: the dynamics. As it has been discussed
throughout this work, the hourly bidding rounds are not independent from one
another. In the fact the bids of a generator at a given hour depend both on
its past bids and on its competitors’ ones. Insight on the market described as
a dynamic system, for instance on its stability properties, can been obtained
through the use of control theory. Also, optimal control theory is paramount in
order to develop more advanced strategies, able to exploit the system inertia,
which comes from its dynamic behavior. The second advantage of using control
theory in the study of electricity markets consists in the fact that it can handle
also its stochastic aspects. Uncertainties, which characterize the market, can
be included in a model in which the generators bid optimally in a stochastic
sense. In this work, the maximization of the expectation of the profits is the
target of the bidding strategies, although the framework of stochastic control
theory allows for the development of more complex and diversified strategies
accounting for the risk involved in dealing with a stochastic market.

9.2

Future work

The work carried out in this thesis paves the way for further research in many
directions.
To start with, the models already developed could be used to simulate a broader
range of cases, with just a very little effort. It may be interesting to investigate
the functioning of the market and the behavior of the generators when more than
two of them are participating. In addition to that, different mixes of production

9.2 Future work

171

could be considered, in order to assess how differences in the cost of energy for
the producers affect their strategic bidding and the welfare of the society.
Moreover, the stochastic models offer further room for improvement. First of all,
it would be interesting to include the wind dynamics into the model. This could
lead to improved bidding strategies and would likely provide further insights
about the behavior of the market. Furthermore, another enhancement would be
to take into consideration other stochastic sources of energy other than the wind,
e.g. hydroelectric power. They have not been contemplated in this work since
the main focus of the thesis was on the Danish energy market. Nevertheless,
renewable sources of energy are becoming more and more important in many
countries and, therefore, the development of models accounting for these is
highly desirable. On the other hand it would be attractive to consider sources
of uncertainty different from those in the cost function of the producers. For
instance, as already pointed out throughout the thesis, stochastic characteristics
can be taken into account when modeling the demand function and/or the
behavior of the competitors.
An interesting but challenging research area would arise from the inclusion of the
transmission constraints in the formulation of the problem. These represent an
important and somehow critical feature of power markets since the transmission
system is often fully or almost fully exploited due to the high cost of these
infrastructures. For this reason, the introduction of transmission constraints
would lead to more accurate and reliable models of the Scandinavian market.
Moreover, only the day-ahead spot market has been considered in the derivation
of our models. Different kinds of market, such as the continuous trading (Elbas)
and real-time markets, as well as other issues related to them, e.g. regulation
costs, have been left behind. Once again, their inclusion and the assessment of
their impact would be interesting both from the point of view of the producers
and of the society.
At last, one field which has not been covered in this work but deserves to be
mentioned is risk management. This subject has drawn more and more attention
recently, as the generation decision of the producers is made in a stochastic
environment, even if the generation output is deterministic. By modifying the
optimization index in the formulation of the problem it would be possible to
develop more advanced and diversified strategies, which aim at maximizing the
expected profit while, at the same time, considering the market risk.
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Appendix

A
MATLAB code

This appendix is devoted to the MATLAB code written in order to implement
the system. It has been decided not to report the whole code because it is very
long and its complete inclusion would lengthen the thesis excessively. Therefore
only those parts which are deemed more significant are presented. The whole
code can be obtained by contacting the authors.

A.1

Cournot competition - one step strategy

This section contains the MATLAB code used for simulating the Cournot competition model with the naive and one step optimal strategies.

clear all
close all
% loading data according to weekend or weekday simulation
load(’data’)
we = 0;
if (we == 0)
measzone1 = measzone1_wd;
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measzone2 = measzone2_wd;
predzone1 = predzone1_wd;
predzone2 = predzone2_wd;
sysp = sysp_wd;
cons = cons_wd;
begin_day = 66;
Nd = 21;
else
measzone1 = measzone1_we;
measzone2 = measzone2_we;
predzone1 = predzone1_we;
predzone2 = predzone2_we;
sysp = sysp_we;
cons = cons_we;
begin_day = 26;
Nd = 9;
end
clear den fin swe nor cons_wd cons_we sysp_wd sysp_we ...
measzone1_wd measzone1_we predzone1_wd predzone1_we...
measzone2_wd measzone2_we predzone2_wd predzone2_we
perf_pred = 0;
if perf_pred
predzone1 = measzone1;
predzone2 = measzone2;
end
naive1 = 0; %set 1 to make gen.1 use the naive strategy
naive2 = 0; %set 1 to make gen.2 use the naive strategy
%% DETERMINATION OF THE DEMAND PROFILE
e = []; f = []; qm = [];
b0 = 1500;
if b0 == 1000
e = 69;
elseif b0 == 1500
e = 54;
else
e = 46.5;
end
for i = 1:Nd+1

A.1 Cournot competition - one step strategy

day = (i-1) + begin_day;
[pmi,qmi] = p_q_estimates(day,cons,sysp);
f = [f (e-pmi)./qmi];
pm = pmi;
qm = [qm qmi];
end
e = e*f./f;
a = e./f;
b = 1./f;
%% PARAMETERS OF THE GENERATORS
if b0 == 1000
beta = 500;
elseif b0 == 1500
beta = 700;
else
beta = 900;
end
% gen. 1
beta_1 = beta;
aw1 = 10;
a_1 = 10;
b_1 = 1.5;
c_1 = 0.0001;
share1 = 0.5;
if ~share1
aw1 = 0;
end
% gen 2
beta_2 = beta;
aw2 = aw1;
a_2 = a_1;
b_2 = b_1;
c_2 = c_1;
share2 = share1;
%% SIMULATION
% initial conditions
qmMax = max(max(qm));
q_1w = wind_generator(share1,qmMax,Nd,1,begin_day,measzone1);
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q_2w = wind_generator(share2,qmMax,Nd,1,begin_day,measzone2);
q_1wm = 0*q_1w; % forecast matrices initialised to 0
q_2wm = q_1wm;
for i = 1:Nd+1
q_1wm(:,i) = pred_generator(share1,qmMax,i,1,begin_day,predzone1,perf_pred);
q_2wm(:,i) = pred_generator(share2,qmMax,i,1,begin_day,predzone2,perf_pred);
end
q_1 = [0.45*qm(:,1)-q_1wm(:,1) zeros(24,Nd)];
q_2 = [0.45*qm(:,1)-q_2wm(:,1) zeros(24,Nd)];
dpi2 = q_1*0;
% core loop for simulating
for i = 2:Nd+1
for j = 1:24
q_1(j,i) = (1-beta_1*(c_1+2*f(j,i)))*q_1(j,i-1) ...
- beta_1*f(j,i)*q_2(j,i-1) - beta_1*f(j,i)*(2*q_1wm(j,i)...
+q_2wm(j,i-1)) + beta_1*(e(j,i)-b_1);
q_2(j,i) = (1-beta_2*(c_2+2*f(j,i)))*q_2(j,i-1)...
- beta_2*f(j,i)*q_1(j,i-1) - beta_2*f(j,i)*(2*q_2wm(j,i)...
+q_1wm(j,i-1)) + beta_2*(e(j,i)-b_2);
dpi2(j,i) = -(c_2+2*f(j,i))*q_2(j,i-1) - f(j,i)*q_1(j,i-1) ...
- f(j,i)*(2*q_2wm(j,i)+q_1wm(j,i-1)) + e(j,i)-b_2;
if naive1
q_1(j,i) = q_1(j,i-1)+q_1wm(j,i-1)-q_1wm(j,i);
end
if naive2
q_2(j,i) = q_2(j,i-1)+q_2wm(j,i-1)-q_2wm(j,i);
end
end
end
% final operations on the vectors
q_1 = reshape(q_1(:,1:end),1,24*(Nd+1));
q_2 = reshape(q_2(:,1:end),1,24*(Nd+1));
q_1w = reshape(q_1w(:,1:Nd+1),1,24*(Nd+1));
q_2w = reshape(q_2w(:,1:Nd+1),1,24*(Nd+1));
q_1wm = reshape(q_1wm(:,1:Nd+1),1,24*(Nd+1));
q_2wm = reshape(q_2wm(:,1:Nd+1),1,24*(Nd+1));
e = reshape(e(:,1:end),1,24*(Nd+1));
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f = reshape(f(:,1:end),1,24*(Nd+1));
a = reshape(a(:,1:end),1,24*(Nd+1));
b = reshape(b(:,1:end),1,24*(Nd+1));
q_1tot = q_1 + q_1wm;
q_2tot = q_2 + q_2wm;
q_1 = q_1tot - q_1w;
q_2 = q_2tot - q_2w;
% determination of the performace indexes
p = e - f.*(q_1tot + q_2tot);
profit_1 = p.*q_1tot - (aw1 + a_1 + b_1*q_1 + 0.5*c_1*q_1.^2);
profit_2 = p.*q_2tot - (aw2 + a_2 + b_2*q_2 + 0.5*c_2*q_2.^2);
soc_bft = e.*(q_1tot + q_2tot) - 0.5*f.*(q_1tot + q_2tot).^2 - ...
(b_1*q_1 + 0.5*c_1*q_1.^2 + b_2*q_2 + 0.5*c_2*q_2.^2);

A.2

Cournot competition - multi step strategy

This section contains the MATLAB code used for simulating the Cournot competition model with the one step and long term optimal strategies.
clear all
close all
% loading data according to weekend or weekday simulation
load(’data’)
we = 0;
if (we == 0)
measzone1 = measzone1_wd;
measzone2 = measzone2_wd;
predzone1 = predzone1_wd;
predzone2 = predzone2_wd;
sysp = sysp_wd;
cons = cons_wd;
begin_day = 66;
Nd = 21;
else
measzone1 = measzone1_we;
measzone2 = measzone2_we;
predzone1 = predzone1_we;
predzone2 = predzone2_we;
sysp = sysp_we;
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cons = cons_we;
begin_day = 26;
Nd = 9;
end
clear cons_wd cons_we sysp_wd sysp_we ...
measzone1_wd measzone1_we predzone1_wd predzone1_we...
measzone2_wd measzone2_we predzone2_wd predzone2_we
perf_pred = 0;
if perf_pred
predzone1 = measzone1;
predzone2 = measzone2;
end
Nde = 3;

%number of days in the optimal control horizon

%% DETERMINATION OF THE DEMAND PROFILE
e = []; f = []; qm = [];
b0 = 1500;
if b0 == 1000
e = 69;
elseif b0 == 1500
e = 54;
else
e = 46.5;
end
for i = 1:Nd+Nde+1
day = (i-1) + begin_day;
[pmi,qmi] = p_q_estimates(day,cons,sysp);
f = [f (e-pmi)./qmi];
pm = pmi;
qm = [qm qmi];
end
e = e*f./f;
a = e./f;
b = 1./f;
%% PARAMETERS OF THE GENERATORS
if b0 == 1000
beta = 500;
elseif b0 == 1500
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beta = 700;
else
beta = 900;
end
% gen. 1
beta_1 = beta;
aw1 = 10;
a_1 = 10;
b_1 = 1.5;
c_1 = 0.0001;
share1 = 0.5;
if ~share1
aw1 = 0;
end
% gen. 2
beta_2 = beta;
aw2 = aw1;
a_2 = a_1;
b_2 = b_1;
c_2 = c_1;
share2 = share1;
%% SIMULATION
% initial conditions
qmMax = max(max(qm));
q_1w = wind_generator(share1,qmMax,Nd,Nde,begin_day,measzone1);
q_2w = wind_generator(share2,qmMax,Nd,Nde,begin_day,measzone2);
q_1wm(:,1) = pred_generator(share1,qmMax,1,1,begin_day,predzone1,perf_pred);
q_2wm(:,1) = pred_generator(share2,qmMax,1,1,begin_day,predzone2,perf_pred);
q_1 = [0.45*qm(:,1)-q_1wm(:,1) 0*q_1w(:,2:end)];
q_2 = [0.45*qm(:,1)-q_2wm(:,1) 0*q_2w(:,2:end)];
q_1wm = 0*q_1w;
q_2wm = 0*q_2w;

f1 = f(:,2:end);
f0 = f(:,1:end-1);
e1 = e(:,2:end);

% at time t+1
% at time t
% at time t+1
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e0 = e(:,1:end-1);

% at time t

A_1 = 1-beta_2.*(c_2+2*f1);
B_1 = -beta_2*f1;
C = -f0;
D = -f0;
temp = [];
% core loop for simulating
for i = 2:Nd+1
q_1wm(:,i-1:(i-1+Nde-1)) = pred_generator(share1,qmMax,i-1,Nde,...
begin_day,predzone1,perf_pred);
q_2wm(:,i-1:(i-1+Nde-1)) = pred_generator(share2,qmMax,i-1,Nde,...
begin_day,predzone2,perf_pred);
e_p = e0-f0.*(q_1w+q_2w);
e_pn = e_p+D.*q_1wm;
q_2wm(:,i-1:(i-1+Nde-1)) = pred_generator(share2,qmMax,i,Nde,...
begin_day,predzone2,perf_pred);
K = beta_2*(e1-b_2-f1.*(2*q_2wm+q_1wm));
for j = 1:24
S(j,i+Nde) = 0;
M(j,i+Nde) = 0;
for k = 1:Nde-1
t = i+Nde-k;
S(j,t) = C(j,t)’*C(j,t)/(c_1-2*D(j,t)) + (A_1(j,t)’ ...
+ (C(j,t)’*B_1(j,t)’)/(c_1-2*D(j,t)))*S(j,t+1)*...
inv(c_1-2*D(j,t)-B_1(j,t)*B_1(j,t)’*S(j,t+1))*...
((c_1-2*D(j,t))*A_1(j,t)+B_1(j,t)*C(j,t));
M(j,t) = C(j,t)’* ((e_pn(j,t)-b_1)/(c_1-2*D(j,t))...
+q_1wm(j,t))+ (A_1(j,t)’+ (C(j,t)’*B_1(j,t)’)/(c_1...
-2*D(j,t)))*(S(j,t+1)*inv(c_1-2*D(j,t)-B_1(j,t)*...
B_1(j,t)’*S(j,t+1))* (B_1(j,t)*(B_1(j,t)’*M(j,t+1)...
-b_1+e_pn(j,t))+(c_1-2*D(j,t))*K(j,t))+M(j,t+1));
end
q_1(j,i) = ((B_1(j,i)’*S(j,i+1)*A_1(j,i)+C(j,i))/...
(c_1-2*D(j,i)-B_1(j,i)’*S(j,i+1)*B_1(j,i)))*...
(A_1(j,i-1)*q_2(j,i-1)+B_1(j,i-1)*q_1(j,i-1)+...
K(j,i-1))+(B_1(j,i)’*S(j,i+1)*K(j,i)+B_1(j,i)’*...
M(j,i+1)-b_1+e_pn(j,i))/(c_1-2*D(j,i)-...
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B_1(j,i)’*S(j,i+1)*B_1(j,i));
q_2(j,i) = A_1(j,i-1)*q_2(j,i-1)+...
B_1(j,i-1)*q_1(j,i-1)+K(j,i-1);
end
end

% final operations on the vectors
q_1 = q_1(:,1:Nd+1);
q_2 = q_2(:,1:Nd+1);
q_1w = q_1w(:,1:Nd+1);
q_2w = q_2w(:,1:Nd+1);
q_1wm = q_1wm(:,1:Nd+1);
q_2wm = q_2wm(:,1:Nd+1);
e = e(:,1:Nd+1);
f = f(:,1:Nd+1);
e0 = e0(:,1:Nd+1);
f0 = f0(:,1:Nd+1);
a = a(:,1:Nd+1);
b = b(:,1:Nd+1);
qm = qm(:,1:Nd+1);
q_1 = reshape(q_1(:,1:end),1,24*(Nd+1));
q_2 = reshape(q_2(:,1:end),1,24*(Nd+1));
q_1w = reshape(q_1w(:,1:Nd+1),1,24*(Nd+1));
q_2w = reshape(q_2w(:,1:Nd+1),1,24*(Nd+1));
q_1wm = reshape(q_1wm(:,1:Nd+1),1,24*(Nd+1));
q_2wm = reshape(q_2wm(:,1:Nd+1),1,24*(Nd+1));
e = reshape(e(:,1:end),1,24*(Nd+1));
f = reshape(f(:,1:end),1,24*(Nd+1));
e0 = reshape(e0(:,1:end),1,24*(Nd+1));
f0 = reshape(f0(:,1:end),1,24*(Nd+1));
a = reshape(a(:,1:end),1,24*(Nd+1));
b = reshape(b(:,1:end),1,24*(Nd+1));
q_1tot = q_1 + q_1wm;
q_2tot = q_2 + q_2wm;
q_1 = q_1tot - q_1w;
q_2 = q_2tot - q_2w;
% determination of the performace
p = e0 - f0.*(q_1tot + q_2tot);
profit_1 = p.*q_1tot - (aw1 + a_1
profit_2 = p.*q_2tot - (aw2 + a_2
soc_bft = e0.*(q_1tot + q_2tot) -

indexes
+ b_1*q_1 + 0.5*c_1*q_1.^2);
+ b_2*q_2 + 0.5*c_2*q_2.^2);
0.5*f0.*(q_1tot + q_2tot).^2 -...
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(b_1*q_1 + 0.5*c_1*q_1.^2 + b_2*q_2 + 0.5*c_2*q_2.^2);

A.3

LSF competition - one step strategy

This section contains the MATLAB code used for simulating the LSF competition model with the naive and one step optimal strategies. It is evident that
the implementation of the LSF competition is more complex than the Cournot
competition. For this reason, and for the fact that it is similar to the one reported below, the code written for simulating the LSF competition model with
the multi step strategy will not be included.
clear all
close all
% loading data according to weekend or weekday simulation
load(’data’)
we = 0;
if (we == 0)
measzone1 = measzone1_wd;
measzone2 = measzone2_wd;
predzone1 = predzone1_wd;
predzone2 = predzone2_wd;
sysp = sysp_wd;
cons = cons_wd;
begin_day = 66;
Nd = 21;
else
measzone1 = measzone1_we;
measzone2 = measzone2_we;
predzone1 = predzone1_we;
predzone2 = predzone2_we;
sysp = sysp_we;
cons = cons_we;
begin_day = 26;
Nd = 9;
end
clear cons_wd cons_we sysp_wd sysp_we ...
measzone1_wd measzone1_we predzone1_wd predzone1_we...
measzone2_wd measzone2_we predzone2_wd predzone2_we

A.3 LSF competition - one step strategy

perf_pred = 0;
if perf_pred
predzone1 = measzone1;
predzone2 = measzone2;
end
naive1 = 0; %set 1 to make gen.1 use the naive strategy
naive2 = 0; %set 1 to make gen.2 use the naive strategy
%% DETERMINATION OF DEMAND PROFILE
e = []; f = []; qm = [];
b = 1500;
if b == 1000
e = 69;
elseif b == 1500
e = 54;
else
e = 46.5;
end
for i = 1:Nd+2
day = (i-1) + begin_day;
[pmi,qmi] = p_q_estimates(day,cons,sysp);
f = [f (e-pmi)./qmi];
pm = pmi;
qm = [qm qmi];
end
e = e*f./f;
a = e./f;
b = 1./f;
%% PARAMETERS OF THE GENERATORS
% gen. 1
k_adj_1 = 2e-12;
aw1 = 10;
a_1 = 10;
b_1 = 1.5;
c_1 = 0.0005;
share1 = 0;
if ~share1
aw1 = 0;
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end
% gen. 2
k_adj_2 = k_adj_1;
aw2 = aw1;
a_2 = a_1;
b_2 = b_1;
c_2 = c_1;
share2 = share1;
%% SIMULATION
% Initial conditions
alpha_1 = b_1*ones(24,length(e(1,:)));
alpha_2 = b_2*ones(24,length(e(1,:)));
beta_1 = [1*c_2*ones(24,1) zeros(24,length(e(1,:))-1)];
beta_2 = [1*c_2*ones(24,1) zeros(24,length(e(1,:))-1)];
dpi2 = beta_1*0; dpi2s = dpi2;
dpi1 = beta_1*0; dpi1s = dpi1;
q_1 = beta_1*0;
q_2 = q_1;
p = q_1;
qmMax = max(max(qm));
q_1w = wind_generator(share1,qmMax,Nd+1,1,begin_day,measzone1);
q_2w = wind_generator(share2,qmMax,Nd+1,1,begin_day,measzone2);
q_1wm = 0*q_1w;
% forecast matrices initialised to 0
q_2wm = q_1wm;
for i = 1:Nd+2
q_1wm(:,i) = pred_generator(share1,qmMax,i,1,begin_day,predzone1,perf_pred);
q_2wm(:,i) = pred_generator(share2,qmMax,i,1,begin_day,predzone2,perf_pred);
end
% core loop for simulating
for i = 2:Nd+2
for j = 1:24
dpi1(j,i)=-((-beta_2(j,i-1)*f(j,i)*q_1wm(j,i)+...
beta_2(j,i-1)*e(j,i)+f(j,i)*alpha_2(j,i-1)-beta_2(j,i-1)...
*f(j,i)*q_2wm(j,i-1))/(beta_2(j,i-1)*beta_1(j,i-1)+...
beta_2(j,i-1)*f(j,i)+f(j,i)*beta_1(j,i-1))^2*...
(beta_2(j,i-1)*f(j,i)*q_1wm(j,i)+beta_2(j,i-1)*...
alpha_1(j,i-1)-beta_2(j,i-1)*e(j,i)+f(j,i)*alpha_1(j,i-1)...
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-f(j,i)*alpha_2(j,i-1)+beta_2(j,i-1)*f(j,i)*q_2wm(j,i-1)))+...
(2*(-beta_1(j,i-1)*beta_2(j,i-1)*f(j,i)*q_1wm(j,i)+...
beta_1(j,i-1)*beta_2(j,i-1)*e(j,i)+beta_1(j,i-1)*...
f(j,i)*alpha_2(j,i-1)-beta_1(j,i-1)*beta_2(j,i-1)*...
f(j,i)*q_2wm(j,i-1)+alpha_1(j,i-1)*beta_2(j,i-1)*...
f(j,i))/(beta_2(j,i-1)*beta_1(j,i-1)+beta_2(j,i-1)*...
f(j,i)+f(j,i)*beta_1(j,i-1))^3*(beta_2(j,i-1)*...
f(j,i)*q_1wm(j,i)+beta_2(j,i-1)*alpha_1(j,i-1)-...
beta_2(j,i-1)*e(j,i)+f(j,i)*alpha_1(j,i-1)-f(j,i)*...
alpha_2(j,i-1)+beta_2(j,i-1)*f(j,i)*q_2wm(j,i-1))*...
(beta_2(j,i-1)+f(j,i)))-(b_1/(beta_2(j,i-1)*...
beta_1(j,i-1)+beta_2(j,i-1)*f(j,i)+f(j,i)*...
beta_1(j,i-1))^2*(beta_2(j,i-1)*f(j,i)*q_1wm(j,i)+...
beta_2(j,i-1)*alpha_1(j,i-1)-beta_2(j,i-1)*e(j,i)+f(j,i)*...
alpha_1(j,i-1)-f(j,i)*alpha_2(j,i-1)+beta_2(j,i-1)*f(j,i)*...
q_2wm(j,i-1))*(beta_2(j,i-1)+f(j,i)))+0.10e1*...
c_1/((beta_2(j,i-1)*beta_1(j,i-1)+beta_2(j,i-1)*...
f(j,i)+f(j,i)*beta_1(j,i-1))^3)*((beta_2(j,i-1)*f(j,i)*...
q_1wm(j,i)+beta_2(j,i-1)*alpha_1(j,i-1)-beta_2(j,i-1)*...
e(j,i)+f(j,i)*alpha_1(j,i-1)-f(j,i)*alpha_2(j,i-1)+...
beta_2(j,i-1)*f(j,i)*q_2wm(j,i-1))^2)*(beta_2(j,i-1)+f(j,i));
dpi1s(j,i) =
beta_1(j,i) =

sign([dpi1(j,i)])*min(1*c_1,abs(k_adj_1*dpi1(j,i)));
beta_1(j,i-1) + dpi1s(j,i);

dpi2(j,i)=((-beta_1(j,i-1)*f(j,i)*q_1wm(j,i-1)+...
beta_1(j,i-1)*e(j,i)+f(j,i)*alpha_1(j,i-1)-...
beta_1(j,i-1)*f(j,i)*q_2wm(j,i))/(beta_1(j,i-1)*...
beta_2(j,i-1)+beta_1(j,i-1)*f(j,i)+f(j,i)*...
beta_2(j,i-1))^2*(-beta_1(j,i-1)*f(j,i)*q_1wm(j,i-1)-...
beta_1(j,i-1)*alpha_2(j,i-1)+beta_1(j,i-1)*e(j,i)-f(j,i)*...
alpha_2(j,i-1)+f(j,i)*alpha_1(j,i-1)-beta_1(j,i-1)*...
f(j,i)*q_2wm(j,i)))-(2*(-beta_2(j,i-1)*beta_1(j,i-1)*...
f(j,i)*q_1wm(j,i-1)+beta_2(j,i-1)*beta_1(j,i-1)*...
e(j,i)+beta_2(j,i-1)*f(j,i)*alpha_1(j,i-1)-...
beta_2(j,i-1)*beta_1(j,i-1)*f(j,i)*q_2wm(j,i)+...
alpha_2(j,i-1)*beta_1(j,i-1)*f(j,i))/(beta_1(j,i-1)*...
beta_2(j,i-1)+beta_1(j,i-1)*f(j,i)+f(j,i)*beta_2(j,i-1))^3*...
(-beta_1(j,i-1)*f(j,i)*q_1wm(j,i-1)-beta_1(j,i-1)*...
alpha_2(j,i-1)+beta_1(j,i-1)*e(j,i)-f(j,i)*alpha_2(j,i-1)+...
f(j,i)*alpha_1(j,i-1)-beta_1(j,i-1)*f(j,i)*q_2wm(j,i))*...
(beta_1(j,i-1)+f(j,i)))+(b_2*(-beta_1(j,i-1)*f(j,i)*...
q_1wm(j,i-1)-beta_1(j,i-1)*alpha_2(j,i-1)+beta_1(j,i-1)*...
e(j,i)-f(j,i)*alpha_2(j,i-1)+f(j,i)*alpha_1(j,i-1)-beta_1(j,i-1)*...

186

Appendix A

f(j,i)*q_2wm(j,i))/(beta_1(j,i-1)*beta_2(j,i-1)+beta_1(j,i-1)*...
f(j,i)+f(j,i)*beta_2(j,i-1))^2*(beta_1(j,i-1)+f(j,i)))+0.10e1*...
c_2*((-beta_1(j,i-1)*f(j,i)*q_1wm(j,i-1)-beta_1(j,i-1)*...
alpha_2(j,i-1)+beta_1(j,i-1)*e(j,i)-f(j,i)*alpha_2(j,i-1)+...
f(j,i)*alpha_1(j,i-1)-beta_1(j,i-1)*f(j,i)*q_2wm(j,i))^2)/...
((beta_1(j,i-1)*beta_2(j,i-1)+beta_1(j,i-1)*f(j,i)+f(j,i)*...
beta_2(j,i-1))^3)*(beta_1(j,i-1)+f(j,i));
dpi2s(j,i) =
beta_2(j,i) =

sign([dpi2(j,i)])*min(1*c_2,abs(k_adj_2*dpi2(j,i)));
beta_2(j,i-1) + dpi2s(j,i);

if naive1
beta_1(j,i) = c_1;
end
if naive2
beta_2(j,i) = c_2;
end
end
end
p=(-beta_1.*beta_2.*f.*q_1wm+beta_1.*beta_2.*e+...
beta_1.*f.*alpha_2-beta_1.*beta_2.*f.*q_2wm+...
alpha_1.*beta_2.*f)./(beta_2.*beta_1+beta_2.*f+f.*beta_1);
q_1 = ((p-alpha_1)./beta_1)+(q_1wm-q_1w);
q_2 = ((p-alpha_2)./beta_2)+(q_2wm-q_2w);
% final operations on the vectors
e = e(:,1:Nd+1);
f = f(:,1:Nd+1);
b = b(:,1:Nd+1);
beta_1 = beta_1(:,1:Nd+1);
beta_2 = beta_2(:,1:Nd+1);
alpha_1 = alpha_1(:,1:Nd+1);
alpha_2 = alpha_2(:,1:Nd+1);
p = p(:,1:Nd+1);
q_1 = q_1(:,1:Nd+1);
q_2 = q_2(:,1:Nd+1);
q_1w = q_1w(:,1:Nd+1);
q_2w = q_2w(:,1:Nd+1);
q_1wm = q_1wm(:,1:Nd+1);
q_2wm = q_2wm(:,1:Nd+1);
e = reshape(e,1,24*(Nd+1));
f = reshape(f,1,24*(Nd+1));
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b = reshape(b,1,24*(Nd+1));
beta_1 = reshape(beta_1,1,24*(Nd+1));
beta_2 = reshape(beta_2,1,24*(Nd+1));
alpha_1 = reshape(alpha_1,1,24*(Nd+1));
alpha_2 = reshape(alpha_2,1,24*(Nd+1));
p = reshape(p,1,24*(Nd+1));
q_1 = reshape(q_1,1,24*(Nd+1));
q_2 = reshape(q_2,1,24*(Nd+1));
q_1w = reshape(q_1w,1,24*(Nd+1));
q_2w = reshape(q_2w,1,24*(Nd+1));
q_1wm = reshape(q_1wm,1,24*(Nd+1));
q_2wm = reshape(q_2wm,1,24*(Nd+1));
% determination of the performace indexes
q_1tot = q_1+q_1w;
q_2tot = q_2+q_2w;
profit_1 = p.*q_1tot-(aw1+a_1+b_1*q_1+0.5*c_1*q_1.^2);
profit_2 = p.*q_2tot-(aw2+a_2+b_2*q_2+0.5*c_2*q_2.^2);
soc_bft = e.*(q_1tot + q_2tot) - 0.5*f.*(q_1tot + q_2tot).^2 -...
(b_1*q_1 + 0.5*c_1*q_1.^2 + b_2*q_2 + 0.5*c_2*q_2.^2);
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